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THE FIRST EIGENVALUE ESTIMATE ON
A COMPACT RIEMANNIAN MANIFOLD

BanGg OK Kimm

§1. Introduction

Let M be an n-dimensional compact Rieinannian manifold with
boundary OM. We consider the Neumann eigenvalue problem on M
of the equation

(1.1) Au=—-yu in M
0
—8—; =0 on OM

where v is the unit outward normal vector to the boundary dM. Due
to the importance of Poincaré inequality for analysis on manifolds, one
wishes to obtain the lower bound of the first non-zero eigenvalue 1, of
(1.1). For the purpose of applications, it is important to relax the de-
pendency of the lower bound on the geometric quantities. For general
compact manifolds with convex boundary, Li-Yau {3] obtained the lower
bound of 7;. Recently, Roger Chen [1] investigated the lower bound of
the first Neumann eigenvalue 1; on compact manifold M with non-
convex boundary. We investigate the lower bound 7, with the same
conditions as those of Roger chen. But, using the different auxiliary
function , we have the following theorem.

THEOREM 1.1. Let M be an n-dimensional compact Riemannian
manifold with boundary M. Let OM satisfy the “interior rolling -
ball” condition. Let R and H be positive consiants such that the Ricci
curvature of M is bounded below by —R and the second fundamental
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form elements of OM is bounded below by —H. If u is a solution of the
equation (1.1) with n = n,, then

1 1-a?

\/1 +eH d*(n

(1+B)exp( 1+ B)),

where
d*(n - 1)C .,
= RSeS|
B=[1+ 1—a? %
(2n —3)* + a?(10n - 11)__ _, 1
= 25H* +2(14 eH)TR
C 16a2(n 1) SH” +2(1+4 eH)?
2 1
ZH 5 -1)H(1+43H), 0<a « <3,

and d is the diameter of M and the upper bound of ¢ is given by
(2.8)and(2.9).

REMARK. R. Chen’s result is given by n, > o rH)Z 2(n 1)(12(1 +
B)ezp(—(1 + B)), where o and ¢ are positive constants less than 1,

d = diameter of M,
4(7’1, - 1)dzC' 1
1 —qf I
[(2n — 3)* + (4n — 5)a?|H?
(n—1)elaz
2in - 1)HBH +1)(H +1) N H+ H?
3 ez

B=[1+

C=(1+H)C + + (1 + H)*R,

01:

DEFINITION. Let OM be the boundary of a comvact Riemannian
manifold M. Then OM satisfies the “interior rolling e-ball” condition
if for each point p € OM, there is a geodesic ball B,(%), centered at

¢ € M with radius §, such that p = Bq( )N OM and Bq( YO M.
In §2, we shall give a gradient estimate which is essc ntlal in the proof

of the main result.In §3, we shall give the proof of thcorem1.1.
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§2. A gradient estimate

THEOREM 2.1. Let M be an n-dimensional compact Riemannian
manifold with boundary OM satisfying the “interior rolling ¢-ball” con-
dition. Let R and H be positive constants such that the Ricci curvature
of M is bounded below by —R and the second fundamental form ele-
ments of M is bounded below by —H. Let u be a solution of equation

Au+nmu=0 in M
Ou

3 =0 on OM

where v is the unit outward normal vector to ¢ M. Then

[Vu|? (n—1), 28 1
——— < 1n¢ - € 3
(B —u)? -mdx{ 1-a? (C+[3~supt(“1+ H) ),

V2 Vv 1+ eH nysupu }
V1-a? (B —supu) '

where
(2n — 3)* + a?(10n — 11) ) 1
C= ~-20H" +2(1 +<H)2 R
16a%(n — 1) +20 +<H)
H ‘ 1
+1‘2—2——-+g(n—1)H(1+3H), 0<a< 5 B > supu
£ 2

Proof. Let ¥(r) be a nonnegative C?-function defined on [0, o) such
that

<ecH if rel0,e)
P(r) = . .
=cH if rele o)
with ¥(0) = 0, ¥'(0) = 5H, ¢ > -~2—g§ and 55 > ¥'(r) > 0.

Define #¢(z) = 9(r(z)), where r(z) denotes the distance function
from boundary OM to z € M. Let 3 > supu.
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IV 2

We define the auxiliary function G(x) = (1 + 96)‘ )2. By the

compactness of M, there is a point 2y € M such tmt G achieves its
supremuin.

Suppose that z4 is a boundary point of OM. At .1y, we may choose

an orthonormal frame field e, e,, ..., ¢, such that e, = %.
Then we have, £%(z) > 0. This gives
0<1 ¢ |Vul|* 250w,
T 20v (B —u)? (B —u)?

If hi; are the second fundamental form elements of M, we see that

Uiy = €U — (ve;erl)uv
n-—1
= — E hijuj, for 1 <:<n—1.

7=1
Hence we obtain

oG 1 ‘Vu]2

0< 3G 20) <3 Gy ~(=5H +4H) <0,

which is a contradiction. Therefore rg has to be an interior point of

M. Hence VG(z4) = 0 and AG(xg) < 0.

At zg, we may choose an orthonormal frame field {e;} such that
ui(xo) = |Vu(zo)|. Since, for each iz, G;(zo) = 0, we obtain that

(2.1) ikl up = ._%(1+¢)-1¢,»|vu|,

Vul? 1
I o sivl

lfl:il Uy, = —
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. n
By using (2.1) and u;;; — wik; = 31—, wiRii;k, we have
(2.2)

AG(z) = —3(1+ O Hvof [Vl

[Vel?
u)? (8 —u)?
|Vul? 1

(5 _m( CENREESAUR

+3 2014 9k, (=30 + ) auIvu)
=2

+ - (1+¢)“A¢

+2(1+4)” ¢1

N

Uy
(B —u)?
[Vul®

(3 —-u)3 + Z 2(1+ ¢)— (Uﬂ)

iy=1 (
L
bl

+Z 1+¢) (u,(Au); +Z (—Eif—))—uju R,

ig=1

+2(14¢) 79,

51+ 0! LT
(/3 11)31 |( )—'4(14—

2
F2(1+ ¢)%(—-——~——(”1"'vf;'

+ 161 Vul)
|Vu|*

(B —u)t

)+ 6(1 4 6)2

It is clear that

(2.3) ZUJ' >Zu,, >u11 +———'(Au—u11)
17=1 =1
Ui ? B (‘A'u_)_'z_
2tn—1) n-1"

> up? +

Multiplying (2.2) by (1 + ¢)§L/[Jv;uy[;i and subs:ituting (2.3), we have

L(049) IVuf  —(n-3)  |vu
T(n—-1)(8-u)? 2n—-1) (B —u)

2(L+¢) niu® | (2n-1) (=1 42
 (n— 1) |[Vul? 16(n~1‘)(1+¢) )

(2.4)
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 2nu(1 4 9)
(B —u)

31t o) 1wl 4 L
-0+ 9) Ve + A0

—2R(1+ ¢) — 2m(1 + $)

It is clear that

: o(1+¢) [Vul® _(2n-3), Vi
(20) (Tl"].) (B._u)Q 2("“1)(;5 ( u)
1 (2n -
T fﬂ( ))(1+¢) o

Substituting (2.5) into (2.4), we have, for 0 < o < 1,
(1-a*)1+4) [Vul*

e D
1 (2n—3)? —1 .2
1602 (n—1) (147 ¢y

201+ ¢)miu® | (2n-—1) 2
~ (n—-1)|Vu|? 16(n~—1)(1+¢) £

2nu .
- - u)(l +¢)—2(1+ )R+

31y svef 4 L,
- 70+ Vel 4 S0,

Multiplying (2.6) by {42, we obtain

(2.7)
(1-a?) ,
0= (n—-1) G(xo)*
n—3)2+a? — 3
e e f Mt R T

16a?(n — 1)

+2(1+¢)F(R+m)+

2(1+¢)niu{
S (B-win—1)

2 bl -1
G_m LT - ghelite) f

for 0<a<

N
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To compute A¢, let OM(e) = {z € M|r z) < €} and k. be the
upper bound of the sectional curvature in M (). we may choose ¢ to
be small so that,

(2.8) \/_‘tan \/_ ) < —121—4- ;)1—

(2.9)

fk_stan(e Vke) < %

By using an index comparison theorem in Riemannian geometry [4],
one can show that if z € M (e), we have

H + VEk tan(eV/E,)

Ar > —(n —
r2-(n 1 —tan(evk ) H/VE, ~

~(n—1)(3H + 1),

Then we have

A¢ ="|Vr|* + y'Ar

25H 5
> 2= - 2(n-1)H(1 + 3H).

r4

From now, let

) = .2725 + 5(n _1)H(1+ 3H).

Hence, (2.7) becomes
(2.10)
0>(1 )G(x )} — G(zo){

n —

(2n — 3)? + 12(1071 —11)

25H*
16a%(n — 1)

1 23 ‘
+2(1+eH)*R+ ———(14+¢eH)2p, + Cy}
B — supu

2(1 + < H )l (supw)?
(n— 1) —supu)?
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Thus (2.7) is a quadratic equation for G(zy).

Hence
Vul?
= () <6
3 (n—1) ((2n - 3)* + a?(10r — 11) ___,
ax 25H
= Hax {(1 — (12){ 16a?(n — 1) 5
+2(1+eH)IR + C,
23 (14 cH) L, 0, ﬂ\/l_vteﬂmsupz{.
3 — supu V1 —a?(f — supu)

REMARK. By the fact that %tan(evke) < %, we can choose a

geodesic from boundary to o which has no focal poiat. Hence we can
use the index comparison theorem.

REMARK. The “interior rolling e-ball” condition is necessary for 7,
being bounded away from 0, see [1].
§3. Proof of Theorem 1.1

Let u be a first eigenfunction of (1.1). We can assune that supu = 1

and infu = -k > —1

Proof. From Theorem 2.1, we know that

(3.1)
[Vu| n—1 17(2n-3)% +a%(10n — 11) 9
< Lor
(8- u)(a:) —(1 - a? ) [ 16a?(n — 1) 261
1 2 1 Ali
+2(1+EH)ER+CI+E—?I(1+—EH)3771 .

Since u satisfies [, u = 0 and u # 0, the nodal set IV of u divides M
into two parts. If zp € M is a point where u achieves its supremum
and 7 is the shortest geodesic joining r3; and N, thea 4 has length at
most diameter d of M.
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Integrating (3.1) along ~, we have

5} IVu|
- <
SN A
n—1 17(2n—3)*+o?(19n - 11) 9
<
=4 1-— (12)2 [ 16a2(n — 1) 2H
1 28 N
+2(1 4 cH)ER+Cy + 5 1<1+5H)zm] d.
3 -
Thus
1 B-11(1-a?) B s
3.2 > - —~(log - Cy.
(3-2) N iteB P {(n—l)dz(o 77 }
where
(2n —3)* +o*(10n —11), __, _ 1
¢ 16a%(n — 1) SH™ 20 +eH)IR+C
Let 8 ' 2) ,
| 1 —1f(1~a A,
= - 1 — 3.
10 = 5= 7 et ¢

Then f(4) has a maximum at

(3.3) SR

Substituting (3.3) into (3.2), we have that

" 1 v(-1 - a?) (14 B).U+B)
T V1+eH (n-1)d?
where
(n—1)d* ..
B=[1+4+-—-"-(]z
1+ (1 —a?) ]
(2n — 3)* + a*(10n — 11) 2 L
_ . 90 H? +2(14 cH) R
¢ 16a2(n — 1) SH™+2(1+eH)
cBE S OH(1 3,
4¢ 2

237



Bang Ok Kim

References

1. R. Chen, Neumann eigenvalue estimate on a compact Piemannian manifold,
Proc. Amer. Math. Soc. 108 (1990), 961-970.

2. P.Li& S. T. Yau, Estimates of eigenvalues on a compact diemannian manifold,
AMS symposium on the geometry of the Laplas operator University of Hawaii

at Manoa (1979), 205-239.
3. F. W. Warner, Extension of the Rauch Comparison thecrem to submanifolds,
Trans. Amer. Math. Soc. 122 (1966), 341-356.

DEPARTMENT OF MATHEMATICS, SEOUL NATIONAL UNIVERSITY, SEOUL 151-742,
KoREA

238



