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APPROXIMATE FIBRATIONS AND EXAMPLES

Young Ho Im

1. Introduction.
Approximate fibrations we호e introduced by D. Coram and P. Duvall 

in [6] as a generalization of both Htirewicz fibrations and cell-like maps. 
Much of the theory of Hurewicz fibrations carries over to the set of 
approximate fibrations.

A proper map p : M B between locally compact ANRs is called 
an approximate fibratioiL if it has the following homotopy property: 
Given an open cover c of B, an arbitrary space X and two maps g : 
X I M and F : X x I I B such that po g = Fq, there exists a map 
G : X x 11 M such that Gq = g and p o G is € - close to F.

In [9], L.S. Husch gave an example of a closed manifold M and an 
approximate fibration p : Mn i S〃(n > 6) such that p can not be 
approximated by a Hurewicz fibration. T.A. Chapman and S. Ferry 
[5j gave an example of an approximate fibration p : Mn i S2(n > 5) 
which is homotopic to a locally trivial bundle map, but can not be 
approximmated by a locally trivial bundle map.

Let Fm be a compact manifold. We denote by S(F) the set of 
equivalence classes of the form [/], where f : Mm ~ Fm is a ho­
motopy equivalence of a compact manifold Mm to Fm which is a 
homeomorphism of dM to dF. Another such map f1 : " i 1고 is 
defined to be equivalent to f provided that there exists a homeomor­
phism h : M Mf for which h o ff f. If Tn is the n-torus and 
e : Tn I Tn is any standard finite cover, then there is a transfer map 
e : S(Tn x F) — S(Tn x F) defined by

e([/]) = [f],
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where f comes from the pull-back diagram

~ f
M ------- > Tn x F

M ― J Tn xF

We use SQ(Tn x F) to denote those elements of S0e x F) that are 
invariant under any of these transfer maps.

The following notations will be used through this paper. If a is 
an open cover of V, then a homotopy 况：X i Y is an a-homotopy 
provided that each set {ht(X)\Q < t < 1) lies in some element of a.

A proper map f : X Y is said to be a-equivalence if there is 
a proper map g : Y i X and proper homotopies 如：g o f 湼 Idx、 

0t * f Q 9 - Idy such that f o 如：X I ¥ and 0t : Y i Y 况e
a-homotopies. We write this as

如：g o f did

and
0t: fog Id

where /-1(a) denotes the open cover of X defined by

f-\a^{f-\U)\Uea).

If a is an open cover, then a proper map / : X i Y is said to be 
an a-fibration if for all maps F : Z x {0,1] i 匕 and 瓦)：Z i X for 
which f oFq = Jo, there is a map G : Z x [0,1] > X such that Go =瓦 

and f o G is a-close to F. This latter statement means that given any 
(z, <) G Z x [0,1], there is an element U ot a containing both f o G(z, t) 
and F(z，). Note that a proper map f : X i Y is an approximate 
fibration provided that it is an a-fibration for every open cover a of Y.

In this paper, we give conditions that approximate fibrations over 
Euclidean space Rn can be approximated by locally trivial bundle 
maps, and give examples of approximate fibrations which can not be 
approximated by locally trivial bundle maps.
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2. Approximate fibrations over Euclidean space.
In this section, we give the necessary and sufficient condition that 

approximate fibrations over Rn can be approximated by trivial bundle 
maps.

In [4], T.A. Chapman gave the following nice results by applying 
controlled engulfing and torus geometry. These are the key results 
to determine whether approximate fibrations can be approximated by 
locally trivial bnndle maps.

Th EOREM 2.1. Let n > Q be an integer. For any e > 0, there exists 
a 8 > 0 so that f : Afm+n i Rn x F,n is a p~~1(6)~equivalence for 
which f\dM : dM i RTl x dFm is a homeomorphism, where Mm~^n is 
a manifold, Fm is a compact manifold with boundary and m + n > 5? 
then there is ail element G(f) of S°(T" x F) which vanishes if and only 
if f is p^1 (e)~homotopic to a homeomorphism (p denotes the projection 
onto

As an immediate consequence of Theorem 2.1, we have the following.

THEOREM 2.2. Let p : Mm+n I Rn be an approximate fibration 
whose fiber is homotopy equivalent to a 시osed manifold F, and m+n > 
5. Then for some 7r_ 1 (e)-equivalence f : M i Rn x F, a(/) vanishes 
if and only if p is approximated by a trivial bundle (tt denotes the 
projection to Rn)

Proof. nOnly if": It is obvious by Theorem 2.1.
"If”： Suppose p is approximated by a trivial bundle q : M i Rn. 

Then there is a fiber preserving homeomorphism h : M Rn x F. 
Since p and q are arbitrarily close, h : M Bn x F is a 7r~1(e)- 
equivalence with a(h) = 0 for arbitrary small e > 0.

The following corollary shows that any approximate fibration over 
Rn with some special fiber is unique up to isomorphism.

Corollary 2.3. Let p : Mm+n I Rn and q : Mm^n I Rn be ap­
proximate fibrations whose fibers are homotopy equivalent to a closed 
manifold Fm satisfying Sq(T11 x F) = 0, and m + n > 5. Then for any 
6 > 0, there is ahomeomorphism h : M M such, that p and qoh are 
enclose.

proof. It is ovbious by Theorem 2.2.
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COROLLARY 3.3. Let p : Afm+n Rn be an approximate libration 
whose fiber is homotopy equivalent to a closed manifold which is a 
K(7T)1) with 7T poly Z , and m + n > 5. Then p is approxiimated by a 
trivial bundle.

Proof. We obtain that S(Tn x Fm) = 0 from [4]. Then the result 
follows from Theorem 2.2.

COROLLARY 3.4. Let p : Afm+n IV1 be an approximate fibration 
whose fiber is homotopy equivalent to Sn, and m + n > 5. Then p is 
approximated by a trivial bundle.

Proof. Since S(Tn x Sn) = 0 from [4],the result follows from Theo­
rem 2.2.

3. Examples*
In this section, we give examples of approximate fibrations which 

can not be approximated by locally trivial bundles.
Before—we proceed further, we give a result [4j , whrdi is used—hi 

Examples 3.2 and 3.3.
PROPOSITION 3.1. Let B be a space which is locally polyhedral, a 

an open cover ofB, and m > 5 be an integer. Then there exists an open 
cover of B so that if Mm is a manifold (dM = 0) and f : M i B is a 
g -Gbration, then f is a-close to an approximate 호ation p : M i B.

In the following examples, we show that some approximate fibrations 
p : Mm+n I Tn and p : Mm^n i Rn whose fibers are homotopy 
equivalent to Nm = L3 x Tm~~3 can not be approximated by locally 
trivial bundle maps for m + n > 6, where L3 is a Lens space with 
tfi(£) 스 Zp호 (p: prime) and Tn is the n-dimensional torus.

Example 3.2. Let L3 be a 3-dimensional Lens space with m(L) 은 

Zp2 (p: prime), and 꼬m—2 £he (m — 2)-dimensional t。호us. We 
consider = L3 x Tm~2(m + 1 > 6). Rewrite Mq = Z3 x 꼬'"一2 
as Nm x 51, where N = L3 x

Faxrel and Hsiang [8] showed that the호e exists an h~cobordism 
(W어或; ]席너MJ나i) such that Mq is not homeomorphic to Mi, but 
the obstruction to splitting into N'xR vanishes, where N‘ is a codi­
mension 1 submanifold of M, We consider a homotopy equivalence 
h : Mi I A/o, which is the composition of the following maps

inclusion deformation retract
Mi ----------- > W ----------------------- > Mo
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Let 7T : Mq it Si be the projection onto the second factor. We 
consider the following pull-back diagrams

M —스t N xS'

fl ,
Mi ------- > NxS1

and

M - f- > N xR

Id'Xe d- ■&
M. -으T N X S1,

where 1/ : S1 »—* Sl is defined by i/(z) = zk (k: positive integer) and 
e : S" I S" by 히*) =

Since the obstruction to splitting into Nf x R vanishes, we can 
restore /i by the wrapping up process (see [4,1 이),and hence there exists 
a homeomorphism h : M such that f o h fi (see Lemina
7.3,[4])..

If k i응 large enough, n o f : M S1 is 신ose to an approximate 
fibration p : M 1 S" by Proposition 3.1, where tv : N x S1 S1 is 
the projection.

claim: p : M I S】can not be approximated by a locally trivial 
bundle.

Otherwise, p is approximated by a locally trivial bundle q : M S1, 
Then q is €-homotopic to ?r o / for arbitrary small e > 0. By the 
homotopy lifting property, there exists a fiber homotopy equivalence 
g : M I N '乂 S' such that f — g.

Since X(S") = 0, the Whitehead torsion 丁(g) in Wh，(N x S1) is zero 
[1], and hence

T(J1) = T(J) = 0-

Then the h-cobordism {W; M°, Mi) is homotopic to the product. Thus, 
Mq 으 M\. This is a contradiction. Now consider Mq — L3 x Tm~2 =
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N x S' x S1, where N = I요 'X、꼬m—4 Form the following pull-back

M —丄T NxS1 xS1

Idxi/xld

M 一丄T N X S' x S'
/

] ^IdKldXi/

Mt —L N x S' X S'

By the same argument, we conclude that there is a homeomorphism 
h : M Mi such that o h f. Hence, for large enough fe, tt o / ： 
M I S자 x S" is close to an approximate fibration p : M Sl x S1, 
but p can not be approximated by a locally trivial bundle, where 7r : 
IV x S1 x S1 > S1 x S1 is the projection.

Similarly we can extend so that there are some approximate fibra­
tions p : Mm~^n I Tn(m+n > 6) whose fibers are homotopy equivalent 
to Nm — L3 x wliich can not be approximated by locally trivial 
bundle maps.

Example 3.3. In the previous example, there exists an h-cobordism 
(W] 서」)肱7내') su사1 that Mo is not homeomorphic to A” but the
obstruction to splitting Mi into N'x R vanishes for Mq = £3 x 
where N‘ is a codimension 1 submanifold of Mi， Without loss of 
generality we assume a natural homotopy equivalence fi : 卜나 Mo =
N X S' as a tt-1 (e)-equivalence for small enough 6 > 0.

Consider the pull-back diagram

M ―J NxR1

Idxe

Mx 一으T N X S',

where e : 7가 i S】 is the covering projection defined by e(x) = enix 
for x G Z?1. Then / is a )-equivalence, 6 depends on the size of e, 
and q : TV x H1 h-> Ji1 is the projection onto the 2-nd factor.
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For such a hqof:MiR\ is a 2^-fibration, and hence q o f is 
close to an approximate fibration p : M i 7가 by Proposition 3.1.

c血m p : M I R' can not be approximated by a trivial bundle.
Otherwise, the호e exists a homeomorphism h : M i N x R1 such 

that h is 7r~3(e)-close to /. Since the obstruction to splitting My is 
zero, by the wrapping up process, we can 호ecover : i N x S'. In 
other words, there is a q~A (c)-equivalence f : M1 i N x S' such that 
f = h* By the uniqueness of the wrappimg up process [4], we find a 
homeomorphism h : Mi i N x S' = Mq. This is a contradiction.

By the similar inductive procedure in Example 3.2, we can extend so 
that there are some approximate fibrations p : Mm^~n i Rn(m+n > 6) 
whose fiber is homotopy equivalent to Nin = 1尹 x Tm-3 which can not 
be approximated by trivial bundle maps.
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