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A STUDY ON MULTIOBJECTIVE
FRACTIONAL OPTIMIZATION PROBLEMS

CHANG WooK KiMm

1. Introduction

Duality theorems for single objective fraction optimization prob-
lems have been of much intrest in the past [1,4,8,10,11,12]. Recently
there has been of growing intrest in studying optimality theorems and
duality theurems for multyobjective fractional optimazation problems
[2,3,5,13,14,15]. In particular optimazition problem in which numera-
tors of objective functions involves the square roots of quadratic forms
and established optimality theorems and duality theorems in the frame-
work of the Hanson-Mond classes of functions. Also Bhatia and Jain
[1] entended Singh’s results to a nondifferentiable multiobjective frac-
tional optimization problem in which numerators of objective functions
involves the square roots of quadratic forms.

In this paper, we consider the following nondifferentiable multiob-
jective optimization problem (p):

filz) + (xDlx)% - fel(z) + (ka:v)Jf
hi{z) ’ ’ hi(z)
subject to g(2) <0,z € X,

(P)Minzmeze F(X) = ( )

where X is an open convex subset of R" , each f, :— R, h, : X —
Ri=1,---,K, g: X - R™ are differentiable and D,,z = 1,--- | K
are symmetric positive semidefinite matrices. Let Xy denote the set
of feasible solutions of problem (P). We asumme that Xy is compact
and h,(z) > Oon Xp,2 =1,---, K. All vectors are considered to be
column vectors. For simplicity, we avoid the use of the superscript ¢
over a vector to label it as row vector. For instance, instead of writing
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x¢D,x, etc

A sufficent optimality theorem for a feasible sclution of (P) to be prop-
erly efficient is given. A dual problem for (P) is considered and certain
duality theorems are obtained under the p—convexity assumptions.

2. Preliminaries
Now we give the definitions and results needed in later in later sec-
tions.

Definition 2.1. A feasible solution ® € X, is said to be an efficient
solution of (P) if there exists no other feasible solution z € X, such
that

F’ S F‘(xo)si = 1)"' ,K,F((It) # F(XO)'

Definition 2.2. A feasible solution z° € X is to be properly effi-
cient for (P) if it is efficient for (P) and if there exists a scalar M > 0
such that for each 1,

[F(=") - R(@)/IFy (=) - Fy(=")) < M

for some j, Fj(z) > F,(z%) whenever z is feasible for (P) and
F(z) < F(2%).

Lemma 2.1 {6]. Let D be an n,x,n real,symmetric,positive semi-
definite matrix. Then, for any x € R",y € R",

=Dy < (zDz)*(yDy)?.

Lemma 2.2[2]. Let z° € X,. If (2°,y°) is properly efficient for the
following multiobjective optimization problem (P') withy = y°, where
y? = [£.(2°) + (2°D,2%)]/h.(z0),i = 1,---, K, then z° is properly
efficient for (P).

(PY) Minimize [fi(z) + (a:Dl:c)% -y hi(z),- -, felx)
+(zDiz)? ~ yihi(a)]
subject to g(z) <0,z € X,y € Rk
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Theorem 2.1 [2]. Suppose that z° is properly efficient soluyion of
(P) and the Z° is empty. Then there exists a A, > 0,1 =1,--- ,k,

k
Sa=Ly020i=1,,kve R0 20wl €R"i=1,,k

=1

such that

k
Y O MIVA) + Dawl — Vylh(2°)] + Vo'g(2") = 0
=1
v0¢(2%) > 0,
w?D,w? <l,i=1,---,k
(2°D,z%)% = " Dwli=1,---
For a feasible solution z° of (P), following Mond and Schechter {9],
we define Z° = UL | Z°, where
Z? ={z:2Vg,(z°) <O for all j € Q and
2[Vfi(2%) = V4P h, (%)) + 2D,z% /2" D,2® < 0if 2°D,2° >0,
2V £ (2°%) — Vylh(2) + (2D,2) < 0if 2%d,2° = 0)

for i =1,--- ,k, where Q= {; : ¢,(z®) = 0} and

0 _ fl(xo)'i" (xOD‘xO)é .
o= ho(29) = bk

Definition 2.3. Let f be a real valued difficientable function defined
on a subset X of R". Then f is said to be p-convex if there exists some

real number p such that for each z,u € X,

f(2) = f(y) 2 (x — )V F(u) + plle — ufl”.
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3. Sufficient Optimality Theorem

Now we establish a sufficient optimality theorem for (P) under the

p-convex assumptions

Theorem 3.1. Suppose that there exists a feasible solution z° of
(p)and a sclar A, > 0,i =1,--- b, 35 _ A =1,i=1,--- ko€

R™ v* > 0,w? € R*1=1,--- ,k with

o _ filz®)+ (z* D)%

Y = 7(29) ,t=1,---,k such that

k
(1) DOMIVAEY) + duwl - Vylhy(2%)] + Ve'g(z®) = 0

=1

(2) v’g(z%) =0,
(3) wiDw? <Li=1,---,k,

(4) (2°D;2%)? =°Dwd, 1 =1, - k.

Further suppose that f, is p,-convex, —h, is p}-convex;i = 1,---

and g, is p}*-convex,) = 1,--- ,m and that

k
z(/\ipt - 1yapz) + Z : “
=1

j=1
Then z° is a properly efficient solution of (P).

Proof. By (1),(56) and thep-convexity assumptions, we have

K K
0> Z Mlfiz) - £+ Z Mz — 2°)Dyw

—ZA,y, [hu(z) = R (x°)l+z [9;(2) = 9,(=")].

=1

By (2), v?gj(a:o) = 0 and since z is feasible, v,¢,(x) <0, s =1, -

Hence (6) reduces to

K K K
02 Y Alf2) - AE+) Me—2)Daw! =Y Ayl [hu(z)—hu(z°)].
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By (3), (4) and Lemma2.1, we have
K k
0. <Y Alf(2) =A@+ I Al=Da)t ~ (2° D))
=1 =1
k
=2 A ih(e) - i),
=1
Hence we have

k
YoOAMIAGEY) 4 (2 Dia®) 7 — k()]

=1

A
<Y Mfa) + (2Dy2)E = ylh(2)],
=1

By Theorem 1 in [7], (z°,4°) is properly efficuent for (p').
By Lemma2.2, z° is a properly efficient solution of (P).

4. Duality Theorems

Now we give the dual problem (D) for (P). Maximize
G(s,v,y, w1, - ,wg) =y = (¥. - ,yx) subject to

k

(D) Z MV S(s) + Daw, — Vyh{s)) + Volg(s) =0,
=1

(8) f,(s)+(sD,s)% —yh(s) 20,i=1,--- ,k,

(9) w,Dyw, <1l,0=1,.--,k,

(10) (sD,s)? = sDyw,,1 =1, -k

(11) vg(s) > 0,

(12) v >0,y >0,

where A, > 0,i=1,--- .,k and Zle A= 1.
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Theorem 4.1. Let be any feasible solution of (P) and (s,v,y,-
wy,- -+ ,wy ) be any feasible sulution of (D) for any A > 0. Suppose that
f: is p,-convex, —h, is p}-convex,t = 1,--- ,k, and g, is p}*-convex,} =
1,---,m and that

k m
Y (g = dayipl) + Y _vipyt 2 0.
=1

=1

Then the following does not holds;

1
f,(a:)z((:n)l)‘x)z <y foral 1=1,---,k
T
and
f,(z) + (zD,z)*
< for some 3.
h;(x) Y

Proof.. Suppose that the following holds;

fi(z) + (zDz)*
ENED)

<y, foralle=1,--- ,k

f(z) + (zD,2)*
hJ(x)

< y, for some ;.
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Then by (8),(11) and (12), we have
k
0 > D Alfi(2)+ (D)} ~ wihi(o)]

MIfils) + (sDis)® — yhu(s)] + vo(z) — vg(s)

N

i

Mz = $)VFi(s) + pille — 5]

Nk

-
[

x|l

= " Al(z = 5)Vyhi(s) + pfllz — s[1%]
+ > [z = 5)Vuigi(s) + v}*pyllz — s}
1=1

+ 3 Al(zDiz)® - (sDys)?]

(by the p — convexity assumptions)

[l

k k
> -3 Az - )Dwi+ Y Al(zDir)t - (sDys)?)
=1 =1

k m
t [Z(’\zpt —Ayip;) + Z v, llz — 5”2
=1

=1

(by (7}, (9), (10) and Lemma 2.1)

k m

> Y (Ao = Awpl™) + D vp05 iz — sl
=1 =1

> 0.

This 1s a contradiction. Hence the result holds.

Theorem 4.2. Suppose that 2 is a properly efficient solution of
(P) and the set Z° is empty. Then exists a feasible solution (z°,v?,-
wy, -+ ,wl) of (D) for some A > 0. Futhermore suppose that f, is
pr-convex, —h, is p}-convext = 1,--- |k, and p; -convex,y = 1,---,m



208 Chang Wook Kim

and that

k m
Z(’\lpl - )‘ayapf) + Z v}p;' 2 0'
1=1 1=1

Then (2°,v°,y°%, w?, - ,w}) is a properly efficient solution of (D) and
their respective extreme values are equal.

Proof. By Theorem 2.1,(z%v%, 4% w?,--- ,w}) is feasible for (D).

By Theorem 4.1, their respective extreme values are equal. Following
Theorem4 in [15], (2°,v%,4%, w?, - - ,w)) is a properly efficient solution
of (D).
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