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BERGMAN KERNEL FUNCTIONS

JAE OK CHol AND HooN YOON

1. Introduction

In this article, we study the Bergman kernel functions. In setion 2
we state D and D' be two bounded domains in C" and let g, ¢’ be the
Bergman metrics on D and D’ respectively. Then each holomorphic
diffeomorphism of D onto D' is an isometry. In section 3 we study
Bergman kernels for classical domanins computed by Hua({2},pp77-88).
In section 4 we compute the Bergman kernel function for the polydisc
and the balls. Consequently we have two Theorems The one is abeut
the Bergman Kernel Function K(z,() for B and the Kéhler form w of
the Bergman metric on B which B = {(z1,---,zn) € C*| 3]0, |2 <
R?} be the ball with radius R > 0. The other is about the Bergman
Kernel Function K{z,({) for D and the Kéahler form w of the Bergman
metric on D which D = {(z1, -+ ,2,) € C*||z;} < R,} be the polydisc
in C*.

2. The Bergman Metric

Let D be a bounded domain in C*. Let £*(D) be the Hilbert space
of all square integrable complex functions on D. Let H{D) be the set

of functions in £%(D) which are holomorphic in D. The inner product
(,) on £%(D) is given by

2.1) (f.g) = /D H2)9Gdu,  fg€ LXD),

where dy denote the Lebesque measure on R2". We set || f] = (£, g)?
for f € L2(D).
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188 Bergman Kernel Functions

‘THEOREM 2.1. (Helgason (1},p365): H(D) is a closed subspace
of L*(D) and hence H(D) is a separable Hilbert space with the inner
product (1.1).

THEOREM 2.2. (Helgason [1],pp365-367): Let pq,¢;,--- be a com-
plete orthonormal system of the Hilbert space H(D). Then

(1)  The series K(z,() = Y 7oy ox(2)pi(C) converges uniformly
on each compact subset of D x D
(i) K(z,() is independent of the choice of orthonormal basis

{pe}-
(iti) For each f € H(D),

f(2) = /D Kz, ) F(C)du()

A ccording to (1) of Theorem 2.2,K(z, () is called the Bergman ker-
nel function for a bounded domain D

LEMMA 2.3. For each z € D, K(z,2z) > 0. Therefore logK(z,z) is
well-defined.

proof. Let @p,1,--- be a complete orthonormal system of H(D).
Then we clearly have

K(z,2)= Y or(z)pr(z) 2 0.

k=0

Assume K{zg,25) =0 for some z; € D. Since
K(zg,20) = Z]gpk(zo)lz =0, each @i(z9) = 0.
k

Thus for each z € D

K(z0:2) = 3 pr(z0)pu(a) = 0.
k

Hence for each f € H(D), by (iii) of Theorem 2.2,
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fen) = [ K () =0

This is contradiction. Therefore X(z,z) > 0 for all z € D and so
logK(z, z) is well-defined. 1

Let z € D and(z3,--,2n) denote the components of z. Consider
the complex tensor field & on D given by

& logK(z, 2)
2.2}h = ————"dz, ® dz;.
(2.2) 1<¥>n 82,07, dz, ® dz;

If X is a real vector field on D, thatis, ¥ = Y1 ({150 +( 20 );
then we have

O 1%,
a(x Kz Z IZ(‘PI:——‘—W W)Cz\2>0
ki=0 =0
where ¢, @1, - - 1s a complete orthonormal system of H(D).It is known

that % is a positive definite hermitian form on 7,(D) x 7,(D). Let ¢
be thereal part of A. Then

2¢(X,Y) = (X, y)+k(X Vy=Rr(X, V) + (), X), X, YeT(D).
In addition, since
hITX,TY) = h(X, D), g(TX,TY) = g(X,Y}for X, Y € T(D).

Hence J is an almost complex structure on D. Hence g = Reh is a
Hermitian metric on D.

If we set )
w = Im h = ﬁaglogﬁ(z, Z)
8?*logK(z, z)
= 2 dz, Ad7],
=1 ; 0z,0%, “ i
then

dw = -\7-;?(3 + 0)98logK(z, z)

= %(325— 80%)logK(z,z) =0
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Since the second fundamental form w is closed, ¢ = Reh is a Kahler
metric on D. This metric ¢ is called the Bergman metric on D.

Let ¢ be a holomorphic diffeomorphism of a bounded domain D C
C" onto a bounded domain D' C C"*. Locally we have

W(Z],ZQ,"‘ )Zn) = (W](Z[,"' 1zn)1"' vwn(zla"' :zn))-

Then the Jacobian of ¢

__ 6((.01 e swn)

Jo = Bl 2m)

is a holomorphic function on D. For the real coordinates given by
z, =z, + iy, w) = u; +w,(1 <j < n), we have

Ij(plz - a(ulvvl)'” $un7vﬂ)
AT, yEny Yny

Let ¢ and ¢’ denote the Lebesque measure on D and D' respectively.
Then

K@) = [ 17,Pdp

Consequently, the mapping ¢ : f — (f o p)J, is an isometry of
H(D'), onto H(D). Let {¢}}32, be a complete orthonormal system
of H(D'), and then {pr = @(¢})}2, is also a complete orthonormal
system of

Ko(x0) = 3 #(e)3 )
k=0

= Zvi(ao(z))%(v(C NT(2)T(C)

k=0

= Ko (o(2), p(s)T(2) (), 2, ( €D.

In particular , if z € D

(23)  Kop(z,2) = Kp(p(2), o(2 ) Tp(2)*.

Without proof, we state
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THEOREM 2.4. (Helgason [1],p370) : Let D and D' be two bounded
domains in C* and Let g,q' be the Bergman matrics on D and D'
respectively. Then each holomorphic deffeomorphism of D and D' is
an isometry.

3. Bergman Kernels for Classical Domains

In 1935, E.carton proved that there exist only six types of irreducible
homogeneous bounded symmetric domains.

Typel :
Dy ={Z € Mun(C)|Im — Z2'Z > 0}.
Typell :
Dy =4{Z € M,(C)|'Z = 2,1, - ZZ > 0}.
Typelll:

Dy ={ZeMuCO)|Z+"'2Z2=0, I,+ZZ>0)}.
Type IV:

Dy={Z=(21, ,2a) €C| |Z'Z*+1-22'Z >0,
1Z'Z| < 1}, n > 2

This above four bounded symmetric domains are called classical do-
mains. Beside the above four types we have exceptional ones ; there
dimensions are 16 and 27 . Hua({2],pp77-88) computed the Bergman

kernel for the above four classical domains. We write down ones.

THEOREM 3.1. (Hua[2]): The Bergman kernel K;,K4,K3, K4, for
D,,D,,D3,Dy are given respectively as follows:

(D
. _ {det(Zn — 2 Z)}~tmAn)
Mi(2,2) = vol{Dy) ’
9. .. — 1)1t .. — 1M
where vol(D;) = 12 (m - 1121 (n 1)":r'"n.

120 (m+n—1)
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(1)
K:(Z2,2) = {det(lz;éi)}‘“*”’
where vol(Dy) =75 - n!(:!f 1)? .(‘.?Tl(z_n?! -
(110)
Ks(2.2) = {dct(I:;(i;z“))}—nﬂ ,
where vol(D;) = s e f'f)lnfmn(;;?' ok
(av) .
(s, - 0BT 2D
where vol(Dy) = %

REMARK. The problem of explicit description of the two exceptional
cases is still open.

4. Bergman Kernel Functions for the Balls
In this section, we compute the Bergman kernel functions for the
polydisc and the ball.
LEMMA 4.1. Let a € C and R > 0. Then we have
ifk#1

S 0
—a)(z Z aVdu = ’
/|z_a|<n(z @)z a)d { R, k=1

Here k,1 denote the intezers and dp denote the Lebesque measure on
RE.
Proof.. Weset z—a=re?®,0<r <R,0<8< 2r. Then we have

r 2%
] (z —a)f(z — a)ldp = f / pkt 1 gik=0) gg gy
|z—a]<R 0 0

Thus we obtain the destred result. a
Let B={z = (z,) € C"| }.7_,,]2,)? < R?} be the ball radius R.

j=1
Now we compute the Bergman kernel function for B.
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LEMMA 4.2. The monomials ¢(,)(z) = z* ---z;7(v; = 0,1,2,--+)
forin a complete orthogonal system in H{B) but not normalized. Here
we set (v} = (v1, " ,¥n).

Proof. We first note that ¢(,y(2) # ¢(u(2) if and only if vi # px
for some k. Say, pn # vn.

(Wu),#’(u)):/ ot 2t T 2 1/ Z Zhndpy,
|zn|<R

where
n—1
Buci = {(21, 12am1) €C*| D Iz, [P < RE = [z}
j=1

and dpl,dy,, 1 denotes the Lebesque measures on R? and R?*(*~1
respectively. Since, by Lenmma 4.1,

[||<Rz nzhdyy =0,

we have (¢, 9()) = 0 for v # u. Therefore {p(,)(2)} forms a

complete orthogonal system in H(B). a
LEMMA 4.3.
' n
(4.1) ”"9(’/)“2 — xﬂ’]&(n-ﬂ-l)ﬁ, where v = Z v,.

Proof. We prove this by induction on n. If n=1. (4.1) holds by
Lemma 4.1.

”‘19(1/)(2)“2 = /; ]<‘R(L !ZIF"’ SRR E Izun-ld‘/n—l)ilnlzu"dvl

_/ ﬂ_n—l(Rz_lzn|2)(n*1)+z:,"=_l'”:Ul[...uﬂ
I TPy AT

!
Iznl2u,. d/il 3

n—1
where Bn = {(z1," " ,2n-1) ec! | Zizﬂz <R - |2n!2}-
=1
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We set z, = re'0,0 <r < R,0 <8 < 2x. Then

e )2)IP

n- 27
- l!/)' Vnul / / (Rz 2)(n 1)+£,=1 vy r2u,. rdrd@
(E;:ll vy +n—1)

27" -1 l’ Vn--l

(ZJ—I I/J n-= 1)'

We set r? = R?t(0 < t < 1). Then we have

®

/ (R? - 2)(”_1)"'21-" “1r2y,rdr.

"‘P(u)||2= 271’:/1““”"‘ /( —t)in- DR Iy v,Rz(u+n)t dt
(z::l _l)' 2

— Wn.RZ(v-i-n) Vl‘ . Vn-l! / f1 “t}(n l)+2,__4 ¥ ¥ 2g
(i +n-D o

n—1
l/l' - Vn_1!

= a" R "= Blva+1,> v, +n)
vy +n—1)! ;
— ﬂ.nRQ(u+n) 1’1!’ T Vn—]! F(Vn + I)F(ZJ =1 Y3 + n)
(Z?:ll v, +n-1)! (v +n)
" 2v+n) ¥ Vn!
R

Here B(u,v) is the beta function and we used the identy

_ N)l'(v)
Blu,v) = T(u+v)

where I'(u) denotes the Gamma function (see appendix). [

En z, —(n+1)
LEMMA 4.4. Let f(2) = (1 - —%;—) . Then the Laurent
Series of f(z) is given by

f(z) = anza = Zc(al,-- ,or,,)“"';)l ‘ "zrc:ns
o «
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where

a —

_ D£)0)
a

'(n+a) aziar

TR eyl o

Proof. Obvious.

LEMMA 4.5. The Bergman Kernel Function K(z,(} is given by

Kz, () = -—,-.—('R2 E 26O

1=1

Proof.
K(20) = Y llewl*ew(2)ew ()
= E ,rnrRz(nI:L: :1) !(Zla)"’ o+ (2a(n)’", by Lemma 4.3
e 2 (Rzuﬁl;’f?’, — (@) ()
= w:;é?n (1 - E;z,,éz ]Q) o by Lemma 4.4
- n::? (R* ~ gzjz;)_("“)- t
LEMMA 4.6.

32 logK(_Z$ 2) — (ﬂ. 4 1)2-,2] + 6‘)(7221: z;:_—,l jzkiz) )
0z,0z, (R =370 =d0)?
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Proof. Since

n

logK(z,2) =1o nRe + 1)1 ('RZ—Z Z,)
og ,2) =log g (n og 2 2,2,},

AlogK(z,z)  (n+1l)z
02,0z, TRz - E;;l |z, 2"

Hence

& log K(z,2) Z,z o

—~——— =(n+1 S iz # 7,
32107, s T
2logK(z, 5z, + (R =%, |7 ]?

a ;98(:«’ Z)=(n+1) 3%) 2( n):, 12|21| ).

2302, (R _E)=I |zJ| )

Therefore we obtain the desired result. [

Let D = {(z1,-+,2a) € C*{|2,| < R,}{R, > 0) be a polydisc in
C*. Let D,={2€C||z]<R,}1<j<n). ThenD =Dy x---xDy.
By Lemma 4.5 , the Bergman Kernel Function K,(z, () for D, is given
by
R2
:CJ(Z,C) = TJ

Thus the Bergman Kernel Function K(z, {) for D is

(R} - 207", (2,() €D, x D,

K(z,¢) = [[K)(21,¢)

3=1
1 n
= < [IRIR) - 2607,
=1

where z = (2, ++,2,) € D and ( =((1,-+- ,¢n) € D. Since

logK(z,2) = —logn" + Zlog’R;‘; - 2210g(7€3 - 2,%,),
=1 y=1

we have

dlogK(z,2) 2z,
9z, T RE - z,3,
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Thus BlogK (2, 2)
ogK(z,2z) = .
az,07, 0 Mr#y
and
8% log K(z, 2) _ 2?23
02,0z, R — 2,2

In summary, we have

THEOREM 4.7. Let B = {(z1,--- ,2,) € C*| _, |2,)* < R?*} be
the ball with radius R > 0. Then the Bergman Kernel Function K(z,()
for B is given by

Rn hid B
PRY R =3 2,8) ", (2,0) € B x B.

=1

K{z, () =

The Kahler form w of the Bergman metric on B is

_ntl ER + 6,,(72 e 1zl
Z =1 lzk|2)2

dz, A dz,.

THEOREM 4.8. Let D = {(z1,---,2z.) € C"||z,| < R,} be the
polydisc in C*. Then the Bergman Kernel Function K(z,() for D is
given by

1 -
K(z0) = = [IRURS - 20) 7%,
=1

where z = (21, -+ ,2p) € D and ( = ((1,---,(n)} € D. The Kahler

form w of the Bergman metric on D is

“ dz, Adz,.

\/__ZR %%

Appendiz. The gamma function I'(u) is defined by
T'(u) =[ 2" Yexp(—x)dz
)

=S 2
=21_"/ s“"lezp(—s—)ds, u > Q.
o 2
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the beta function B(u,v) is defined by

B(u,v) = 2/2(cos 6)**Y(sin §)**~1d8,
0

1
=/ 21 -2)"dz, u>0,v>0
0

oo 2 o 2
I(u)T(v) = 22_"_"/ 32“"16.?:}’(“8—)418/ tz"“*emp(—t—)dt
0 2 0 2

o 2 x
= 22"“_”f rz(“+”)_lexp(—%)dr]2(0059)2“‘1(3in0)2”“1d0
0 0
= I(u + v)B(u,v).

Thus we cobtain

_ P(v)

Ben) = Fat o)

u>0,v>0.

Now we compute the volume «,, of the unit n-ball B in R™ ,

B={(z1, - ,z,) € R"| Y 22 <1}

=1
Qn =jdpn
B
TR
z2<1 24 412 <i-r2

n=1
=/2 (1—22)"7 anp_ydyy
z22<1

1
= 2an_|/ (1 —u2}uT_ldu.
0

We set u = /7, and then du = 54‘7’;.
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Hence
I et T .
2] (1~u2)”3_du=/ 272(1—2)"2 dz
0 0
1 nitl
= B(i’ ——2——)
Thus Lt

L)

o, = o

n—1 F(%-{-l) .

Moreover, a; = 2. By induction on n
y U] 3

e
ay = m, n= 1)2)"'
If n =2l is even, ay = ’I’—.
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