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BERGMAN KERNEL FUNCTIONS

Jae Ok Choi and Hoon Yoon

1. Introduction
In this article, we study the Bergman kernel functions. In setion 2 

we state D and be two bounded domains in Cn and let be the 
Bergman metrics on D and D respectively. Then each holomorphic 
diffeomorphism of T) onto £)' is an isometry. In section 3 we study 
Bergman kernels for classical domanins computed by Hua( [2] ,pp77-88). 
In section 4 we compute the Bergman kernel function for the polydisc 
and the balls. Consequently we have two Theorems The。표e교二湧eut 
the Bergman Kernel Function <) for B and the Kahler form a? of 
the Bergman metric on B which B = {(2、. * . , zn) G Cn\ £泠刁 |勺卩 < 

7。} be the ball with radius > 0. The other is about the Bergman 
Kernel Function /C(2, () for Q and the Kahler form 3 of the Bergman 
metric on D which P = {(勺, - • • yzn) g 키 V 冗丿} be the polydisc 
in Cn.

2. The Bergman Metric
Let P be a bounded domain in Cn. Let £2 (*D) be the Hilbert space 

of all square integrable complex functions on V. Let 7Y(P) be the set 
of functions in £2(T>) which are holomorphic in T). The inner product 
(,)on £2(7?) is given by

(2.1) (丿H)= f /(z)g(z)叩，f,ge C2(T>),
Jv

where dp denote the Lebesque measure on R" We set ||/| = (f, g) * 
for f € £2(P).

Received April 30, 1993.

187



188 Bergman Kernel Functions

THEOREM 2.1. (Helgason [l],p365): is a closed subspace
o£C2(P) and hence 处(Z)) is a separable Hilbert space with the inner 
product (1.1),

THEOREM 2.2. (Helgason [l],pp365-367): Let tpmp、… be a com­
plete orthonormal system of the Hilbert space Then

(i) The series ()=工邕火心加：(<) converges uniformly 
on each compact subset of 1? x P

(ii) /C(z, 0 is independent of the choice of orthonormal basis

(iii) For each f G

f(z)= f 
JV

Accordmg~to (iii) of i heorem is calfed the tjergrrm-n fen­
nel function for a bounded domain T>

LEMMA 2.3. For each z E T>, /C(2, z) > 0. Therefore log/C(z^ z) is 
well-de£ned.

proof. Let… be a complete orthonormal system of ”(Z)). 
Then we 시early have

oo
0z,z) = f 아(z加;(z) > 0. 

k—Q

Assume 尤(2们而)=0 for some zq E T>. Since

无(Zo,zo) = E k앗:(%)|2 = o, each §았:(荷) = 0. 
k

Thus for each z E T>

X(zo,z) = £[少：(zo)9”z) = 0. 
k

Hence for each / e by (iii) of Theorem 2.2,
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•f(zo) =j X：(zo,z)/(z)d#(z) = 0.

This is contradiction. Therefore JC(礼 z) > 0 for all G P and so 
log/C(zy z) is well-defined. □

Let z E T> and(^i,-…yzn) denote the components of z. Consider 
the complex tensor field h on T> given by

(2.2用=—育云二~~dzx ® d乏如 
l<hJ>n "乏J

If A* is a real vector field on P, that is, X = 工方盘^一으 +匕 '으;), 
then we have

1 oo AT o
"2=荧£ I 工(9噥 F 끄)시字,

where 狀冲，广，.is a complete orthonormal system of ?i(2)).It is known 
that A is a positive definite hermitian form on 7^(P) x TZ(T)). Let g 
be thereal part of h. Then

2g(，Y,y} = M가私y) + h{x\y)= y) + 가), x.ye t(p).

In addition, since

h{jx. jy)=机，y, y), g(jx, jy) = g(，Y,丿)for x.y e 丁(Z)).

Hence :J is an almost complex structure on T). Hence g = Reh is a
Hermitian metric on T>,

If we set 1 _
3 = Im h = --j==ddlog)C{zy z)

1 d2logK.(z,z)
戸£~瓦宓一妨，

3 J
then

div = -J=(a+a、)a 이 ogK人知 z) 
v — 1

=-密)log/C(z，z) = 0 
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Since the second fundamental form 3 is closed, g = Reh is a K&hle호 

metric on P. This metric g is called the Bergman metric on P.
Let 9 be a holomorphic difFeomorphism of a bounded domain T> C 

Cn onto a bounded domain C Cn. Locally we have

<P(Z"2,…，*) =(S(Z1,…,Zn),■■- ,wn(z1? •• - ,Zn)).

Then the Jacobian of

= 冬쓰二二쓰흐)

is a holomorpliic function on T>. For the real coordinates given by 
q =勺 + iy3^j =灼 + zvj(l < j < n), we have

I "2 =
V • • - ,x^yny

Let 卩，and 卩 denote the Lebesque measure on £> and T>' respectively. 
Then

“0(。) = f I'기W.
Jd

Consequently, the mapping 0 : f 1 (fo中 is an isometry of 
”0)'), onto W(P). Let be a complete orthonormal system
of and then {ipk = is also a complete orthonormal
system of

00
K弟(z,<) = f(饥)(z)S3Z)(z) 

k—0
00

=£»1(9(2)夙(9(<))。9(2：)&(<) 
fc=0

="，(伊(z),*))3p(z)&(<), € p.

In particular , if € 1?

(2.3) z) = KM)，3(z), y>(z))|l지Z)|2.

Without proof, we state
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Theorem 2.4. (Helgason [l],p370) : Let Q and be two bounded 
domains in Cn and Let g)g‘ be the Bergman metrics on T> and 
respectively. Then each holomorphic deffeomorphism of T> and Z기 is 
an isometry.

3・ Bergman Kernels for Classical Domains
In 1935, E.carton proved that there exist only six types of irreducible 

homogeneous bounded symmetric domains.

Typel:

玖 = {Z C 人까 - ZlZ > 0).
TypelI:

r>2 = {Z e Mn(c)rz = Z、L - ZZ > o).
Typelll:

= {Z € Mn(C)\Z " Z = 0, In + ZZ> 0).

Type IV:

Z)4 = {Z =(21, • • • , zQ 日치 |Z'Z|2 + 1 - 2Z'Z > 0,
\ZlZ\ < 1), n > 2

This above four bounded symmetric domains are called classical do­
mains. Beside the above four types we have exceptional ones ; there 
dimensions are 16 and 27 . Hua([2],pp77-88) computed the Bergman 
kernel for the above four classical domains. We write down ones.

THEOREM 3.1. (Hua[2]): The Bergman kernel JC3JC4, for 
DJD2Q31I為 are given respectively as follows'

(I)

where vol(T>\)=

{如— Z'勿}Tm+n)

vol(T>y) ，

l!2!---(m-l)!l!2! •••(«-!)! m -------- -- ------------------- - ------- 7F n
1!2!. -. (m + n — 1)!
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(ID

K：2(Z,Z) =
{det(Zn - ZZ)}(n+l) 

vo/(7?2)

2!4! • • • (2九 一 2)! 
n!(n + !)!••• (2n — 1)!

(III)

K%(Z,Z) =
“比但+於)尸+1 

vo/(7?3)

(IV)

where vol(T)s)= 7F 2 2!4! . • . (2n - 4)!
(n — l)!n! . . . (2n — 3)!

%Z,Z)=
(1 + |Z*Z|2 - 2：Z'z)F 

Vol(T>4)

where vol(T>4)=
7产 

2n-1n!

where vol(l>2)=力
1) 2

REMARK. The problem of explicit description of the two exceptional 
cases is still open.

4. Bergman Kernel Functions for the Balls
In this section, we compute the Bergman kernel functions for the 

polydisc and the ball.
LEMMA 4.1. Let a E C and TZ > 0. Then we have

r .---------- f 0, if k I
I (z _ q) (z _ a)'如，= < 函너-2 厶 _ J
丿 |z—찌 I y ， ifk = L

Here k,l denote the intezers and dfi denote the Lebesque measure on 
及％

Proof.. We set z — a — re,tf, 0<r<7^50<^< 2冗.Then we have

/ (2 - a)k{z - a)ldii = / / rk+l+1e^k-l) dddr.
丿 |z—이 VR Jo Jo

Thus we obtain the desired result. □
Let B = {z =G Cn I "2 < 穴2} be the ball radius，R. 

Now we compute the Bergman kernel function for B.
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LEMMA 4.2. The monomials #(0(2) = z：…z^{y3 = 0,1,2, • • •) 
form a complete orthogonal system in but not normalized. Here 
we set (p) = (pj, * • , pn).

Proof. We first note that 毕p，)(z) +(尹)(Z) if and only if Vk 尹 四 

for some k. Say, vn.

(9("),3("))= [ Z： …愛盘차虹 …乏仁f 2《"하：由如

J&n-l 丿 |Z 시

where
n —1

Bn—l = {(Z】,・・・ ,Z“T)GCn| £ I키2 < 7l2 - \zn\2} 
j=l

and d/妇/“知—i denotes the Lebesque measuies on 723 and 冗2(〃-1) 
呼a현c소社w成 S*弓上贝空心皿垣 4.1,

[ Z?乏宀加=0,
加

we have (华(”)3，顷))= 0 for 〃 尹 仪 Therefore 3(")(z)} forms a 
complete orthogonal system in H(B). 口

Lemma 4.3.
I I n

(4.1) II夕(“12 = 7宀溶(n+i)书车 *•, wherei/ = £i分

Proof, We prove this by induction on n. If n=l. (4.1) holds by 
Lemma 4.1.

II如/SIP = / (/ |Z] 件 … |Z”顼2"1如1)|시2y巧

丿|z시<R JBn
_ [ "I(R2-|zn|2)(D+k그 "5! • • •用 2u

~ 4시5 (p1+... + pn_1+n-lj! 1 시 阴'

n—1
where Bn = {(z“・ - < ,zn-i) € Cn~x | £ | 키? <T강 — \^n\2}- 

j=i
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We set zn = re*0,0<r<7?., 0<^< 2冗. Then

ll<從)(2시 |2

_n—1 I f. I /*2tt fR———- i / / (R2_r2)(n-1)+£；H %"”rdr曲
(£花"+n — i)M Jo

辭二气3〈广(宀「2)(1)旧舟人，2.

(乙=i "j + n - 1)1 Jo

We set r2 = 7^2t(0 < i < 1). Then we have

5 = 好끄糸佃顷

= 7「°r2(“+") ----------:--------------------[(1一疗1)+£搭그*"~

(£指勺 + n - 1)! Jo '

I I n—1
侦旳宀

= 力”穴义서""） "「…厶顼
（£；=： 2勺 + n - 1）!

= as）씌二쓰.

（n 4- n）!

J=1
IS + 1)「(窩* "j + /)

r(z/ + 끼

He호e B(u, v) is the beta function and we used the identy

w 、 r（w）r（u）
S）= I用顷

where r(u) denotes the Gamma function (see appendix). □

LEMMA 44 Let f(z) = (1 一。美广) .Then the Laurent
Series of f(z) is given by

f(Z) = £%2严=£ C(d广，g)Zl L • • •
Ct Ot
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where

”)(0)

시

(n + a) 

(‘砂a . n!)aj! • • • an!

n

J=1
a

Proof. Obvious.

LEMMA 4.5. The Bergman Kernel Function is given by

n
%,《) = 쁲"£為)5

=

Proof.

，c(z,<)= £||*(")|卩即)⑵이 ")(<)

=£

1/

n!

삭---"沪 • • • (云)”“, by Lemma 4.3•砂(n十匕成]! . . . i/n!

私 (况"느W" •点泸

n! / u ~(n+1)
---------I 1------- - by Lemma 4.4 
7产时\

쁲嵌或海;) TE)
J=1

□

Lemma 4.6.

02 log /C(z, z) _ 去勺 + 你R? -〉荣=1 I서2)
&j 站 2+ )(砂-顼=]|邳)2一
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Proof. Since
11)2 n

logK(z, z) = log 으訂-- (n + 1) log(7?-2 -勺可,

j=i

WogK人z, z) _ (n + l)zj
dzjdzj — 砂 - £厲 I케2 .

Hence

。시Og 弋(2,z) Z n Z3Zj , ■
位溥厂—(H)(R2q方尾呼心打 

d2loglC(z,z) 3勺+ (R2 — £；=i| 勺 |2)
dz3dz3 =(I1)(矽-E；=")2 .

Therefore we obtain the desired result. 口

Let T> = {(zi,--- ,zn) e Cn\\zj\ < > 0) be a polydisc in
Cn. Let :% = {z € 이 I끼 < ^}(1 <j< n). Then = 玖 x • • • x Z為 . 

By Lemma 4.5 , the Bergman Kernel Function K”(、z, <) for Z* is given 
by 2

顷«)= 쯔㈤一打% (水) 泌 m

Thus the Bergman Kernel Function /C(z, <) for T> is
n

*<) = "(%)

J=1
1 n

=쥬］ —水•，)七

j=i

where z = (z“ •…,zn) G T)and〈 — (Ci,-, • ,Cn) C Q・ Since
n n

logJC(z,z) = -log / + 一 2log(•房-ZjZ3),
>=1 J=1

we have
31og』C(z,z) 2z3

I、? ~~勺乏jdz3
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Thus
d2loglC(z,z) ,
―药瑟=° "疵

and
52log/C(z,z) 2 玛
-四宿 =7彳一比？

In summary, we have

Theorem 4.7. Let B = {(切, … ,zn) g C끼 £；=] |z7|2 < T?.2) be 
the ball with radius R > 0. Then the Bergman Kernel Function<) 
for B is given, by

nl7^n n _
0 = —(^2-£^)-(n+1), (z,<) eBxB.

" J=1

The Kahler form 以 of the Bergman metric oilB is

n + 1 yv ZtZ7 + - £¥=] kfcl2),,
3 一 工珞「MMTW—d勺 A、

Theorem 4.8. Let T> = {(砰 …,zn) € Cn\ \z3\ < %} be the 
polydisc in Cn. Then the Bergman Kernel Function for D is 
given by

1 n ―
시,〈)=菽11磴(玛一2£)一2, 

"J=1

where z =(切，• . .)zn) G T> and《=((i, ■ • • , (n) G P. The Kahler 
form uj of the Bergman metric on T> is 

2 n z
3 = ——、) —   -- dz, A dz? *
'/二2拓 j j

Appendix. The gamma function r(u) is defined by
f°° 

r(u) = / xu~1 exp(—
Jo

广8 2
= 2】f / 52u-1exp( —— )d5, u > 0.

Jo 2
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the beta function is defined by

B(u®) = 2 (cos^)2u-1(sin6>)2u-1^,
Jo

=/ 2U-1(1 — z)u~ldzy u > 0, v > 0
Jo

广 8 2 £8 x2
r(u)r(v) = 22-w-v / 62u-1ezp(------ )ds I t2v~lexp(----- )dt

Jo 2 J。 2
f8 2 f 즠

= 22-u~v / r2^v)-xexp{-—}dr / (coM严-土⑶湖)2하曲
Jo 2 Jo

=r(u + v).

Thus we obtain

“ 、r(u)r(v) . c凤叮)= 命브 ”>03>0.

Now we compute the volume an of the unit n-ball B in 1Zn ,

n
3 = {(中，・・・，2、)€仃|£矽<1}

J=1

= / dfln
Jb

^Mn-1 如
…+球-琛 )

I (1-⑦ *) 프'^o/—id产 1
心1

=2an-i / (1 — u2) 2 du.
Jo

We set u = and then du = 쁜*
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Hence

2 [ (1 一 “2)쓰亍丄du = [ z—*(]-z)끄頒丄dz
Jo Jo

=짜，%)•

Thus
「（*）［、（쁭丄） 
3（을+ i）.

Moreover, 也 = 2. By induction on n,

7「물
n = 1,2, ■ •-.

If n = 2Z is even, ＜侦=牛.
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