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PROPERTY (P) ON tp

Do Kon Lee

X and Y are real Banach spaces with closed unit balls Bx and By 
respectively. For n = 0,1, • • • ? the space P(nX, Y) of contiuous n- 
homogeneous polynomials P : X consists of all functions P of the 
form P(x) = A(z,t), where A:Xx・ — xX —> K is a continuous n- 
lineax mapping. ||P|| = sup{||P(z)|| : x G B%}. The space Y) is 
the algebraic direct sum of the space P(nJY, F), n = 0,1, 2,.... P(X) 
and 7，("X) denote P(X,R) and P(nX,R), respectively.

We Say that a Banach space X has property (F) if for any bounded 
sequences (un) and (vn) in X such that |P(un) —F(vn)| 0 as n —> oo 
for all P G P(nX), n> 1, then ]Q(un — vn)| t 0 as.n一> co for all Q E 
JP(nX),n > 1. This property was studied in [ACL], which is closely 
related with Dundord-Pettis property and Schur property. Aron, Choi 
and Llavona [ACL] showed that every super-reflexive Banach space 
has property (P). However in their proof they used the fact that every 
super-reflexive Baiiach space is in W^-class, which was studied by 
Castillo and SanchezfCS]. Hence we cannot have the exact form of 
polynomial which works in their proof. In this note we will prove that 
every (1 < p < oo) has property (P), without using —시ass. For 
general background on polynomials we refer to [D] and [M].

LEMMA 1. For any p, 1 < p < oo, if (uy) and (v7) are two se­
quences in which go to 0 weakly, and if for all polynomials P E

P(iij) - P(vj) 一> 0, then |区 一 이|卩 t 0
Proof. It is enough to prove the case 1 < p < oo. Suppose that 

||uj — vjllp 0. Since (勺)and (v7) converge to 0 weakly, by passing to 
a subsequence, there is an increasing sequence (n7) of positive integers 
such that for E3 = (n? < k < 少+i — 1),

II勺XE, — Z시|p < £ and IgXE, — Wlp < £.
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182 Property (P) on lp

We may assume (勺)and (vj to be (巧乂与)and (勺乂功)respectively.
Let * ：

E+ = {keEj： I弓矽 > 0), and % = {k e 鸟:砂祚 < 0), 

where u} = (uj,u^,... ,u；,...) and v3 = (vj, vj,... , v",... ). Since 
|gj - •이|p -卜 0. We have that ||(勺 - Vj)xE+ ||p 0 or ||(«; —
v3)Xe~ Up 0- When ||(uj — Uj)Xe+IIp +» 0, we partition each set 
珥 into four pairwise disjoint subsets. PUj, PVj, NU], NVj where

Pu, ={k : K 2 祚〉0},

pv)={k e E： : Vj >u^ > 0),

NU] ={k £ E)• Uj < Vj < 0) and

M, ={& £ Ej ： u： < 芯 < 0}.

Since ||(«j — Vj)xe+ lip 。, one of the following four sequences does not 
converge to 0; (]|(£一勺)x% lh), (||(^-巧)財，, II”), 시(巧一勺)XM, ||P), 

시(u丿 一 vj)XNV) ||p)- Suppose (|K"j — vj)Xpu)||p) does not converge to 
0. We may assume that for each j, ||(巧-uQxp" ||p > 8 for some 5 > 0 
(consider a subsequence if necessary). Define

J=i 槌£% /

where N is an integer greater than p and x — (x\x2,... , a产,….)€ £. 

If Ikllp < 1, then

(\ N E E崎 Fii) 

kEP% )

j=i \kePU} / E视气 /

(g is the exponential conjugate of p).
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Since (u7) and (v7) are bounded sequences in there exists a constant 
(7 > 0 such that

for every j. Thus

N_ 
l」p(z)l* 艾" £ |사屮 ) < c\\x\\p < c, 

j=i \kePUj /

for II에卩 < 1. The second inequality above comes from the fact y > 1 
aird |kr||p < 1. Thus P is a contirraoub N-血호g팡e沮供电$丫为以垣血2 

妇.However

PM —尸(处)

£的展-的I £。制-的I)

fcePu/ keput /
\ N

>1 £ I4-^IP| = IE *)" 1啓 2 时，

which contradicts hypothesis. (The first inequality above from the fact 
that if a > & > 0, 난len (a — b)N > aN — b“.) The other cases are 
proved similarly to the above.

On the other hand, when ||(uj — Vj]xE- ||p 七 0, we have that 
I|ujXe-|Ip 7^* 0 or ||ujXe—|Ip -卜 0. We may assume without loss of 
generality that for each J, II? N $ for some $ > 0 (consider

， U^E-
II XE- lip 

. . . 3normalized basic sequence in £p. Let Z be the closed subspace of 

a subsequence if necessary). Let z3 = and then (勺)is a
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spanned by (z7). Define 行：4, t £卩 by

찌£ /(sign#)끼I 勺

，=i \keE~ J

(x = (x1,^2,...)e 4)

Since (z7) is a normalized sequence with pairwise disjoint supports,

lk(^)llP = £ £ *
蛇E；

£ £ 団，，
j=i 厂

£ 財ism

Since 疝典「|苛|(1" = £心了 財|卩=1 for every j, we obtain 
II，「(:이Ip J II이Ip and also 찌不) = zq for every & Hence 7r is a norm 1 
projection from £p onto Z.

Define P : Z —> R by %勺)=】af where N is an odd integer
greater than p. It is easy to see P £ P(NZ) and hence P = P o tt E 
卩(Ngp). For each £, we get

PM =（尸0冗如）

£ 砂(sign#)的I 

Aesr

£ 砂(sign#)的I

\\^xE-\\P £ 14lp

베山
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and
N

户(設)=£ 点sign#)的I <0.
)

This implies P(u；) — P(v^) > 6N for every £, which contradicts hy­
pothesis. □

THEOREM 2. For any 1 < p < oo, £p has property (P).

Proof, We only need to consider p G (1, c»), since and 虹 have 
the Dunford Pettis property. Let (un) and (vn) be bounded sequences 
in X such that |P(un) — P(vn)| —> 0 for all polynomials P. Using the 
reflexivity of £p, we may suppose without loss of generality that both 
(un) and (vn) tend weakly to some x € Moreover, our hypothesis 
implies that for all continuous polynomials P, P(un — x) — P{vn — 
-x) t B. To see this, let A be the continuous symmetric fc-4inear farm 
associated with a continuous Ar-homogeneous polynomial P” Thus

Pk(un — z) — Pk(vn ~ 对

—A(un — X,…,Un 一 £)一 - X, - T)

=[A(un, ...,un) - A(vn, + fc[A(x,un,...,un) - A(x,vn,vn)]
4------卜 fc[A(z,...,x,un) - A(T,...,x,vn)]

늬R(z知) - Pk(vn] + Aj[Pfc-l(Wn) 一 Pfc-l(^n)]
+-----F 시7고- RS)L

where Pt is the z-homogeneous polynomial defined by R(g) — A(xk~zy1)^

Therefore, the sequences (un—x) and (vn —x) satisfy the conditions 
of the preceding lemma. Hence ||(un — x)~- (vn —z)|| = ||izn — vrt|| 一스 0. 
Thus, for every Q € n > 1, Q{un — vn) —> 0* □
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