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PROPERTY (P) ON ¢,

Do KoN LEg

X and Y are real Banach spaces with closed unit balls Bx and By
respectively. For n = 0,1,..., the space P("X,Y) of contivous n-
homogeneous polynomials P : X — Y consists of all functions P of the
form P(z) = A(z,...,z), where A : X x--.x X — Y is a continuous n—
linear mapping. {|P]| = sup{}|P(z)]] : = € Bx}. The space P(X,Y)is
the algebraic direct sum of the space P(*X,Y),n =0,1,2,.... P(X)
and P("X) denote P(X,R) and P("X,R), respectively.

We say that a Banach space X has property (P) if for any bounded
sequences (u,) and (vy) in X such that {P{u,)— P(v,){ = 0asn — oo
forall P € P("X), n > 1, then |Q(u,, —v,)}] =~ 0 asn — ocoforall Q €
P("X),n > 1. This property was studied in {ACL], which is closely
related with Dundord-Pettis property and Schur property. Aron, Choi
and Llavona [ACL] showed that every super-reflexive Banach space
has property (P). However in their proof they used the fact that every
super-reflexive Banach space is in W,—class, which was studied by
Castillo and Sénchez{CS]. Hence we cannot have the exact form of
polynomial which works in their proof. In this note we will prove that
every £, (1 < p < o) has property (P), without using Wy,—class. For
general background on polynomials we refer to [D} and [M].

LEMMA 1. For any p, 1 < p < oo, if (u;} and (v,} are two se-
quences in £, which go to 0 weakly, and if for all polynomials P €
P(¢,), P(u,)— P{v,) — 0, then |lu, —v,|[, = 0

Proof. 1t is enough to prove the case 1 < p < oo0. Suppose that
[le, —v;ll, /4 0. Since (u,) and (v,) converge to 0 weakly, by passing to
a subsequence, there is an increasing sequence (n,) of positive integers
such that for E, = {n, <k <n,4; — 1},

1
”uJXE, ~u,ll, < 5~ and ”UJXE', - v, <

21 21"
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We may assume (u;) and (v,) to be (ujxg } and (v;xE, } respectively.
Let

Ef ={k€ Ej:ujv] >0}, and E; ={ke€E,:ufv* <0},

where u, = (u},u?,... yuy,...) and vy = (v),03,... ,Uys...). Since

lu, — vll, # 0. We have that [I€u, — ”J‘)X&#"p # 0 or {{(u, -
v,-)xE l, 7 0. When ||(u, - ,)xE+|[p +4 0, we partition each set

E+ mto four pairwise disjoint subsets Py, , Py , Ny, , N, where

P, ={ke EJ'" :u:7 > vf > 0},
P, ={k € E : v} >uf >0},
Ny, ={k€E] :u _<_va0} and
N,, ={ke B} : v} <ub <0}

Rl BN

Since [|(u; —v,)x £t |, 7 0, one of the following four sequences does not

converge to 0; (”(“J “‘”J)XPu 1) ("(uJ—v})XPu 1), (”(“)"‘v:)XNu ),
(I, = v3)xn, ). Suppose (I(u, ~ v,)xp, llp) does not converge to
0. We may assume that for each 7, i(x, -—v_,}xp [lp = & for some § > 0
(consider a subsequence if necessary). Define

N
(e}
Pzy=> [ 3 a*uk - ofp-!
=1 keP.,J
where N is an integer greater than pand z = (z',22,... ,2",...) € ¢,.
If lz], <1, then
N
oo
kyp -
@I | D oty - vip!
=1 keP,,’
N N
co ? ¢
kE_ kilp—
<SS wtr) [ 3 et
1=1 \keP,, kEP,,

(g is the exponential conjugate of p).
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Since (u,) and (v,) are bounded sequences in £,, there exists a constant

C > 0 such that

w2
<z

> -k}~ S ey <c

keP,, kEP,,

for every j. Thus
N
IP(z){<CY { Y 1] <Cl=lt <C,

1=1 \keP,,

for ||z||, £ 1. The second inequality above comes from the fact % >1
and ||z}, < 1. Thus P is a contimuous N Jwmogeseous polynomial. on
¢,. However

Pug) — P(ve)

N N
=| > wiuf —vofPt ) = D vfluf —ofP
ker,, kEP,,
N
2 Z luf —vflP } = ll(ue —ve)xe,, BN > 877,

kEP,,

which contradicts hypothesis. (The first inequality above from the fact
that if @ > b > 0, then (a — ) > ¥ — bV.) The other cases are
proved similarly to the above.

On the other hand, when |j(v, — v,)xg-|l, 7 0, we have that
e, xg-llp 7 0 or |o;xg-{l, ~ 0. We may assume without loss of
generality that for each j, |lu,xg-il; = ¢ for some & > 0 (consider

U’XE_

a subsequence if necessary). Let z and then (z,) is a

_ z
1= Taxp-Th

3
normalized basic sequence in €,. Let Z be the closed subspace of £,
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spanned by (z,). Define 7 : £, — €, by

1!(:1:):2 Z :r:‘k(signz;~‘)|z;‘]"‘l zZj

=1 keE;
(z=(z",2%...) € 8,).

Since (2,) is a normalized sequence with pairwise disjoint supports,

o=

(w P

lm(@)llp = | D] D o*(sign )z}
\J=l kEE]
. "
[« ] ! ’
S B I DI
I=1 \ keE] keES

Since ZkeE,' |2%|(P-De = Ekes; |z§[P = 1 for every j, we obtain
[lr{z)llp < izll, and also w(z;) = 2z, for every £. Hence 7 is a norm 1
projection from £, onto Z.

Define P : Z — R by P(}_a,z,) = Zaﬁv where N is an odd integer

greater than p. It is easy to see P € P(¥Z) and hence P = Por €
P(Ne,). For each ¢, we get

P(ug) =(P o 7)(ue)

N
=1 D_ ul(sign zé")lzfl”“)

kE€E;

N
= ("“‘XE; ll» Z |26 1P

kEE]
N N
=""tXE; "p >4
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and
N

Pve) = E vy (sign z5)[zf P71 ] <.
kEE]

This implies P(u¢) — P(vs) > &V for every £, which contradicts hy-
pothesis. O

THEOREM 2. For any 1 < p < 00, £, has property (P).

Proof. We only need to consider p € (1, c0), since £; and £, have
the Dunford Pettis property. Let (u,) and (v,) be bounded sequences
in X such that |P(u,) — P(v,)| — 0 for all polynomials P. Using the
reflexivity of £, we may suppose without loss of generality that both
(un) and (v,) tend weakly to some z € ¢,. Moreover, our hypothesis
implies that for all continuous polynomials P, P(u, — z) — P(v, —
z) — 0. To see this, let A be the continuous symmetric k-linear form
associated with a continuous k-homogeneous polynomial P;. Thus

Pi(u, — z)— Pi(v, — )

=A(uy — 2,y —z) — Alv, —2,...,v, — T)

=[A(%ny ey tin) - Alvn, v} + RA(Z, un, -y un ) — A(Z, 00, 0, 0]
+ -+ KA(z, - 2 un) - Az, . T, 00)]

=[Pk(un) - Pk(”n] + k{Pk-l(“n) - Pk-l(”n)}
+ oo+ k[P (un) — Py(va)),

where P, is the :-homogeneous polynomial defined by P,(y) = A(x*~y*),
(1< k).

Therefore, the sequences (u, —z) and (v, — ) satisfy the conditions
of the preceding lemma. Hence ||(z, ~ 2} — (v, — 2)|| = |jun — va| — 0.
Thus, for every Q € P("X),n > 1, Q(u, —v,) — 0. O
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