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BETWEEN FUZZY STRONG O-CONTINUITY
AND FUZZY WEAK O-CONTINUITY

Bu Younc LEg, JIN HAN PARK AND QUG KM

1. Introduction and preliminaries

Weaker and stronger forms of fuzzy continuous mappings on fuzzy
topological spaces have been considered by many authors [1,3,4,7.8,11]
by using the concept of g-coincidence. Rencently, J.H. Park et al.
[11] studied some characterizing theorems for fuzzy strong #-continuity,
fuzzy 6-continuity and fuzzy weakly 6-continuity in fuzzy topologicai
spaces by using the concepts of fuzzy é-closure [4] and fuzzy 8-closure
8}

In this paper, we study some properties of fuzzy strong 8-continuous,
fuzzy almost strong 8-continuous and fuzzy weakly 6-continuous map-
pings by using the concepts of fuzzy é-interior and fuzzy é-interior, and
invetigate the relationships among them under suitably conditions.

Throughout this paper, by (X, 7) (or simply X) we mean a fuzzy
topological space in Chang’s [2] sense. A fuzzy point in X with support
z € X and value a{0 < & £ 1) is denoted by z,. For a fuzzy set A in
X, ClA, IntA and 1 — A will respectively denote the closure, interior
and complement of A, whereas the constant fuzzy sets taking on the
values 0 and 1 on X are denoted by 0x and 1x, respectively. A fuzzy
set A of X 1a said to be g-coincident with a fuzzy set B, denoted
by AqB, if there exists z € X such that A(z) + B(z) > 1{6]. It is
known [6) that A < B iff A and 1 — B are not q-coincident, denoted
by AG(1 — B). For definitions and results not explained in this paper,
the reader is referred to {1,2,6] in the assumption they are well known.
The words ‘fuzzy’, ‘neighborhood’ and ‘fuzzy topological space’ will be
abbreviated as ‘f.’, ‘nbd’ and ‘fts’, respectively.
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DEFINITION 1.1 [4, 8]. A f.point z, is said to be a {.§-cluster
point (#-cluster point) of a f.set A in X iff f.interior of the closure (resp.
closure) of every f.open q-nbd U of z, is q-coincident with A. The
union of all f.é-cluster (#-cluster) points of A ia called the f.é-closure
(resp. @-closure) and is denoted as ClsA (resp. Clg4). A ia called f.6-
closed (#-closed) iff A = ClsA (resp. A = ClgA) and the complement
of a f.6-closed (resp. f-closed) set is f.6-open (resp. 8-open).

LEMMA 1.1 {9, 12]. Let A be a fset of a fts X.
(a) ClsA =N{B | B is fregularly closed and A < B}.
(b) ClyA =N{CIB | B is f.open and A < B}.

DEFINITION 1.2. Let A be any f.set of a fts X. Then f.é-interior
(Ints) and f.0-interior (Inty) of A are defined as follows:

IntsA = U{B | B is f.regularly open and B < A4},
InteA = U{IntB | B is f.closed and B < A}.

LEMMA 1.2. For any f.set A inafts X, 1 — IntsA = Cls(l — A)
and 1 — IntgA = Clg(1 — A).

2. Chracterizations

DEFINITION 2.1 {7, 8]. A mapping f : X — Y is said to be
f.strong #-continuous (f.almost strong é-continuous, f.weakly 8-
continuous) if for each f.point z, in X and each f.open g-nbd V of
f(z4), there exists f.open g-nbd U of z, such that f{CIU) <V (resp.
FCI) < IntClV, f(IntCIW) < CIV).

THEOREM 2.1. A mapping f : X — Y is f.strong 8-continuous
iff f~1(IntB) < Intyf~Y(B) for each f.set Bin Y.

Proof. Let B be a f.set in Y. Then by Theorem 2.2 in [11] and
Lemma 1.2, we have f~!'(IntB) = 1— f"1(Cl(1~B)) < 1-Clpf~}(1—
B) = Int9f~1(B).

Conversely, let B be a fuzzy open in Y. By hypothesis, we have
F~YB) = f~Y(IntB) < Intgf~?(B) which implies f~!(B) = Intsf -
(B). Then f~Y(B) is f.6-open and hence f is f.strong §-continuous
from Theorem 2.2 in [11].
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THEOREM 2.2. For a mapping f : X — Y, the following are
equivalent:
(a) f is f.almost strong 6-continuous.
(b} f(ClgA) < Cls f(A) for each f.set A in X.
(c) f~Y(IntsB) < Intgf *(B) for each f.set BinY.

Proof. {a)=>(b): Let z, € ClyA and V be a f.open q-nbd of f(z,).
Then there exists a f.open q-nbd U of z, such that f(ClU) < IntClV.
Now we have

o € Clgd = ClUqA = f(CIU)qf(A) = IntClVqf(A)
= f(za) € Cls f(A) = z4 € f(Clsf(A)).

Hence ClgA < f~Y(Clsf(A)) and so f(ClgA) < Cls f(A).

(b)=(c): Taking the complement implies the proof.

(¢)=(a): It 1s similar to the proof of Theorem 2.1 by using Theorem
2.121n [8].

THEOREM 2 3. For a mapping f : X — Y, the following are
equivalent:
(a) f is f.weakly f-continuous.
(b) f~Y(B) < Intsf'(CIB) for each fopen set B of Y.
(c) Clf~Y(Int;B) < f~Y(B) for each { closed set B of Y.
(d) f~'(IntyB) < Ints f~1(B) for each fset B of Y.

Proof. (a)=>(b): It is clecar from Theorem 2.5 in [11] and Lemma
1.2

(b)=(a): Let 2, be a f.point in X and V be a f.open g-nbd of f{z,).
By (b), we have z,qf (V) < Intsf~1(ClV). Then by lemma 1.2 we

have
zoqlnts fTH(CIV) = 2, € 1 — Ints fH(CIV) = Clg(1 — f1(CIV)).

Hence there exists a fopen gnbd U of z, such that IntClUgl —
F~HCIV) so that IntClU < f~'(ClV). This shows that f is f.weakly
#-continuous.

(b)¢&>(c): Taking the complement implies the proof.

(a)&(d): Similar to the proof of Theorem 2.1.
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THEOREM 2.4. Let the mapping f : X — Y {f.strong 6-continuous
and g : Y — Z be f.continuous. Then the composite mapping g o f is
f.strong 8-continuous.

Proof. Let V be a f.open set in Z. Then ¢~'(V) is f.open set in ¥’
so that f~1(g~(V)) = (g o f)~(V) is f.8-open set in X by Theorem
2.1 in [11]. Thus g o f is f.strong 8-continuous.

COROLLARY 2.5. Let the mapping f : X — Y fstrong 8-
continuous and ¢ : Y — Z be f.strong 8-continuous. Then the compos-
ite mapping ¢ o f is f.strong 8-continuous.

THEOREM 2.6. Let X and Y be fts’s such that X is product
related toY. Let f : X —» Y be a mapping and g: X — X XY, given
by g(z) = (z, f(z)) for each = of X, be the graph mapping. Then the
following-are true:

(2) f is f.weakly 8-contmuous. if and only if ¢ is f.weakly 8-continu
ous.
(b} If ¢ is f.strong 6-continuous, then f is f.strong 8-continuous.

Proof. (a): Let z, be a f.point in X and V be any f.open q-nbd of
f(zs). Then 1x x V is f.open g-nbd of g(z,). Since g is f.wealky 6-
continuous, there exists a f.open g-nbd U of z4 such that g(IntCll) <
Cl(ix x V) =1x x ClV. By Lemma 2.9 in [7], we have f(IntCIU) <
ClV. Hence f is f.weakly 8-continuous.

Conversely, let zo be a f.point in X and W be any f.open g-nbd of
g(zo) in X x Y. By Lemma 2.9 in [7], there exist f.open g-nbd U of
z4 and f.open g-nbd V of f{z4) such that g{z,)q(U x V) < W. Since
f is f.weakly §-continuous, there exists f.open g-nbd G of z, such that
G < U and f(IntCIG) < CIV. Now we have

¢(IntCIG) = IntCIG x f(IntClG)
< CIW x ClV =CKU x V)
< CIW.

Hence ¢ is f.weakly 8-continuous.
(b): Similar to the proof of (a).
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DEFINITION 2.2. A mapping f : X — Y issaid to be f.weakly con-
tinuous 7] (f.6-continuous (8], f.almost continuous {8], f.6-continuous
[4], f.super continuous {7}) if for each f.point z, in X and each f.open
g-nbd V of f(z,), there exists f.open g-nbd U of z, such that f(U) <
ClV (resp. f(CIU) < CIV, f(U) < IntClV, f(IntClU) < IntClV,
f(IntCIU) < V).

It is clear that f.strong §-continuity implies f.almost strong §-conti
nuity and f.super continuity, and {.super continuity implies f.continuity.
But f.almost strong 8-continuity need not be f.continuity (see [8]).
From following example and Examlpe 3.10 in [8], we know that f.almost
strong f-continuity and f.super continuity (f.continuity) are indepen-
dent concepts.

Exampil. Let X ={6, Y and v = {1x,0x, A} where-A{0) = }
and A(z) =0 for z # 0.

Consider the identy mapping f : (X,7) — (X, 7). We show that f
is f.super continuons but not f.almost strong §-continuous. Let z, be a
f.point in X. ¥ = # 0, then V = 1x is the only f.open q-nbd of f(z,),
and then U = 1x is a f.open g-nbd of z, such that f(IntCIU) < V.
Suppose z = 0 and V is f.open g-nbd of f(zs). If V = 1x, the case
becomes trivial. Solet V = A. Then & > £ so that 4 is a f.open q-nbd
of z4 such that f(IntClA) = A. Hence f is f.super continuous.

Now consider the f.point z,, where r = 0 and o = -2—. Then A is a
f.open q-nbd of f(z,). Let U be any f.open q-ubd of z,. Then U = A
or 1y, and f(ClU) =1~ A or 1x £ IntClA = A. Hence f is not
f.almost strong #-continuous.

DEFINITION 2.3 [8]. A fts X is said to be

(a) f.regular if for each f.point z, in X and each f.open g-nbd U of
Zo, there exists a f.open q-nbd V of z, such that ClV < U.

(b) f.almost regular if for each f.regularly open set ¥V in X and each
f.point z,qV, there exists a f.regularly open set U such that z,qU <
ClU <V.

(¢) f.semi-regular if for each f.open set V in X and each f.point
2.qV, there exists a f.open set U such that z,qU < IntClU < V.
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It is easy to see that every fregular space is f.semi-regular as well
as f.almost regular [8].

TBEOREM 2.7. Let X and Y be fts’s such that X is product
related to Y and ¢ be the graph mapping of f : X — Y. If g is f.strong
@-continuous, then X is f.regular.

Proof. Let f be f.strong #-continuous and x, be any f.point in X.
Then for f.open q-nbd V of z, V X 1y is f.open g-nbd of g(z,). Since
g is f.strong f-continuous, there exists f.open q-nbd U of z, such that
g(ClU) < V x 1y. This implies that x,qU < CIU < V. Hence X is
f.regular.

THEOREM 2.8. If Y is fregular and f : X — Y is f.continuous
mapping, then f is f.strong 8-continuous.

Proof. Let z, be a fpoint in X and V be f.open q-nbd of f(z,).
Then there exists f.open set W such that f(z,)qW < CIW < V. Since
f is f.continuous, there exist f.open g-nbd U such that f(U) < W.
This implies that f(CIU) < CIf(U) < CIW < V. Hence f is f.strong
§-continuous.

THEOREM 2.9. Let f : X — Y be a mapping. Then the following
are true:
(a) If f is fuzzy weakly continuous and X is f.semi-regular, then f
is f.weakly 8-continuous.
(b) If f is f.almost strong 8-continuous and Y is f.semi-regular, then
f is f.strong 8-continuous.

THEOREM 2.10. Let f : X — Y be a mapping. Then the
following are true:
(a) ff: X — Y is f.weakly 6-continuous and X is f.almost regular,
then f 1s f.6-contmuous.
(b) If f: X — Y is fweakly continuous and Y is f.almost regular,

then f is falmost strong §-continuous.

Proof. (a): Easy.
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(b) Let z, be a f.point in X and V ba any f.regularly open q-nbd of
f(z4). Then there exists f.regularly open g-nbd W such that CIW < V.
Since f is f.weakly continuous, there exists f.open q-nbd U of z, such
that f(U) < CIW < V. Thus f is f.almost continuous. By Theorem
3.1in {3} and Theorem 3.8 (b) in {8], f is f.almost strong §-continuous.

COROLLARY 2.11 [8]. If X isfregularand f : X - Y is f weakly
continuous, then f is f.6-continuous.

Proof. Clear from Theorem 2.9 and Theorem 2.10.

The following two theorems are easily proved and the proofs are
omitted.

THEOREM 212 Lef X — Y and g : Y — Z be mappings. If
f and g are satisfied with one of the following, then the composition
g o f is f.weakly 8-continuous.
(a) f is f.super continuous and g is f weakly continuous.
(b) f is f.é-continuous and ¢ is f.weakly @-continuous.
(c) f is f.weakly 8-continuous and g is f §-coutinuous.

THEOREM 2.13. Let f : X — Y and ¢:Y — Z be mappings.

(a) If f is f.weakly 8-continuous and g is f.almost strong 8-continuous,
then g o f is f.6-continuous.

(b) If f is f weakly 8-continuous and g 1s f.strong 8-continuous, then
g o f is f.super continuous.

(c) If f is f.almost strongly 8-continuous and ¢ is f weakly 6-continu
ous, then g o f is £.8-continuous

(d) If f is f.almost continuous and ¢ 1s f.weakly 8-continuous, then
g o f is fweakly continuous.

DEFINITION 2.4 {10]. A mapping f : X — Y is said to be f.almost
open If f(U} is f.open in Y for each fregularly open set U of X.
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THEOREM 2.14. If amapping f : X — Y is{f weakly 8-continuous
and f.almost open, then f is f.6-continuous.

Proof. Let x4 be af.point in X and V be any f.open q-nbd of f(z4).
Since f is f.weakly #-continuous, there exists f.open q-nbd U of x, such
that f(IntClU) < ClV. Since f is f.almost open, f(IntCIU) is f.open
and hence f(IntClU) < IntClV. This shows that f is f.§-continuous.

COROLLARY 2.15 {8]. If a mapping f: X — Y is f.§-continuous
and f.almost open, then f is f.§-continuous.

DEFINITION 2.5 [5]. A fts X is said to be f.extremally discon-
nected if the closure of each f.open set of X is f.open.

THEOREM 2.16. Let X be a f.extremally disconnected space and
f:X =Y be a mapping.
(a) If f is f.weakly 8-continuous, then f is {.8-continuous.
(b) If f is f.6-continuous, then f is f.almost strongly 8-continuous.
(c) If f is f.super continuous, then f is f.strongly -continuous.

Proof. We prove only the case that f is f.weakly §-continuous and
then the proofs of the other are similar.

Let x4 be a f.point in X and V be any f.open q-nbd of f{z,). Since
f 1s f.weakly 8-continuous, there exists a f.open g-nbd U of z, such
that f(IntClU)} < ClV. Since X is f.extremally disconnected, we have
IntClU = CIU and hence f(CIU) < ClV. This shows that f is f.0-

continuous.
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