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FUZZY CHARACTERISTIC SUBALGEBRAS/IDEALS 
OF A BCK-ALGEBRA

Y. B. Jun, S. M. Hong and E. H. Roh
In this paper we introduce the concept of fuzzy characteristic sub

algebras /ideals of a BCK-algebra. A fuzzy characteristic subalgebra/ 

ideal is characterized in terms of its level subalgebras/ideals.

Recall that a BCK-algebra is a non-empty set X with a binary 

operation * and a constant 0 satisfying the axioms

BCK-1 ((x *g)*(w* z)) * (z * y) = 0,

BCK-2 (x * (x * j/)) * y = 0,

BCK-3 x * x = 0,

BCK-4 04： x = 0,

BCK-5 x y = 0 and y * z = 0 imply z = g,

for all x^y^z G X. We can define a partial ordering < by x < y if and 

only if x * 7/ = 0. A mapping f : X Y of BCK-algebras is called 

a homomorphism if /(x * g) = /(*) * /(y) for all x,?/ € X, A BCK- 

algebra X is said to be bounded if there exists an element 1 E X such 

that x < 1 for all x E X. Throughout X will denote a BCK-algebra 

and Aut^X) the set of all automorphisms of X. A nonempty subset S 

of X is called a subalgebra of X if x * y G 5* for any x,y € S. An ideal 

of X is a subset I containing 0 such that if z * and y are in I then 

so is x.

We now review some fuzzy logic concepts. We refer the reader to

[3] and [5] for complete details. A fuzzy subset of X is a function 卩，: 

X —> [0,1]. It is a fuzzy subalgebra of X if * y) > min(/z(x)> /z(y)} 

for all z, y G X, and it is a fuzzy ideal of X if “(0) > /z(x) and 

“(z) > min(/z(x * g)危(g)} for all x, y G X. Given a fuzzy subset 卩， 

and t £ [0,1], let 加={z E > t). This could be an empty

set. It was shown in [5] that a fuzzy subset /x of X is a fuzzy subalge- 

bra/ideal of X if and only if for each t E [0,1], is either empty or a 

subalgebra/ideal of X. The subalg사"as/ideals 卩吒丄 £ [0,1], are called 

level subalgebras/ideals of 卩，.
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DEFINITION 1. If “ is a fuzzy subalgebra/ideal of X and 0 is a map 

from X into itself, we define a map 卩P : X [0,1] by 濟(z)=产(0(c)) 

for every x E X.

If “ is a fuzzy subalgebra of X and 0 is an endomorphism of X, then

//(c * y) = * y)) = * 0(y))

> min{〃(0(;z;))/(0(y))}

=minW(c)/%/)}

for all a:, y € X, Hence we have the following theorem.

THEOREM 1. If 卩，is a fuzzy subalgebra of X and 0 is an endomor

phism of X, then 酒 is a fuzzy subalgebra of X.

PROPOSITION 1. If 卩,is a fuzzy subalgebra of X and 0 is an endo- 

Taorphism of X〉then //5(0) > 卩，아(工)for ail r E X.

Proof. We have that =尹(。(游)=min{/z(0(a：)), <

“(0(w) * 0(x))=卩，(8(x * x))=产”(0) for any x E X.

PROPOSITION 2. Let fl be a fuzzy ideal of X and 0 : X -스 X an 

onto homomorphism. Then the following hold for all x^y.z E X,

(1) if x <y then pe(x) >『(g).

(2) * y) > nun{/x^(x * 『(z * g)}.

(3) if pe(x *g) = "％0) then『(£) > 政y\
(4) min{仍濟(y)} = min{*，(以〃％/)}.

(5) if X is bounded then * x)) =

(6) if x < y then 卩P(g) = min{酒(g * x),/z^(a:)}.

Proof. (1) ]S x <y then x * y = 0. Hence

『(们=”(0(y))

=min{产(0(0)),〃 (知/))}

=min{“(0(c * ;)),“(0(y))}

=min{#(0(z) * 0(g))危(0(;))}

< /0(c)=仍*)•
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(2) JYom BCK-1 and (1), it follows that 酒((z*y)*(z*z)) > 卩?(z*g). 

Hence

fi0(x * y) = * y))

=〃(0(z) * 0(们)

> min{/z((0(x) * 0(g)) * (0(z) * 0(z))), “(。(찌 * ^(2)))

=min{/璀((z * y) * (x * z)),fi6(x * z)}

> min{"°(z * y),濟(z * z)}.

(3) Assume that * y) — //(()). Then

『(游=以》(¥))

> min{〃(0(z) * 0(g)), ”(£(丄/))}

=mjn{嫩3*y)),产例 J/))}

=min{仍:r*g)/%/)}

=niin{/(0),/ze(y))

=min{〃(0(O)),〃(0(y))}

= min{M0),尹(”("))}

= 卩 (히3)) = /(!/)•

(4) Since x * y < x, we have fie(x * y) > //(f) by (1). Hence

//(z) = 〃(이g))

> min{/W”(:r) * 0(；)),以仇'))}

=min{^(0(s * t/)),M(^(y))}

=niin{仍M*y)/%/)}

> min{〃°(:时/%/)}

and so min{〃气以 /*(')} = min(^ze(z * y), #%/)}.

(5) If X is bounded then by (1),

『(1) < min{仍*z)}.
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On the other hand,

⑴=“(9(1))

> min{产(0⑴ *0(g)),"(0(z))}

=min(/z(0(l * x)),/z(0(x))}

=min{/z^(l * x),/z^(x)).

Thus (5) is true.

(6) is obtained from (1) and (4).

THEOREM 2. If 卩，is a fuzzy ideal of X saidX -스 X is an onto 
homomorphism, then『 is a fuzzy ideal of X.

Proof, We have that『(硏=/z(0(x)) < 产(0) = /z(0(O)) = ”°(0) for 

all x G X. Next for any E X,

『(而=从。(£)) > min(/t(0(r) *y),/z(i/)},

because /z is a fuzzy ideal. Since 0 is onto, there exists z C X such that 

0(z) = y. Hence

仍*) > min{点(c) * y),心/)}

=min(//(0(z) * 0(z)))"(0(z))}

=min{/x(0(x * z))/(0(z))}

=niin{/z^(x * z)/°(z)}.

As j/ is an arbitrary element of X, the above result is true &>호 any 

z € X, i. e., > min{濟(丁 * z), f/(z)} for all x.z E X. Hence 卩?

is a fuzzy ideal of X.

DEFINITION 2. A subalgebra/ideal K of X is called a characteristic 

subalgebra/ideal if 0(K) = K for all 0 C Auf(X).

DEFINITION 3. A fuzzy subalgebra /ideal 产 of X is called a fuzzy 

characteristic subalgebra/ideal of X if "(0(w)) = /z(x) for all x G X 

and all 0 G Aut(X\
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THEOREM 3. Let 卩，be a fuzzy characteristic subalgebra of X. Then 

each level subalgebra of ft is a characteristic subalgebra of X.

Proof. Let t € G Aut{X) and x € 収 Since “ is a fuzzy

characteristic subalgebra of X)we have 户(0($)) = > t. It follows

that 0(z) G 卩吒 and hence 0(产t) Q To prove the reverse inclusion, let 

x E l^t and \et y E X be such, that 0(y) = x. Then ^(y) = “，(0(g))= 

卩(花) > 私 whence y E 卩吒、It follows that x = 0(g) €。(/나), so that 

卩，t 으 0(眼). Thus ft G is a characteristic subalgebra of X.

The following lemma is obvious, and we omit the p호oof.

LEMMA 1. Let /J, be a fuzzy subalgebra/ideal of X and let x E X. 

Then //(x) — t if and only if x E fit 히x p,3 for all s > t.

Now we prove the converse of Theorem3.

THEOREM 4. Let 壮 be a fuzzy subalgebra of X. If each level sub

algebra of ft is a characteristic subalgebra of X, then 卩 is a fuzzy 

characteristic subalgebra of X,

Proof. Let x E Xy0 E Aut(X) and /i(x) = t. Then 工 € 四 and 

z £ “s for all s >. h by Lemma 1. Since 0("f)=卩吒 by hypothesis, we 

have 0(⑦)€ 阴 and hence ”(0(z)) > t. Let s =卩(9(w)). If possible, 

let s > t. Then € “$ = 0((2S). Since G is one-one, it follows that 

x € % which is a contradiction. Hence 必(0(z)) = t = "(')，showing 

that 卩 is a fuzzy characteristic subalgebra of X.

The proofs of the following theorems are similar to that of Theorems 

3 and 4.

THEOREM 5. If 卩 is a fuzzy characteristic ideal of X then each level 

ideal of is a characteristic ideal of X

THEOREM 6. Let 卩 be a fuzzy ideal of X. If each level ideal of 秒 is 

a characteristic ideal of X then 卩 is a fuzzy 사，aracteristic ideal of X.
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