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FUZZY PRIME IDEALS IN「—RINGS

Young Bae Jun and Chong Yun Lee

In [14], Zadeh introduced the notion of a fuzzy subset // of a set S 
as a function from S into [0, 1]. Rnsenfeld [12] applied this concept to 
the theory of groupoids and groups. Kuroki [7, 8] has studied fuzzy 
ideals, fuzzy bi-ideals and fuzzy semiprime ideals in semigroups. Liu 
[9], Mukherjee and Sen [10] and Swamy and Swamy [13] have studied 
fuzzy ideals and fuzzy prime ideals of a ring.

This paper is a continuation of [5] and [6]. It was shown in [6] that a 
「-homomorphic image of a fuzzy ideal which has the sup property is a 
fuzzy ideal. But it holds without assuming 나xe sup property. We first 
prove that a「-homomorphic image of a fuzzy ideal is also a fuzzy ideal 
without assuming 나xe sup property. In [5], the first author investigated 
the fuzzy prime ideals in F-rings. Secondly, we study more properties 
on fuzzy prime ideals of F-rings.

Definition 1 ([1]). If M = {勺饥飞…} and P = {a,/?,7,...} are 
additive abelian groups, and for all x.y.z in M and all a, in「the 
following conditions are satisfied

(1) xay is an element of M)

(2) (t + y)az = xaz + yotz^ x(a + g)y = xay + xgg、xa(y + z)= 
xay + xotz^

(3) (m씬/)伽 = xa(y/3z), 
then M is called a P-ring.

Through this paper M and M1 denote F-rings, and 0 m and 0^ 
denote the zero elements of M and Mf respectively.

DEFINITION 2 ([1]) A subset A of M is a left (right) ideal of M if 
A is an additive subgroup of M and

MP A = {xay\x G Af, a € T, y 6 A}(ATM)

is contained in A. If A is both a left and a right ideal, then A is a 
two-sided ideal, or simply an ideal of M.
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DEFINITION 3 ([2]). An ideal P of Af is said to be prime if for every 
ideals A, B of Af, ATB C P implies A C P or B C P.

PROPOSITION 1 ([2]). Let P be an ideal of M. Then the following 
are equivalent:

(a) P is a prime ideal of M.
(b) Fbr all x^y E M, xVMVy C P implies x E P or y E P-

PROPOSITION 2 ([이). Let I be an ideal of M. If P is a prime ideal 
of Mf then P di is a prime ideal of I.

DEFINITION 4 ([1]). A mapping 6 : M M1 is called a r-homo- 
morphism if + g) = 0(z) + 8(g) and = 0(x)a6(y) for all 
x^y E M and a G T.

DEFINITION 5 ([12]). Let 0 : M T M1 be any function and let 卩 
bfcany fuzzy set in M. The fuzzy 飼;刀d渔Hed…的

'sup “(c) if。-'(y) 0,y € ",
77(g) = <

、0 otherwise,

is called the image of 卩，under 们 denoted by 0(“ ).

DEFINITION 6 ((切).A fuzzy set /z in Af is called a fuzzy left (right) 
ideal of M if

(4) - y) > min{“S),心/)},
(5) fi(xay) > «(y) 〈씨/) > “(끼),

for all x, y E M and all a E T.

A fuzzy set 卩，in M is called a fuzzy ideal of M if 户 is both a fuzzy 
left and a ftizzy right ideal of M.

We note that // is a fuzzy ideal of M if and only if
(4) -y) > min{〃(£),/u(g)},
(6) fJ，(xay) > max{以r),«(y)}, 

for all x’y £ M and all a G T.

THEOREM 1. Let 0 : M —> Mf be an onto「-homomorphism. If 卩 
is a fuzzy ideal of M, then。(“)is a fuzzy ideal of Mf,
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Proof, Let x\yf € M1 and a E T. Then there exist x^y 6 M such 
that 0(x) = x1 and 0(y)=矿.Then

0(0)S' — ；')= sup “(z) 
6(z)=x,—y,

> sup n{x 一 y) 
0(x)=xf
M命=矿

> sup sup min{〃(z), 〃(而} 
e(x)=xf 03)=矿

=min{ sup “(z), sup 〃(q)} 
O(x) = x, 0(y) = yf

=min{0(“)(H),0(“)(y')},

and

。(产)($'a 矿)=sup 急)
陞z)二:卩a専'

> sup fi(xay) 
d(r)=xx,
。3)=矿

> sup max{认z)/(;)}
&(T)二刁C‘
Ky)=yr

= niax{ sup /z(x), sup //(?/)} 
^(r)=r/ &(#)=扩

=max{0(〃)(:r')M(〃)3')}.

This completes the proof.

DEFINITION 7 ([5]). Let 卩 and V be fuzzy sets in M and let a 6 T.
The product /iTu is defined by = sup “(z)} and

x=yctz
= 0 if X is not expressible as z — yaz.

DEFINITION 8 ([5]). A fuzzy ideal 卩，of M is said to be prime if
(7) 卩，is not a constant function,
(8) for any fuzzy ideals u)p in M, vVp Q implies u Q 卩，ot p Q 卩,.

LEMMA 1 ([5]). If /z is any nonconstant fuzzy set in M, then 诉 is 
a fuzzy prime ideal of M if and only if Im(/z) = (l,i} where t € [0,1) 
and the ideal = {x E = 1} is prime.
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THEOREM 2. Let 卩，be a fuzzy ideal of M such that 1 E Im(^) and 
let u be a fuzzy prime ideal of M. Then /r n i/ is a fuzzy prime ideal of 
the r~ring = (x € M|/x(x) = 1).

Proof. Since i/ is a fuzzy prime ideal of Af, it follows from Lemina 
1 that there exists t E [0,1) such that

fl if x e Mv.
.

I t otherwise,

where Mv = {x G M|u(x) = 1}. As Mv is a prime ideal of Af, 
is a prime ideal of Now

/ c \i \ i if x E M口 fl Mg
" 小。=11 if xeM^- n Mv\

Consequently /z Cl i/ is a fuzzy prime ideal of

THEOREM 3. Let 卬 be any fuzzy ideal of M ・ = {姑,切,
tm} where io > > …> arid each 阳 is a prime ideal of M, then
fi(xayPz) = max{/i(x),/Lz(j/),ju(z)} for all x,y^z E M and € T.

Proof, Let z E M and £ P. Without loss of generality, we 
may assume that max{/z(x),//(y),M(^)}—卩(z) — /n0 < z < m. Since 
/z is a fuzzy ideal of Af, it follows that

H(xay/3z) > max{产(gg), Q)}

> max{“(w)危(y)危(z)}

=it-

Suppose that 卩(xay0z、) > tt. Then 卩(xag(3z) E {to,切,and 
hence xay/3z E • As is a prime ideal, it follows from Proposi­
tion 1 that x € u&f or z E 〔 ； i. e., /z(z) > iz-i or tt =么(z) > 0%. 
This is a contradiction and the proof is complete.

THEOREM 4. Let {%} be any chain of fuzzy prime ideals of M. 
Then U代 is a fuzzy prime ideal of M.

Proof. It is easily proved that U/妇 is a fuzzy ideal of M. Since each 
卩r is prime, it follows from Lemma 1 that for all z,
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(i) 1 €
(ii) the ideal = (z € = 1} is prime,
(iii) there exists tt £ [0,1) such that “店)=tt for all x E M — M収. 

As /妇 으 产2 g … g Mn 으 …(동ay); we have C Mg2 으 … 으 M^n 으
and hence is a prime ideal of M, Now let a and p be any

two fuzzy ideals of M such that aTp C U/zt. Assume that U/zt is not 
fuzzy prime. Then there exist xyy E M such that a(x) > (U代)(w) and 
p(g) > (U“i)(g). Therefore (U“J(z)二卜 1 and (U代)(g)丰 1, so that 
x, y 0 UMMt. Since UA缶 is prime, it follow동 from Proposition 1 that 
xVMVy @ UM^. Hence (U/zt)(x) = (l加出y) = (l加)(hq：키3g) = sup" 

t
for all z € M and a, /3 € T. Then

(b「p)(:mz伽)> min{b(z)/(g)}

> min{(〔加)(c),(l加)(y)}

=(U/z,)(saz/3y)

for all z G M and a, G T. This is a contradiction, and the proof is 
complete.

DEFINITION 9 ([12]). Let 0 : M Mf be any function. A fuzzy 
set /z in M is called ^-im^ariant if 8(z) = 0(g) implies 卩(*) = ^(y), 
where y E M.

Lemma 2. Let 0 : M Ml be an onto r-homomoiphism and let 卩 
be any 0-invariant fuzzy ideal of M such that = {如切， 
where 加 > 切 > … > "心 If the 사】aii? of level ideals of 卩，is 卩比 C

C ... C 诉可=A幻 then the chain of level ideals of 0(卩，)is given by 
0(伽。) 으 0(丿%) • 으。(%) = ".

Proof. Clearly C Im(卩).If (0(〃))“ = 0(、批，、then the
chain of level ideals of 8(卩)is given by 6(卩，)G。(卩‘捉)Q ... Q 
°(卩J)= A七 Hence we need only to prove that (0(#)), = 0(“”). 
Let y G (6(尹))“ • Then tt <。(“)(g) = sup /z(^), and so 卩(&) > tt

花。T(y)
for some x £'(y). Hence x £ /z^, and y = 0(x) E 8(卩showing 
that (0("))‘ C 8(卩，、). To prove the reverse in시usion, let y E 0(卩吒) 
Then there exists x G 印，such that y = 0(工).Thus /z(z) > ", and 
0(“)(g) = sup 产(？)2 “(*) > 拍 wliich means that y E (。(产))九.

gT(y)
This completes the proof.
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THEOREM 5. Let 0 : M M* be an onto r-homomorphism. If fi is 
a ^-invariant fuzzy prime ideal of M, then 6(卩)is a fuzzy prime ideal 
ofMf.

Proof. Since “ is a fuzzy prime ideal of M, it follows from Lemma 고 
that (i)l € (ii) the ideal = {x E = 1} is prime and
(iii) there exists t E [0,1) such that ^(x) = t for all x € M — Now 
we show that ker(0) C M^. Let x G ker(6). Then 6(x) = Om，= °(()M)・ 
As f£ is ^-invariant and “(0m) = 1, we have that /z(x) = ^(Om) = 1- 
Hence x E showing that ker(0) C M”. In view of the fact that 
Mp, is a prime ideal and ker^d) C we have that 0(MQ is a prime 
ideal of Mf. Since C Af, it follows from Lemma 2 that C 
0(M) = M1 (the inclusion is strict, because fi is ^-invariant). Now 
0(R)(O") = sup /x(x) > “(Om) = 1)and hence 1 E lm(0(/x)).

xGd-i(oM,)
Therefore the result follows from Lemma 1.
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