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THE LEAST POSITIVE EIGENVALUE OF LAPLACIAN
FOR. SU(4)/SU(2) ® SU(2)

JOON-SIK PARK

1. Introduction.

Let (M, ¢) be an n—dimensional compact Riemannian mantfold. We
denote by A the Laplace-Beltrami operator acting on the space C(M)
of all complex valued smooth functions on M, that is,

(L1) A=-%,, Jaa(VGg 55),

where the g,, are the components of g with respect to a local coordinate
(Z1+T2,7 " ,Tn), (') is the inverse-matrix of (g,,) and G = det{g,;).
Then, the spectrum Spec(M, g) of the Laplacian A, i.e, the set of all
eigenvalues of the Laplacian, consists of

0=X <A < Ay < ++-— +00.

The task that calculates the spectrum Spec{M, g} seems to be impos-
sible, in general, for nonhomogeneous Riemannian manifolds. For a
few Riemannian manifolds, e.g., flat tori, lens spases and symmetric
spaces, spectra have been calculated ({7],(8],[10}).
In this paper, we treat a normal homogeneous manifold {M.g)

= SU(4) / SU(2)®@SU(2). That is, let (-, -) be an Ad(SU(4))—invariant
inner product on the Lie algebra su(4). Let m be the orthogonal com-
plement to the subalgebra su(2) ® I, + I, ® su(2) of SU(2) & SU(2)
in su(4) relative to (-, ), so that su(4) = su(2)® I + I @ su(2) + m
and Ad(SU(2) ® SU(2)) (m) = m, where

o a“b 0126
a®bi= (0215 (1225) ’

(a = (a!})yb = (b,}) € MQ(C])
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The tangent space T,(SU(4)/5U(2)® SU(2)) at the origin 0:=SU(2)®
SU(2) can be identified with the subspace m by

me X — X, € T,(SU(4)/SU(2) @ SU(2)),

where X, f := dfdt f(exptX - 0)|i=o for a C*°-function f on

SU(4)/5U(2)® SU(2). An inner product g, on the tangent space at o
defined by ¢,(X,,Y,) = (X,Y), X,Y € m, can be uniquely extended
to a SU(4)-invariant Riemannian metric g on SU(4)/SU(2) ® SU(2).

2. The main result.
In this paper, we have

Theorem. Let (M, g) be a normal homogeneous Riemannian man-
tfold (SU(4)/(SU(2)® SU(2)), g) with the normal metric ¢ which 1s
canemcally snduced from the Killing form B on the Lie algebra su(4)
of SU(4). Then, the least positive esgenvalue of the Laplacian A, for
(M, g) s §.

3. Proof of the main result.

3.1. In this part, we present some results on the sectra for normal
homogeneous Riemannian manifolds.

The spectrum Spec{G/K,g) of the Laplacian for a normal homo-
geneous Riemannian manifold G/K can be obtained as follows {8,
PP.979-980]. Let t be 2 maximal abelian subalgebra of the Lie algebra
g of G. Since the weight of a finite unitary representation of G relative
to ¢ has its value in purely imaginary nwmbers on t, we consider the
weight as an element of /—1t*, where t* denotes the real dual space of t.
From the Ad(G)-invariant inner product on g, a positive inner product
on /—1t* is defined in the usual way and denoted by the same symbol
(-,-). Fixing a lexicographic order > on /—1t*, let P be the set of all
positive roots of the complexification g¢ of g relative to t°©. We denote
by § half the sum of all elements in P. Let I'(G) = {H € t;expH = ¢}
and I = {\ € /=1t";A\(H) € 2/—1Z for all H € T{G)}. An element
in 7 is called a G — tntegral form. The elements of

D(G)={reI; (A\a)>0forall a € P}
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are called dominant G-integral forms. Then there exists a natural bi-
jection from D{G) onto the set D(G) of all nonequivalent finite dimen-
sional irreducible unitary representation of G which map a dominant
G-integral form A € D(G) to an irreducible unitary representation
(Va, ma) having highest weight A. For A € D(G), put d(}) the dimen-
sion of the representation V). d(}) is given by

(A +8,0)

(,0)
A representation (Vy, 7)) in D(G) is called spherical relative to K if
there exists a nonzero vector v € Vy such that ma(k) v = v for all
k € K. Let D(G, K} be the set of all spherical representations in D(G)
relative to i and D(G,K) = {X € D(G); (Va,mr) € D(G, K)}.

Then the following Theorem is well known.

Theorem 1 [7, Propo. 2.1, P.558]. The spectrum Spec(G/K,g) of
the Laplacian on the normal homogeneous space (G/K, g) 1s grven by

eigenvalues (A +26,1), XA € D(G,K).

3.2. The inclusion of SU(2)® SU(2) into SU{4) is the tensor prod-
uct of two usual linear representations of SU(2). In this section, we
use the following notations.

G =S5U(4), G =SU(2), H=(SU2)®SU(2)), M=G/H,

T = {diagle;, ¢2, €3, €4]; €162e3¢4 = 1, ]e,| = 1,¢, € C},

T(2) = {dragler, e2]; €562 = 1,|e,| = 1,6, € C},

g (resp. g(5y) : the Lie algebra of G (resp. Gy)s

h =su(2)® I, + I, @ su(2): the Lie algebra of H as a subspace of

d(A) = IIO:EP

g,
t (resp. t(3)) : the Lie algebra of T (resp. T(y)),
a¢ (resp. t°) : the complexification of g (resp. t),
diagle;, €2, ,€,]: a diagonal matrix
with diagonal elements €;,€3,:-- ,€,.
We give an Ad(G)—invarant inner product (-,-} on g by

(3.1) (X,Y)=—-B(X,Y)=-8Trace{XY), (X,Y €g),

where B is the Killing form on g°. Let g be the G—invaniant Riemann-
1an metric on M induced from this inner product (-,-). We denote by
e, € v—1t* (j=1,2,3,4), the Linear map

V=1t 3 diaglz,,zo,z3,24] — z, € C.
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Put a, = €, — €,41, (2 = 1,2). We fix an lexicographic order < on
v—1* in such a way €; > e; > ez > 0 > e4. The set D(G) of all
dominant G'—integral forms is given by

3
D(G)={\= Zm,e,; my >mg > mg >0, eachm, € 7 }.

=1

On the other hand, the elements H;, € /=1t such that ¢,(H) =
B(H.,,H) for all H € {° are given as follows:

H,, =1/32 diag[3,-1,-1,-1], H., = 1/32 diag{~1,3, -1, —1],
He, =1/32 diag{-1,-1,3,-1}, H,, = 1/32 diag{-1,-1,-1,3],
H,, =1/8 diag[1,-1,0,0], H,, =1/8 diag[0,1,—-1,0],

H,, =1/8 diag(0,0,1, -1}.

(3.2)

Then the inner product (-, -} induced on /—1t is given by

(t=17)

(i #9)

where 2,7 = 1,2, 3,4. The set P of all positive roots of g¢ relative to t°
is

B3) (ne) = (Hoti) = { 8
32

(34) P={e,—e;1<i<j <4},
so we have

(83.5) 6 =3e1 +2e; +e3.
Therefore we have

(36) (X +26,)) = (1/32)[(m1 — mp)? + (mz — m3)* + (m3 — my)?
) +m 2 4+ ma? + ms? + 12my + 4(mg — mg)|

for A = mye; + maeg + maes € D{G). Moreover, we have



Joon-Sik Park 53

(ei —e; A+ 6)
(ei —e;,8)
= (1/12)(m, + 3)}(my + 2)(m3 + 1)
(my —mg + 1)(my —m3 + 1){(my — m3 +2)

) = My coc s
(3.7)

for A = mye; + mgep + mzez € D(G). Here we have

Lemma 2. Let m be the orthogonal complement of b n g with
respect to the wnner product {-,-). Then m 1s given by

(38) m={(4;) € g; Traced,, =0 (i,j = 1,2), Ay + Az = Oz},

where Oy 13 the zero matriz of order 2.

Proof. Since ) = {X@L+L,RY; X,Y € g(3)}, m is perpendic-
ular to h. Moreover, dimmh + dimm = dimg. Hence, the proof of this
Lemma is completed.

In the unitary irreducible representations of Gy, we use the same
symbols as occured in the unitary irreducible representation of G. Let
V{2, be a unitary irreducible representation space of G2y with highest
weight le;, where le; € D{G(2)) = {me;; m > 0,m € Z}, {5, Th.1,
P.46]. By the character formula of Weyl [10, PP.332-333| for ) =
fier + faea + fres € D(G),

(3.9) xa(h) = e |/€(h)

for each h = diagley, €2, €3,€4] € T, where |ei’| is the determinant of

matrix of order 4 whose (2,7)—entries are ei’ ,
(3.10) L,=f,+4—3 (j=1,2,3), and Iy = 0,
and £(h) is given as follows:

(3.11) &(h) = ng:@g(fx —~€)

Now let us consider the decomposition of Vy, (A = 2;‘:1 f.e. €
D(G)), into H —irreducible submodule as follows:

(312) Vi = ZN(/\!IH'E?) V(2)ll ® V(z),“
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where !, 5 run over the set of all non-zero integers, V(z);l ® V(z)h are
irreducible representation spaces of G(2y @ G(g), and N(A,l;,13) is the
multiplicity of V(z);l ® V(2)12 in V.

We investigate A € D(G) which belong to D(G, H). Ae D(G))
belongs to D(G, H) if and only if the unitary irreducible representation
space V3, of G contains V(¥ @ V(2. We put

h = hy ® hy = diag[z,z7"| @ diag[y,y |

= diag[zy,zy™", z 7'y, 27y 7]
€T3 ®T(p) C T,

then we have from (3,12)

(3.13) xa(h) =X N(A 4, ) xa (k1) xi,(R2),

where x (resp. xi,) is the character of the irreducible representation
of G (resp. G(a)) with the highest weight A (resp. l,e1). Then we have

Lemma 3.

(@) V., =V, g VD,
(B) Verger = VP 0 V(2), + VP @ vy,

(€) Veytestes = VP @ VI,

(d) Voo, =V, 0 VP, ¢ V‘” Q VP,

(e) 1,/2h+€2 — V(2) ® V(2}1 + V(2) ® 1/(2)3 + V(z)1 & V(z)

() Vaertestes = VP @ VD, 1 VA, @ v, + V), @ v,
(9) Vae,42e34es = VB3 @ VD, 4 VO, @ v®), v, @ v
(h) Vo 426,425 = va, o v, 1 v, oy @,

Proof. Comparing with coefficients of both sides of (3.13) by us-
ing Weyl’s character formular (3.9)-(3.11), we can obtain this Lemuna.
Q.E.D.

Remark. Comparing with the dimensions of both sides in the de-
compositions in the above Lemma, we can check these decompositions.
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Using (3.6}, we get

Lemma 4.

(a) (26 +2e1,2e1) =4(8+ €y 4+ €3 +e3,e1 + €2+ e3) = 9/8,

(b) In case of A € {mye1 + maes + maes '€ D(G); my > 3},

(26 + A, A) > (39/32).

Therefore, we get from Theorem 1, Lemma 3 and Lemma 4 that

the least positive eigenvalue of the Laplace-Beltrami operator A, of

(G/H,g) is 9/8.
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