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SIEGEL MODULAR FORMS AND THETA SERIES(*)

JIN WOO SON

1. Introduction

Let Hg be the Siegel upper half plane of degree g(g is positive inte
ger) and let I? = Sp(g、Z) be the Siegel modular group of degree g. If 
n is positive integer, then = {M € T? | M 三 E2g modn} is called 
the principal congruence subgroup of degree g and of level n. The Igusa 
group isC 1可订| the diagonals of A*Bjn  and C* 이n are 
even }. Obviously I? = and the theta group T*  is Igusa group 
「欤2). m this work we prove the generalized forms of theta series are 
modular forms and the mixed theta series, the basis of the vector space 
of all auxiliary theta series, are modular forms. We denote F새'» the 
set of all x j matrices with entries in the commutative ring F. a(Af) 
denotes the trace of a matrix M and lM denotes the transpose of M.

2. Siegel modular forms

Definition 2.L Let r C Sp(g)Z) be a subgroup of finite index. 
Then a modular form of weight k £ Z and level r is a holomorphic 
function f on SiegeFs upper half space Hg to C such that for all M = 
(A B\ i
I C d ) £ k we have

(1) f(M v Q〉) = det(CQ + D)k /(Q),

where M < Q >= (AQ + B)(CQ + D)-1. And f is bounded in any 
domain K > Yo > 0 in the case g = L In the case g > 1, f is bounded 
by the Koecher^ priciple. The set of modular forms of weight k and 
level r is a vector space and is denoted by [r, k]. The product of two 
modular forms is a modular form, i.e.,

f £ [r, r], ff e [r.s] f-ff e [r, r + 斗
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Siegel Modular Forms and Theta Series(*)

Siegel ,s operator defines a linear map $ : k] ——> 卩、一 i, 씨 by

(野)(m)=阻/(雄 *),  /e[r3,fc],

A modular form f E 卩序 k] is called cusp form if it is in the kernel of 
Siegel's $—operator.

The basic problem is to find a finite system of theta series generating 
the space -]. B6cherer([B]), Weissauer([W]) answered positively for 
the space [I'欤气 y] with k > 4g, and 스] for small k < with 
arbitrary q. But the case k < g we don't have a concrete answer.

If we choose

M=(f where S = 'S is integral,

then 十 S) = i.e., f is periodix:, and /(Q) has a
Fourier expansion of the form

(2) f(Q) = £ cCne&aT요), QeRg.

eT=T>0
half integral

If c(T) 寸二 0 implies T > 0, we call / € [1、씨 a cusp form, and 
c(T) 丰 0 implies det T = 0, then we call / a singular modular form. 
Resnikoff([R]) proved that / 0, T C f is singular if and only if
k < g. We could define Siegel modular forms with character by insert
ing a factor〈福1 in (1) in the usual way.

Lemma 2.2. The group Sp(gJB^) acts on the space Hg x 矽城) 
by the maps ;

(3) (Q, Z) — (M v Q >, Z(CQ + D)"1)

And the group Sp(g, Z) acts on 脖，by

(ni,n2) I一一> (Pni 一 Cn2, —Bn\ + An2),

and also on Hg x。(砧)by the maps (3).

The proof is easy.
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3. Theta series

Definition 3.1. We define the theta series of index 人4(人4 £ 
R，애，”),M ) with 산］ar&cteristic (A,B) £快”刃)〉＜时顷)by

⑷

咬b(Q,Z)=W시 如 (Q,Z)

= £ exp{7iw(丿M (N + A)^\N + A) + 2(2V + 4)'
NEZ(")

(Z + B)))}

for Q e 7tgy Zc 矽顷).

The se호ies (4) converges absolutely and uniformly on any compact 
subset of Hg xC(奴9). In particular we have the transformation formula 
for theta series
⑸ 咬 ：(Q,0) = ef心 B)(de成)”网 (-zQ)) 을繼“(Q,0).

As in the vector-variable theory, the fundamental fact is a functional 
equation for for the action of Sp(g, Z) on both variables Q E 7ig 
and Z e C(fe'3). We now prove that the theta senes 少人*(Q,Z) =

19命(Q, Z) = 1火"q (Q, Z) satisfies the following, i.e. a modular form 

of half weight:

少齢处v Q〉,Z(CQ + D)T)

(6) = (m det(CQ + Q* ・疽行顽朋勿価2+。-七吃}.涉伪(Q, z), 

where 魇歹=1, and A/ = (, 3 ) Sp(g〉Z) satisfies

(i) diagonal (0C) even, diagonal (JBD) even,
(ii) M 6 勿아니丄 仇4 — jVt, and positive definite.

More generally let be a symmetric, positive definite, and integral 
matrix of degree h and let 人”be a complete system of represent at i ves 
of the cosets (人4厂％("叫以(”，9). For a G N、we have
唁)(_QT,ZQT)= {妃(人4)}3{姒(一"}¥/“(心勿厂&)

(65) E厂2硕人仆可蜓(Q, z).
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To prove (6) for all Z €。아顷八 it certciinly suffices to do so for Z = 
XQ + 匕 X, Y € Q(砧)by the density. So as a first step, we substitute 

vl
XQ + K for Z and rewrite ⑹ for 屮어 y We show that (6)

is equivalent to :

Lemma 3.2.
⑺

XlD - YHJ 
-XlB + YlA (M< Q >,0)

=CM det(CQ + P)^ exp{—力姑(朋(X为，X — 2XtBCtY

Y+ Y匕4CV))} •涉妇?(风0).

(Cm depending only on M = ( , S )，n°^ 013 匕 ⑵ 

Proof. Since (Cfl + D)~1 = —PM V Q > + 匕4 and

(XQ + y)(CQ + D)-1 = (X*D  一 YtC)M< Q > +(—X労 + KU), 

we have by lemma 2.2,

N" & (Q, 0) = exp{7rza(A4(ailfa + 2a[3))}#人aQ + /?),

(Q, aQ + 5) = exp{—(人4(aQh + 2a'/3))} 卯서俨”(Q)aQ + 0) = exp{—(人4(aQh + 2a：0))} 少人서

From this formula,

涉서(M V Q >,(XQ + y)(CQ +。广)

=i9m(M< Q >.(XfD — Y{C)M< Q > +(-X*B  + YfA))

=exp{—混b(・M(X力-YiC)M< Q >《X力-比)+ 2M(XtD

+ 샀;b崩A(”<Q >，())•
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On the other hand from the formula (7)

(9)
俨Q >,(XQ + V)((CQ + D)T)

=(m det(CQ + D卩 exp{7rw(/M(XQ + Y)(CQ + D)TC*(XQ

*DA — %C = Eg, *DB = *BD, lCA = UC.

However, the above calculation w이dd have come out even simpler if, 
instead of

W § (Q,0) =exp{航 b(，M(XQtX + 2XV))WM(Q,xQ + Y), 

we use a modified 19 that we will denote by 切:

r y 1
(10) y (Q) = exp{Mb(・M(XQX + X'Y))}WqQ,xQ + Y),

+ Y))} •涉妇(Q,XQ +Y)

=CM det(CQ + D)*  exp{7沥(M(XQ + *)(CQ  + 功一9。"2 
x'

+ V))}・exp{—7「姑(人4(XQ‘X+2X¥))WM 令(q,o).

Hence from the extreme right hand side of the formulas (8) and (9), 
we obtain

叫‘湍莅］w<Q>’。)

=(M det(CQ + exp{7iw(M((XQ + Y)(CQ + D^C^XQ + V)

-(XQ'X + 2X*M)  + (X'D — VV)M< Q > \XlD - YlC)
V '

+ 2(xq)— ye)T—X：B +Y顷)))}时4 ? (Q,0)

=Cm det(CQ + Z))*  exp{-7rzb(人4(X'BD成-2XZBCY
V '

+ 骸))}时'y (Q,0),

using the basic facts on Af =
（C 맘）

E Sp(g Z), that is,
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written out

(10')

成서 y (Q)= £ exp{7rzb(M(N + X)Q"V + X)
nez애《)

X
+ 2M(N+3)¥}

£

If we use d instead of the messy exponential factor is rather : 

危이人M(XQ + y)(CQ + D)T(T(XQ + r)

一 XQ'X - XV + (X力—YtC)M< Q > \XlD - KV)

+ (X力-+ Y顷))},

which turns out to vanish identically. Thus the functional equation (7) 
becomes :
(H) t
砂 尖日；辭a W<Q〉，0)= Sdet(CQ + W 砂 y (Q)

Lemma 3.3. Sp(g Z) acts on Z새G x as follow:

(X, y) 1냥 Q，D 一 YV, -XlB + YlA)

Proof. Let M.M*  be in Sp(g,Z) su시i that

M=(c S)" = (；釘，最= I).

Then

(X,Y) i((X々y - Y^'YD - (一X0 + Y次)e, -(XD - Y&C*B  

+ (—+ Y^'YA)=(对)-YfC, -XfB +

Hence from leimnas 2.2 and 3.3 we conclude that Sp(g,Z) acts as 
follows :

(i) On Z(顷)xZ(£，g), by (X,話)i -X^+KU),
(ii) On”g,by Qi (曲+ 3)(CQ + D)T =M<Q>,
(iii) On 矽顷)，by Z — Z(CQ + D)T.



JIN WOO SON 41

Thus the functional equation for § asserts that, up to an 8th root of 
1,做七(Q)\/dZii A 二 A d，Zhg is invariant under I%'⑵ C Sp(g, Z), 
that is,

(12)
W& [XT) -Y^J- XlB + 1勺이(M< Q >)/阳gg

〜 「K1 ________________
=y (Q)、/dZn /、•••/、dZhg、

where W = Z(CQ + D)"1, W,Z E 矽顷)，and

I、" = {AM Sp(g, Z) I M 三 E2g mod n ),

码2)u「£，2)u「y)=Sp(g,Z),

and the factor det(CQ + D)§ has been eliminated.
Since T欤力 is generated by

(0 -Eg) (A 0 \ [Eg B\
\Eg 0 )' <0 0T 丿，V 0 %)

for all A G GL(gz Z), symmetric integral B with even diagonal ([M]).
Now we consider the two cases to prove the functional equation (6) 

since the symplectic group Sp(g,R) is generated by

Case I. M =(令 農)，where B is symmetric matrix. Then 

the formula (6) reduces to :

舛+ 包 Z) = 6 盘z)

Here we may take 6 = 1, because

沪너(Q + Z) = £ exp{7以丁(人4(N(Q + B)W + 2ZW))}

=〉：exp{7「"「(人们V」B']V)} exp{混히/M(JVQ‘7V
N

+ 2ZW)))

="(Q,Z),
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and b(人is a character.
Case II. M = ( ^ . The formula (6) reduces to :

\也9 U /
(13)
护나(一0T,ZQT) = <Mdet(Q*  •exp{7r/b(MZQ-"Z)g4(Q,z).

In fact, (13) is true with det((2)^ replaced by det 人/传 • det(우)*,  

where the branch of the square root is used wliich has positive value 
when Q is pure imaginary. If / is a smooth function on R아、吐 going 
to zero fast enough at oo, then f its Fourier transform is

" = £/X)exp{2f ))}"..皿.

By the Poission summation fonnula([I],p.44)

£ js)= £ 成卬)

we apply this with f(X) = exp(7rza(A4(XQ<X + 2X'Z))}. Then

£ 伸)z시(q,z).

To cah이date /, we need the following integral :

Lemma 3.4. For all Q E Hg^ Z € C애也八

I exp{彼이，M(XQ'X + 2X'Z))}dX” • * * dXhg

=det 人4一* • det(結)—* exp{—航b(人/LZQ7 2)}.
i

Proof.

[ exp{7「e(朋(XQ# + 2XtZ))}dXu • • - dXkg
丿Rd)
=exp{—*Z)} ・

I exp{航。(人4(X + ZQT)Q《X + ZQT))}dX“ . -dXhg.
Jr 아")
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As both sides of the equality to be proved are holomorphic in Q and 
Z, it suffices to prove they are equal when Q a표d Z are pure imaginary 
matrices. Therefore we may assume

Q A is real positive definite symmetric

Then the integral becomes :

exp{—7rg(A4ZQT *Z)}  . / exp{—7rcr(A4(X

+ Y(北4厂以頌(X + Y(」4』)T))}dXn - • • dXhg.

Replacing X by X + y(AfA)_1, this becomes 

exp{—7「m(MZQ—"Z)} [ exp{—吋(・MX4'4*X)}dXn  …dX頌

Substituting W = vCMXA, the above becomes

exp{—ttwQMZQT 吃)}

I exp{—m丁(WW)}(det w8)%(det A^dWn - • . dWhg
JrSG

= exp{-危 b54ZQ-"Z)[det(北4)「*( det 朋)-却2=11弓=1

j exp(—yvWij) dWi3
J — 8

=exp{-冗"「(人1ZQT *Z)}  det( —)-2 (det 人4)一*.
i

We may now calculate f :

/(C) = [ exp{7「酒(人4(X 次X + 2X*Z))}
J歡 Eg)

exp{27m「(人仅'X)}dX“ .. - dXhg

=[ exp{7rw(M((XfyX) + 2X\Z + 0))}JXn • • - dXkg

=det(At)-2 det( —exp{—7tzct(jM(Z + ()Q-1 \Z + 0)). 
z
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Therefore

£ •也v)
NEZ 나5

=(det 2 det(—)-2
i

£ exp{一航 b(•씨 (Z + N)QTfZ + N))}

=(det A4)~2 det(—)~2 exp{—7「"(・MZQT*Z)}  
i

£ exp{g(M(-N)(-QT)(-N) + 2朋(-N)T(ZQT))}
N£Z 아，e)

=(det 人4)2 det(竺厂*  exp{—g(MZQT 切"Z"). 
I

Thus

"(Q,Z)= £ f(N)= £ 同)

N£Zd) N&Z(E)

—(det 朋厂*  det( —)~2 exp{—7rza(jVfZJ}-1 *Z)} ・ 
i

俨。QT,ZQT).

This is the formula (13). This completes the proof of the functional 
equation (6).

Lemma 3.5. If M E 】「#), i.e., M = E?g mod 4, then Cm = ±1
in the formula (6).

Proof. In fact,「*釘  is contained in the group generated by matrices

(E 2B\ ( E 0\ 匸□八 — —m
(0 £ ), I 2C E 丿, where B, C are symmetric matrices. [M]

c T (E 2B\ D . 丄. x .

Case L A/ = I E 丿, B is syimnetnc matnx.

The formula (6) reduces to :

护너(Q + 2包 Z) = 6护이(Q, Z).
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Here we may take 3 = 1, because in fact,

= £ exp{7rz<T(A^2V(Q + 2B)W + 2MZtN)}
NE 么 E)

=£ exp{2Tvia(MNBtN)} exp{航b(M(NQ‘N + 2Z‘N))}
N

= 俨내(娓).

Case IL M =
Take C = —B. Then,

C is symmetric matrix.

(E Q \ _ fO -E\ (E 2B\ / Q -E\ 
(-切 E 丿=3 °T 八 0 E 八 E 0 ) •

So the 8나i root of unity g involved in. the formula (6) for ( 

E 
—2Bcancels out, and we have Qf = il in the equation for

(we cannot say = 1 unless the appropriate branch of det(CQ + P)2
is chosen).

Remark 3.6.
空).

少伽(Q, 0)2 is a modular form of weight h and level

Proof. In formula (6) we take Z = 0. Then

护너(Mv Q >,0)2 =《fdet(QQ + Q)沪m(q,o)2.

By lemma 3.5, if M 6 1%气 then (m = ±1. This completes the proof.

Theorem 3,7. Let n be even integer. Then for all Xi,X2, ¥1,12 
£ .砂G,

艙人 §1 (Q,0)" §2(q,0) 
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is a modular form of weight 1 and level I%* 1 ,2n)

Proof. By lenuna 3.2,

. X「D — "C . 
—Xi錦+匕匕4

(M<Q >,0)

=Cm det(CJ2 + _D)exp{-戒丁(M(X1 *BDX  一 2*  

+ Yx ”。名))} . exp{-7ria(At(X2 lBDlX2 - 2X2

-X2*D  — YiKC ■
-X2的+为匕4

(M< 0. >,0) •涉&

+ * 顷C%))} •涉M (Q,0)W X2 (Q,0).%

Since n is even,,2n)CThus〈方= LlfM=(% 

r^n ,2n \ then A = Eg mod n2, D 三 Eg mod n2, B = 0 mod n2, 
&id C 三 0 mod 汙% and^2n2 divides the diagonals of B C, 
匕4G *BD  are symmetric, thus

b(Xi 项C名)9(X2 andb(匕 fAC%)

axe in 2Z.
Hence the exponential factors are equal to 1.
On the other hand, M G T%" ,2n)lead us that

,X：D - Y0 ' 
-X(B + Y/A

Xi 
Fi

(M< Q >,0) = (M< Q >,0),

and 
'X^D - Y^C ' 
為B + S (M<Q>,0) = 快나 X2 

y2
(M< (2 >,0),

by the definition of theta function. This completes the proof.

4. Mixed theta series

Definition 4.L A function $ :(卩"齿)x ——> 0 is called an
auxiliary theta series of level M with respect to 11 £ Hg if it satisfies 
the following conditions:

(i) 臥U,Z) is a polynomial in Z whose coefficients are entire func
tions,
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(ii) $(17+A, Z+入Q+“) = 厂醇(人서(人요，사火z))@(u, 勾 for aUA,/z € 
孙疆)

The space C)£어) of all auxiliary theta series of level A4 with respect 
to Q has a basis consisting of the following functions:

社尸)* (Q|A,m + XQ)：

=£ £ (人 +N + s)JegW((N+/Wv+s)+("+*" (N+s))). 

N

where S runs over the cosets 人彳一and J E
Definition 4.2. A real analytic function 鱼 : 효애，) ——> C
is called a mixed theta senes of level M. with respect to Q € 7Y if $ 
satisfies the following conditions:

(i) $(A, “)is a polynomial m A whose coefficients are entire func
tions in complex variables Z =产 + AQ £ (对,9),

(ii) $(A + 又 - 0)=厂(人心 Q+2("+H2) 顼％(人,产)for all* *
아3).

USE MT 砂 h,g)j也gg) and J e 充誓 L

旳8 * (Q|A,/z + AQ)

= £ (人 + N + $) (人4((N+S)Q'(N+S)+2(产+入Q)*(N+S)))

N£Z(he)

is a mixed theta series of level jM.

Theorem 4.3. The mixed theta series 少严)、(f2|A,O) is a 

modular form of weight 블 and of level M with 시】arater.

Proof. By the formula (5) in §3 it is trivial.

Corollary 4.4・ If g 二二嵐 the mixed theta series 涉#시 ，(이人,0) 

is a cusp form if A is non-zero matrix.
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