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1. Introduction

The study of reflexive, but not necessarily self-adjoint. algebra^_of 
Hilbert space operators has become one of the fastest growing spe­
cialties in operator theory. F. Gilfeather and D. Larson discovered 
the tridiagonal algebras 乂4, - • - ,«4oo［이. The tri diagonal algebras 
are the important classes of non-self-adjoint reflexive algebras. Let N 
be a 2n-dimensioiial complex Hilbert space with an orthonormal basis 
{e15 e2, • • • , e2n}- Then A is in A^n if and only if A has the form

*
* * *

*
* . '

.*
\ */

with respect to the basis {ei, 62, • •-,处危 where all non-starred entries 
axe zero. If we write the given basis in the o호der {ei, 63, , e2n-i,
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e2n}, then the above matrix looks like this

*

*

*

*
*\

*

*

* **

*

* /

The subalgebra of 5(7Y), thewhere all non-starred entries are zero.
class of all bounded operators acting on consisting of these operators 

denied by <爲?[6].
Let So be an n x n matrix with two 1 in each row and each column 

and 0 elsewhere as entries. Let S be an n x n matrix. Then Sq S 
means that if the (z, j)-component of So is 0, then the (知丿)-component 
of S is also 0. Letbe the algebra consisting of the operators of 

the form ( ), where Dy and D》are n x n diagonal matrices
\ 0 1>2 /

and & 土 S, If So is an n x n matrix whose (z, x)-component is 1 few all 
i = 1,2, ••- , n, (j +1, J)-component is 1 for all J = 1, 2, • • • , n —1, (1, n)- 
component is 1 and all other components are zero, then = 溟(£?. 

So the algebra 旎,is the special form of the algebra ・ In this 
paper we will investigate the necessary and sufficient condition that 
the automorphisms of are spatially implemented.

First we will introduce the terminologies which are used in. this pa­
per. Let be a complex Hilbert space and let >1 be a subalgebra of 
3(处). A is called a self-adjoint algebra provided A* is in A for every A 
in A. Otherwise, A is called a non-self-adjoint algebra. If £ is a lattice 
of orthogonal projections acting on 牛，AlgC denotes the algebra of all 
operators acting on H that leave invariant every orthogonal projections 
in £. A subspace lattice £ is a strongly closed lattice of orthogonal 
projections acting on 7攵 containing 0 and I. Dually, if >1 is a subal­
gebra of B아。, then LatA is the lattice of all orthogonal projections 
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which leave invariant each operator in A. An algebra A is reflexive if 
A = AlgLatA and a lattice C is reflexive if £ = LatAlgC, A lattice £ 
is a commutative subspace lattice, or CSL, if each pair of projections 
in £ commutes; AlgC is called a CSL-algebra. Let and 財 be com­
mutative subspace lattices. By an isomorphism 4): AlgC\ —> AlgC^ 
we mean a strictly algebraic isomorphism, that is, a bijective, linear, 
multiplicative map. An isomorphism © : AlgC\ —> AlgC^ is said to be 
spatially implemented if there is a bounded invetible operator T such 
that 9(A) = TAT~^1 for all A in AlgC\. If - - , xn are vectors 
in some Hilbert space, then [a；i, x2, * - - , xn] means the closed subspace 
generated by the vectors *1> 叼，…,xn. Let i and j be two nonzero 
natural numbers. Then El} is the matrix whose (z, j)—component is 1 
and all other entries are zero.

2. Automorphisms—of 处斜)

Let be a 2n-diniensional complex Hilbert space with a fixed or­
thonormal basis {ci, e2, ••- , e2n). Let Ellt)Ehll and Ehl2 be in 
for all ^(1 < i < n) and n +1 < < ?2 2n and let 与⑴,” 功⑵,)and
E33 be in 尤* for all j(n 4- 1 < j < 2n) and 1 < 丿⑴ < 丿⑵ < n. Let 
C be the subspace lattice gene호ated by ([ei], 屁丄 [en], 言⑴ , 勺⑵)

e7] : j — n + l,n + 2, • - , 2n}. Then 卷= AlgC and is reflex- 

ive[l]. Before we investigate the general automorphisms(/): 顶以： 一상

we will consider the auto호norphisms p : ・，4*予)一수 /gV satisfying 
p(Epp) = Epp for all p(l < p < 2n). Since EtlEljlkElkjlk = Elilk for 
all i and k(l < i < n,l < k < 2), p(El]lk) = p(Elt)p(Etilk)p(Eikitk)= 
Enp(Eljtk)Elkilk. Hence p(Et^k) = %*玖* for some nonzero complex 
number From this we have the following theorem.

Theorem 1. Let p : “4斜" 一낭 ・人$¥)be all automorphism such that 
P(Epp) = Epp for all p(l < p < 2n). Then there exist 2n nonzero 
complex numbers 7t)tfc (1 <z<n,l<A:<2) such that p{Elylk) =

Let %,m(1 < z < n, 1 < A; < 2) be 2n nonzero complex numbers. 
Define a linear map p :盘)—> ・人須"by p{Epp) = Epp for all p(l < 
p < 2n) and p{Elylk) = yi}tkEtjik for all i and 北(1 < z < n, 1 < k < 2). 
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Then clearly p is an automorphism. From this we have the following 
theorem.

Theorem 2. If %,让(1 <z<n, l<fc<2) be 2n nonzero complex 
numberSj then there exists an automorphism p : 弟普)—>，蒙成 such 
that p(EM = Epp for all p(l < p < 2n) 히】d p(Et)1Jk) = %山工礼队 for 
all i and k(l < z < n, 1 < < 2).

THEOREM 3. Let p : 衆) -으 月* be an automorphism such that 
P(Epp) = Epp forallp(l <p<2n) and let p(Eq = %皿风,让,％,» 尹 

0, for all z, A:(l < z < n, 1 < A: < 2). Then p is spatially implemented 
by T = (tUv) if and only if T is diagonal and 牛皿="乂£二用 ^or 汕 

z, A:(l < i < n, 1 < A: < 2).

Proof. Let A = (av) be in 旎* and T = £%\妇盘".Then 

p(A)T = TA, Hence p(A) = TAT~X for all A inConversely, 
suppose that p is^spatraity implenrented by T~ (tuv). Since p(Epp) = 
Epp, EppT = TEpp for all p = 1,2，…,2n. Hence tpq = 0 for all 
p, q(p 尹 q). Thus 꼬 is diagonal. Let T =〉切：门 tuuEuu and =
7t,ifc Eljtk for all z, fc(l < i < n, 1 < fc < 2). Then

2n

P(&,丑)T =)(〉: tuuEuu) = 7i &,%and 
U = 1

2n

TE、m — C^iuuEuu)Ettlk — tttEtftk 
U = 1

Hence %皿=坛知:"for all z(l < z < n) and k(l < k <2).

THEOREM 4. Let © : “4勢)—* 人* be an automorphism. Then for 
each j(l < j < 2n); either there exist an integer p with 1 < p < n and 
complex numbers ap)P1 andaPiP2 such that ©(£〃) = Epr+aPiPlEPiP1 + 
QpgEpg or there exist an integer q with n + 1 < q <2n and complex 
numbers 丿爲⑴,g and 為⑵占 such that ©(£”)= Eqq + %⑴/%⑴卬 + 

/3g(호) ,gEg(2) ,g -

Proof, Let ©(£刀)=(号 p be in 思*，Since 扒E”y = 

ME”), we have D： ~ and D\S + SD》=S. Hence each
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diagonal element of ©(E”) is 1 or 0. Since all diagonal elements of 
ME”) is 0 implies =(\ the (p,p)-component ofis 1 for
some p(l < p < 2n). If the (r, r)-component of ©(E方)is 1 for some 
r such that 質 尹 p and 1 < r < 2n, then the (p, p)-component and the 
(r,尸)-component of ©(功j) are 1. So there exists k with 1 < A; < 2n and 
j k such that one of the (p, p)-component or the (r, r)-component 
of。(耳法)is 1, and so 0 =(/)(EJ}Ekk)=机功丿泌(£以)丰 0 which 

is a contradiction. Hence the (p, p)-component of ©(E〃)is 1 for one 
and only one p(l < p < 2n). If the (p, p)-component of 认E”、) is 
1 for some p with 1 < p < n, then ME]) = Epp + (* So 

©(£方)= ©(功盘2 = Epp + aPiPlEp)Pl + ocPiP2EPiP2 for some complex 
numbers and ap)P2. If the (5,5)-component of <f)(Eq is 1 for 
some q with n + 1 < ^ < 2n, then = Eqq + (： *) . So 

火至刀)=©(E〃)2 = EqqT书q(l) ,qEq⑴,q +爲⑵,qEq0) ,q for SOBie COHipIeX 
numbers勤⑴,歹and紿财

THEOREM 5. Let © - •爲be an automorphism
(1) Ifl <t<n and the (p, p)-component of ,(E“) is 1, then 1 < p <
(2) If n + 1 < j < 2n and the (5, q)-component of is 1, then 
n + 1 < q < 2n.

Proof. (1) Suppose that n + 1 < p < 2n. Then = Epp + 
,pEp(2)Let ©(E"i) = (了欧)be m ^4-2n , Then

©(&山)=纨乩)雄丄渺(&5)

=(Epp + Qp ⑴,p%& + %⑵,pEp (牛pMe.MEns)

=(ippEpp + % ⑴厦％平丘卩⑴,p + %(2),p7ppEp(2)斗)©(&MI )•

Since the (p,p)-component of ©(£"“)is 0, ©(&,“)= 0. It is a con­
tradiction. Hence 1 < p < n.
(2) By similar proof of (1), (2) holds.

THEOREM 6. Let : —> 乂*")be an automorpliism and let
1 < i < n. If

©(E“) = Epp + ap,piEpiPl + appWp,卩2 허边

= Eqq + 0qP),qEqO),q + 爲(호),/"(2)占 for k = 1 OP 2, 
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then there exists a nonzero complex number ypg such that (/>(Etytk) = 
IpqEpq，arH ftpq = —Qpq•

Proof, Since 1 < « < n, we have n -j- 1 < < 2n, Hence 1 < p < n
and n + 1 < ? < 2n. Let ©(&,“)= Zj=i ^ppEpp + £厲用,瓦,“ + 

EXH；甲2瓦,"Then
0(如.)=雄効5(瓦*泌(&皿)

=(Epp + aptPlEpiPl + a】〉Ep p2)<b(E I ,i J (b(E I £ ,i A
=(YppEpp + X\Ep,P\ +〉\2Ep,p2、)(Eqq + 8q(i),qEq⑴,q+ gq(2),qEq⑵,q) 

where為=为的 + %的为项”,人2 = 7P,P2 + %般叫財>2・So every com- 
ponent of《机&皿)is 0 except the (p, g)-component. Hence 7pp = 0 
fo호 all p(l < p < 2n). Since ©(&,建) 丰 0, we have ©(&«) = lpgEpq. 
Since %巧 半 0, either p\ = q or p2 = q and either q⑴=p or g⑵=p. 
Let A = Etl + Elitk + E心l Then A2 = Eu + 2Ehtk + E珏,"• Since 
^(A2) = ^(A)2, the (p, g)-components of ^>(A)2 and ^>(A2) are equal. 
So(오pq + 0pq + 2%)g = 2(Gfpg + (3pq + 了pg). HeilCe Gipq = 一Opq.

From Theorem 6, we have the following theorem.

THEOREM 7. Let(/> :思* 思：''be an automorphism. If E” is 

in with p q, then there exist i and ik(l such
난lat “) = Epp + a*qEpq + a.pq，Epq# and <5(£玦、4、) = E“+0pgEpg + 
^pfqEp/g for some complex numbers Qpqq»qr gpq and 缶财 and there 
exists a nonzero complex number ypq such that ) = ypgEpq, 
Moreover apq = —/危卜

From Theorem 7, we have the following theorem.

THEOREM 8. Let (p :尤* —> 旎* be an automorphism such that 
the (p,p)-component of 寸(Epp) is 1 for all p(l < p < 2n). Then
(1) eich z(l < z < n)?(f(E“) = + 皿,“瓦,门 + %,耳&,捲 for some

complex numbers az>ll and al)l2.
(2) for ea서고 j(n + 1 < J < 2n)7 彳(E”) = E33 一 %⑴,点丿⑴,了 一 
a(2)?Ej(2)? for some complex numbers a7(i)7 and a.(2)j >j j j yj j ij
(3) for each Ettik(l < i < n,l < k <2), 9(&,砧)=*,耻for some 
nonzero complex number *,耻.

THEOREM 9. Let (P :是* — 弟* be an automoiphism such 
that the (p, p)~component of 甲(Epp) is 1 for all p(l < p < 2n). Then 
there exists an operator T in *4勢)such that(p(A) — Tp(A)T-1 for 
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all A in /if", where p : /W t -4SV)is an automorphism such that 
p(Epp) = Epp for all p(l < p < 2n).

Proof. Let 甲(EQ = Etl + y,“瓦山 + at)l2j?t,l2 for all z(l < z < n) 
and<p(E”)= JEn-aJ(i))JEJ(1)iJ-aJ(2)iJEJ(2)J forall j(«+l <j< 2n). 
Then there exist 2n nonzero complex numbers 7l)Ijfe(l <z<n,l<A;< 

/ o \
2) such that 以玖，硅) = 丫前玖皿. Define an isomorphism p : «4*尸 —> 

Xn0)by p(Epp) = Epp for all p(l < p < 2n) and p(瓦,“,)=

for all z(l < 2 < n) and k(l < k < 2). Let T = Epp — 
EXi - EXi。受玖3 For each z(l < z < n), since=
Etl + + %」2风“2 f°r some complex numbers al)tl,aljl2 and
p(EQ = E* we have= Eu = TEtl = Tp{Etl\ For each j(n+ 
1 < j < 2n), since(p(E*) = £刀 一%⑴,丁与⑴,j 一사“(牛了互了⑵/ for some 
complex numbers %⑴小。勺⑵,)and p{E33) = E» we have “(E打)T = 
Ejj — %⑴,J」%⑴,j 一%(2),jEj(2)” = TEE」=Tp(Ejj). Eor each z』(l g 
i < n, 1 < A: < 2), since 建 =Q(瓦,硅),we have
*(&皿)끄 = ("凡^如,建)7 = h 址玖" = 끄(%，球Ej") = Tp(E%nk\ 
Thus ¥，(4) = Tp(A)T~l for all A in 丿

Theorem 10. Let lu(l < 
numbers and let 72)Ifc(l < z < n, 
numbers. Then the linear map ip

<-
<
-
4
.

1 < fc < 2) be 2n complex 
< 2) be 2n nonzero complex 
t 卷V defined by£, /I /

甲(Eu) = Eu + Etji1 + otijl2Eijl2foT all z(l 으

大(•%) = Ejj 一 ％⑴。鸟⑴。-aj(2)°」％(2),jfor all j(n + 1 <j < 2n), 
甲(玖心)=yltlkEltlkfor allt,k(l <i <n,l < k < 2),

is an au t omorphism.

Proof. Let T be as in Theorem 9. Then(p(Epp) = 70(E卩卩)꼬一】 for 
all p(l < p < 2n) and #(玖,“「) = Tp{EltZk')T~x for all 爲机 1 < i < 
n, 1 < fe < 2), where p :卷曾 t 弟* is an automorphism satisfying 
p(Epp) = Epp for all p(l < p < 2n) and for all
z(l < z < n) and k(l < k < 2). Hence 9 is an automorphism

Theorem 11. Let and 甲 be
as in Theorem 10 Let T be as in Theorem 9. Then 甲 is spatially
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implemented by B if and only if B = TS for some diagonal invertible 
matrix S satisfying %,” = for all z, k(l < i < n,l < k < 2).

Proof. Suppose that 甲 is spatially implemented by B. Then(p(B)= 
BAB"'1 for all A in 人貯"Let p : ** —> 弟* be an automorphism 
defined by p{E33} = E33 for all j(l < j < 2n) and p(Elitk) = ytjlkEiiik 
for aU i,fc(l < i < n,l < fc < 2). Since 夕(4) = Tp(A)T~l for all 
A in •爲*, we have y>(A) = TP(A)T~X = BAB-1 for aU A in 乂揉). 

Hence p(A) = T-xBAB-lT= (T~xB}A(T~lfor all A in 丄将八 

Put S = T^B =(5UV). Then p is spatially implemented by S. By 
Theorem 3, S is diagonal and *,邮 =for all z, k(l < i < n, 1 < 
k < 2). Conversely, suppose that B = TS for some diagonal matrix S 
satisfying 7t)tfc = 二玦 for all z,机 1 < z < n, 1 < fe < 2). Since S is 
diagonal and %必 =, p is spatially implemented by S = T~1B. 
Hence 夕(4) = Tp(A)T~1 = TSAS^T-1 = BAB~X for all Ain 弟*.

THEOREM 12. Let(j> :思："—> 爲* be an automorphism. Then 
there exists a 2n x 2n unitary matrix U and an automorphism 中: 
•爲* t 是：" with the (p〉p)-compcm이it of(/>(Epp) is 1 for all p(l < 
p < 2n) such that (/>(A) = U(p(A)U* for all A in 思*

Proof. Let a = (1 2 ... 2n \
\a(l) a(2) . . . a(2n) J be a permutation

such that the (cr(z), <r(z))-coniponent of is 1 for all x(l < z < 2n).
Let V be 2n X 2n matrix whose (p, (r(p))—component is 1 for all p(l < 
p < 2n) and all other components are 0. Define :弟部 t糜' 

by(p(4) = V^(A)V* for all A in “4艾''.Then by simple calculation, 
ip is an automorphism and the (p,p)-component of cp(Epp) is 1 for all 
p(l < p < 2n). Put U = V*. Th이】 ©(A) = U^(A)U^ for all A in

From Theorems 9 and 12, we have the following theorem.

THEOREM 13. Let © : •爲:。)—> >1倉)be an automorphism. Then 
there exist an automorphism p : 思* —> 厶揉)satisfying p(Epp) = 
Epp for all p(l < p < 2n) and an invertible operator Y su사］ that 
</>(A) = Yp(A)Y-y for all A in 弟*.
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Theorem 14. Let <b : be an automorphism. Let

_ < 1 2 . 2n \
侦(1) a(2) . . . a(2n)；

be a permutation such that the (a(i), cr(z))-component of is 1 
foraUi(l <i < 2n) and let ,(E") = 為⑴，히"电(腿(2 for 旬】 

in 衆).Then(f> is spatially implemented by R if and only if R = UTS 
for some diagonal invertible matrix S = (suv) satisfying ⑴©(建)= 

SM二侦 for all i,k(l < I < n,l < k < 2), where U* = 2當:i EP,<r(P) 

wd Z =Epp - 契,“瓦山-£丄如

Proof. Note that the (a(p), tr(p))*component of ,(耳切)is 1 for all 
P(1 < P < 2n). By Theorem 6,戒、玖,“)=為(以技电)&心),°(建)for some 
nonzero complex number 7a(t)jO-(tJt). From Theorem 12, there exists an

/ C \ X o \
automorphism 夕:' satisfying the (p, p)-component of 
甲(Epp) is 1 for all p(l < p < 2n) such that ,Q4) = U(p(A)U* for all A 
in /4勢)・ Hence

夙 E")=U*MEw)U
2n 2n

=(5Z 耳"(卩))(為E이G,p) .
p=l p=l

Define an automorphism p : 旎* — 弟* by p{Epp) = Epp for all 
P(1 < P < 2n) 히id p(E") = 了히‘)『「(虹)for all ^(1 < z < n) and 
fc(l < A: < 2). Then from Theorem 9,夕(4) = Tp(A)T~*1 for all A in 

. Suppose that(f> is spatially implemented by R八 Then <^(A)— 
RAR~l for all A in 弟*. So p(A) = 7、-硕4)7、= T^U^^UT = 
(UT^RAR-^UT). Put S = (UT)TR = (suw). Then p is spatially 
implemented by S. By Theorem 3, S is diagonal and 7a(t))<r(tJfe)= 
我抨了" f* all z, k(l < i < n, 1 < < 2). Conversely, suppose that
R = UTS for some invertible diagonal matrix S = (&“,) satisfying 
為Q),b(联)=sg" for all i and fc(l < i < n, 1 < fc < 2). Since 
S is diagonal and %(,)°(")=for all A:(l < z < n, 1 <



34 AUTOMORPHISMS OF 丄衆)

A; < 2), p is spatially implemented by S. Hence ©Q4) = U(p(A)U* = 
UTp(A)T^U^ = 꼬Hence <f> is spatially implemented
by R = UTS.
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