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AN IDEAL CHARACTERIZATION OF 
COMMUTATIVE BCI-ALGEBRAS

Jie Meng

In our joint paper [6], the author of this paper and X. L. Xin intro
duced the concept of commutative BCI-algebras as a generalization of 
one of commutative BCK-algebras and a number of important proper
ties of it were obtained. C. S. Hoo [2] also introduced the same concept 
called pseudo-commutative BCI-algebras. In my note [5], I introduced 
the concept of commutative ideals in BCK-algebras, by means of which 
some characterizations of commutative BCK-algebras were obtained. 
Now the results in [5] will be generalized to BCI-algebras. We define 
comnnxtative ideals eotcI a BCwd^bra is commutative if arf
only if eve호y closed ideal of it is commutative. Moreover, we obtain 
an interesting results that let I be a commutative ideal and let A be a 
closed ideal, if I C A then A is also a commutative ideal.

Let us recall some definitions and results which axe necessary for 
development of this paper.

By a BCI-algebra is meant a set X with a binary operation * and a 
constant 0 on it satisfying the following axioms:

(I) (x * y) * (x * ^) < z * y,
(II) x * (x * y) < y,
(III) X < z,
(IV) x < y and y < x imply x = y、
(V) x < y if and only if x * y = 0.

A BCI-algebra satisfying
(VI) 0<x

is called a BCK-algebra.
For any BCI-algebra X)the following hold:
(1) x < 0 implies £ = 0,
(2) x * 0 = z,
(3) (x * y) * z = (x * 2：) * y,
(4) z * (z * (x * y)) = x * y,
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(5) 0 * (x * y) = (0 * x) * (0 * y),
(6) (x * 2：) * (y * 2)< x *
(7) x <y implies x * 2 < y * z and z y < z * x.

A nonempty subset J of X is said to be an ideal if it satisfies:
(i) oei,
(ii) x E I and y G I imply x € Z.

We gave an equivalent condition of ideals which is needed for this 
paper.

PROPOSITION 1 ([4]). A nonempty subset I of X is an ideal if and 
only if it satisfies (i) and

(iii) y, 2 G I and x^y < z imply x E I for all 工浏、z in X.

Any ideal I have the following property:
(iv) x E I and y < x imply y E L

For more details of BCI-algebras and its ideals we refer the readers 
to the references [1] and [2] listed in the end of this paper.

In this paper, unless otherwise specified, X will always mean a BCI- 
algebra.

DEFINITION 1. A nonempty subset / of X is called a commutative 
ideal if it satisfies (i) and

(v) G I and z E I imply x*((y*(y*x))*(0*(0*(x*y)))) € I 
for all in X.

Obviously, every ideal of a p-semisimple BCI-algebra is commuta- 
tive([3]).

THEOREM 2. Any commutative ideal must be an ideal.

Proof, Let I be a commutative ideal of X and let x * z E I and 
z € then (x * 0) * z C I and z E I. From (v) it follows that 
x = x * ((0 * (0 * x)) * (0 * (0 * (x * 0)))) € I, so / an ideal.

REMARK. An ideal may not be commutative. For instance, X = 
(0,1,2,3,4}, the operation * is given by the following table:
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* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 4 4 3 0

Then (X;*)0) is a BCI-algebra, (0,1) is an ideal of X but not com
mutative.

THEOREM 3. An ideal I is commutative if and only if it satisfies
(vi) x y E I implies x * ((y * (g * x)) * (0 * (0 * (z * y)))) E I.

Proof. This is routine and omitted.
DEFINITION 2 ([1]). An. ideal I is closed if 0*z £ / whenever x E I 

for all t in X.
For a closed ideal the condition (vi) have a simpler form.

THEOREM 4. Let I be a closed ideal of X, then I is commutative 
if and only if it satisfies

(vii) x * y G I implies 企 * (g * (g * z)) € I.
Proof. Suppose I is commutative and let x^y E 1, then 0*(z*y) 6 I 

as Z is closed and by (vi) we have x*((y*(y*x))*(0*(0*(x*y)))) G I. 
Since

(x * (y * (y * x))) * (x * ((g * (y * x)) * (0 * (0 * (x * g)))))
< ((y *(y * Z)) * (0 * (0 * (x * ;)))) * (y * (y * x))
=0 * (0 * (0 * (x * g)))
=0 * (x * y) E I,

it follows from Proposition 1 that t *(y *(y*x)) G 1, that is, I satisfies 
(vii).

Conversely, if I satisfies the condition (vii) and x y E I then x * 
(y * (y * z)) E Z. Note that 0 * (0 * (x * y)) £ 1 by (iv). Since

(x * ((j/ * (g * x)) * (0 * (0 * (w * g))))) * (z * (g * (g * x)))
<(?/*(?/* £)) * ((y *(y * z)) * (0 * (0 * (z * ；))))
< 0 * (0 * (x * y)) € I,
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by Proposition 1 we have x * ((y * (y * x)) * (0 * (0 * (x * y)))) E Z, so J 
is commutative. The proof is complete.

With respect to the distribution of commutative ideals we have

THEOREM 5. Given two ideals I and A of X with I C if A is 
closed and if I is commutative then A is also commutative.

Proof. Assume that x^y E A. For simplicity of notation let us write 
u — x thus 0*u€AasAis closed. Since I is commutative and 
(x * u) * y = 0 G Z, from (vi) it follows

(x*u)*(y*(y*(x*u))) = (x*j/)*((y*(?/*(x*u)))*(0*(0*((x*u)*?/)))) G I.

Note J C A, we have

(z * u) * (g * (g * (z * u))) G A,

i.e.,
(x * (y * (j/ * (x * u)))) * u € A.

Combining u G A we obtain x * (y * (y * (z * u))) G A. As

(t * (y * (y * x))) * (x * (y * (y * (x * u))))
< (y * (y * (z * u))) *(y*(i/* x))
< (y * x) * (y * (a: * u))
< (x * u) * x
=0 * u € A,

using Proposition 1 we have x * (y * (y * x)) G A. This says that A is 
commutative. This finishes the proof.

DEFINITION 3 (［이) . A BCI-algebra X is called commutative if, for 
all z, y in X、

(8) x < y implies x = y * (y * z).

PROPOSITION 6 ( ［이 ) . A BCI-algebra X is commutative if and only 
if it satisfies

(9) x * (x + y) — y * (y + (x * (x * y))).

Next we are ready to prove an. important result.
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THEOREM 7. For any BCLalgebra X, the following are equivalent:
(10) X is commutative,
(11) every closed ideal of X is commutative^
(12) the zero ideal {0} is commutative.

Proof. (10) => (11) Suppose X is commutative and I is a closed 
ideal of X. I£ x^y E I then 0 * (x * y) € 1. By means of Proposition 6 
we have

(z * (y * (g * z))) * (z * y) =(£*(£ * y)) * (y * (y * z))
=(y * (y * (x * (x * g)))) * (y * (y + x))
= (，*(，*(，* z))) * (，* (z * (z * y)))

.=(y * z) * (g * (z * (z * g)))
< (x * (z * y)) * X
=0 * (z * y) € T.

Using Proposition 1 we get z * (y * (g * ;)) € I. This says that I is 
commutative. (11) holds.

(11) => (12) It is immediate since {0} is a 시osed ideal
(12) => (10) If x < y then x * y — 0 € {0}. In virtue of Theorem 4 

we know 나由t z * (y * (y * z)) G {0}, that is, x *(y * (y * x)) = 0. On the 
other hand, by (II) we have (y * (y * x)) * z = 0, hence 工 = g * (g * x). 
This shows that X is commutative. (10) holds. The proof is complete.

Finally we discuss a quotient algebra of a BCI-algebra via a com
mutative ideal.

Suppose X is a BCI-algebra and I an ideal of X. An equivalent 
relation 〜on X is defined by putting z 〜g if and only if x * y € I 
and * x £ I, we denote the equivalent class containing x by Cx and 
let X/I = {Cx : x G X}, then (X/I; *,C0) is a BCI-algebra, where 
Cx * Cy = Cgy 호 all x^y in X. If I is also closed 나Co = I； 
otherwise Co + I.

THEOREM 8. Let I be a 시osed ideal of X, then I is commutative 
if and only if (X/1; *, Co) is a commutative BCI-algebra.

Proof. Suppose I is a closed commutative ideal of X. If Cx^Cy = Cq 
then x * y G I. By Theorem 4 we obtain w * (g * (y * x)) € I, hence
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Cx * (Cy * (Cg * Ct)) = ~ I = C*o G {Gq}. Tins says that
the zero ideal (Co} is commutative for X/I. Therefo호e by Theorem 7, 
(X//; *, Co) is commutative.

Conversely, let X/I be commutative, then by means of Theorem 7, 
{Co} is a commutative ideal of X/I. x^y E I then Cx*Cy = Cx^y = 
/ = Co € (Co}, and s。= C雾 *(q*(q*G))€ {Co). 
This says that z * (g * (g * z)) £ C& = L From theorem 4 it sufficies 
to show that Z is a commutative ideal of X. This completes the proof.

LEMMA 9. Suppose (X;*,0) and (X';*',0') are two BCLalgebras 
and let f : X —> X1 be a homomorphism, then Ker(f) is a closed ideal 
ofX.

Proof. We have know that Ker(f) is an ideal of X. In order to 
p호ove that it is closed, assume x E Ker(f) then /(z) = 0\ Since 
J(0 * z) = /(0) * /(x) = (V * 0，= 0\ it follows that 0 * x € Ker(f)^ 
n况瑚y Ker(f) is a 산8已d »ieal cm X、provii^ ihis_Jemma.

COROLLARY 10. Let / : X X，be an epimorphism, then Ker(f) 
is a commutative ideal of X if and only if X’ is a commutative BCI- 
algebra.

Proof. The quotient algebra X/Ker(f) is isomorphic to X’ and use 
Theorem 8 and Lemma 9.
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