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FUZZY WEAKLY IRRESOLUTE MAPPINGS

Sam-Youl Yoon and Sang-Ho Park

까he concept of a fuzzy set, which was introduced in [9], provides 
a natural framework for generalizing many of the concepts of general 
topology to what might be called fuzzy topological spaces. The idea 
of fuzzy topological spaces was introduced by Chang [3]. The idea is 
niore or less a generalization of oridinary topological spaces.

In. [2], Chae, Dube and Panwar have studied weakly irresolute map
pings in topological spaces. In this paper, we generalize the concept of 
weakly irresolute mappings in fuzzy setting.

Let X and Y be two sets of points. A fuzzy set in X is a mapping 
from X into the closed unit interval I = [0,1] on 난le real line. For 
X)Ix denotes the collection of all mappings from X into Z. The 
union UAa (난比 intersection ClAa) of a family {Aa} of fuzzy sets in X 
is defined to be the mapping sup Aa(inf Aa). For any two members 
人 and ft of A < /z if and only if A(r) < 户(z) for eadi z € X, 
and in this case A is said to be contained in 卩or 卩 is said to contain 
丸 0 and 1 denote constant mappings taking whole of X to 0 and 1, 
respectively. The complement、如 of a fuzzy set A in X is 1 — A, defined 
by (1 — A)(x) = 1 — A(x) for each x E X.

A fuzzy point p in X is a fuzzy set in X defined by

( 、 f A: G (0,1) for x — xp, pix)= <
[0 otherwise ,

for each z € X, where xp and k are the support (written supp p) 
and the value of p, respectively. A fuzzy point p is said to belong to a 
fuzzy set A in X, written p < A, iff p(xp) < A(xp).

Let / : —» y be a mapping. If A is a fuzzy set in X, then /(A) is
a fuzzy set in Y defined by

[ supwf-y，) 시» if 厂'血) / 如
I 0 otherwise
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for each z/ G K If p is a fuzzy point in X with the support xp and 
p(xp) = k, then f(p) is also a fuzzy point in Y defined by

、-、

f(p)(g)= / supz曰-13)p(z) = k if g = f(xp)
I 0 otherwise

for eadi y G K If is a fuzzy set in K, then is a fuzzy set in X 
defined by /~1()u)(x) = /z(/(x)) for each x E X.

A subfamily rX of Ix is called a fuzzy topology on X ([1, 3]) if (i) 
0 and 1 belong to rX, (ii) any union of members of rX is in tX, (iii) 
a finite intersection of members of rX is in rX.

Members of rX are called fuzzy open sets in X and their comple
ments fuzzy closed sets. A set X with fuzzy topology rX is called a 
fuzzy topological space, written (X, 丁X) (or shortly, X).

In what follows, (X> 丁X) and (匕 丁Y) (or shortly X and F) would 
mean fuzzy topological spaces unless otherwise specified.

DEFINITION 1 ([1]). Let A be a fuzzy set in X. The closure CIA and 
the interior IntA of A are defined by

CIA = inf{p : z/ > A, u1 G 丁X},

and
IntA = sup(p : 1/ < A, v E rX}.

Definition 2 ([1]). Let A be a fuzzy set in X.
(a) A is called a fuzzy semi-open set in X if there exists v G rX such 

that p < A < Clr/.
(b) A is called a fuzzy semi-closed set in X if there exists z/z G rX 

such that Inti/ < A <

LEMMA 1 ([1]). Let X be a fuzzy set in X. Then the following are 
equivalent:

fa) A is a fuzzy semi-closed set.
(b) A1 is a fuzzy semi-open set,
(c) IntClX < A.
(d) A\
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DEFINITION 3 ([8]). Let A be a fuzzy set in X. The semi-closure 
sClA and the semi-interior slntA of A are defined by

sClA = inf{/z : A < /z, p. is fuzzy semi-closed} 

and
slntA = sup{“ : p < A, /I is fuzzy semi-open).

Lemma 2 ([7]). Let f : X Y be a mapping. Then;
(a) If X < for any A,/z e then /(A) < /(/2).
(b) If A < /j. for any A,/z G Iy, then y-i(A) <
(c) TfX e then A < 广^(六人)).
(d) IfX e Zy, then f(戸(入)) < A and /^(V) = (厂】(시)'.
fe) If Xt e Ix for each i e 꼬) f(U*t人J = Ul€r/(At).
(f) If E IY for each i e T,厂叩丄丘我様)=1瓜「厂'(為).
(g) If A4 e IY for each i £ T,广*「"7人)=「"「L(爲)
(h) If f is one to one and A G Ix, then /~1(/(A)) = A.
(I) If f is onto and A G IY, then /(/-i(A)) = A.
(j) Let g be a function from Y to Z. If X e Iz and 卩 G Ix then
(g 0 ・f)T(시 = •厂1(厂1(人)) and (g o /)(/z) = g(f(、卩)).
(k) If f is bijective and A € then f(A/ = f(X)

Lemma 3 ([8]). Let A and 卩 be fuzzy sets in X satisfying A < /x. 
Then;

(a) sClX < sClfi,
(b) slntX < slht/i,
(cj A < sClX < C1X,
(d) A > slntX > IntX.

PROPOSITION 1. Let A be a fuzzy set in X. Then;

1 一 slntX = sCl(l 一 A) and 1 一 sClA = slnt(l — A).

Proof,

sCl(l - A)
=inf(^ : 1 — A < jlz, // is a fuzzy semi-closed set in X}
=inf(l — (1 — /z) : A > 1 — /z, 1 — /z is a fuzzy semi-open set in X}
=1 — sup(l — : A > 1 — /z, 1 — /z is a fuzzy semi-open set in X}
=1 一 slntA
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and

slnt(l — A)
=sup{jiz : 1 — A < /z is a fuzzy semi-open set in X}
=sup{l — (1 — /z) : A < 1 — 1 — is a fuzzy semi-closed set in X}
=1 — inf(l — /I : A < 1 — 1 — /z is a fuzzy semi-closed set in X}
=1 - sClA.

PROPOSITION 2. If A is a, fuzzy semi-open set in X, then sClX is 
also a fuzzy semi-open set in X.

Proof. Since A is a fuzzy semi-open set in X)there exists a fuzzy 
open, set 卩 in X such that < A < Cl/z. Then by Lemma 3, we have 
卩，< sCl/z < sClA < Cl“. So, sClA is a fuzzy semi-open set in X.

In [2], Chae, Dube and Panwar defined the notion of a weakly irres
olute mapping in topological spaces as follows;

DEFINITION 4. A mapping f : X —^Y is called a weakly irresolute 
mapping if for each x E X and each semi-nbd V C Y of /(a:), there 
exists a semi-nbd U of x such that f(U) C sCl(V).

一 We generalize the above definition in fuzzy setting.

DEFINITION 5. A mapping f : X —> Y is called a fuzzy weakly 
irresolute mapping if for each fuzzy point p in X and each fuzzy semi
open set A in y satisfying f(p) < A, there exists a fuzzy semi-open set 
r in X such that p V “ and /(/z) < sClA

THEOREM 1. Let f : X Y be a mapping. Then the following are 
equivalent:

(a) f is fuzzy weakly irresolute.
(b) For any fuzzy semi-open set A in Y5 /~1(A) < slht(y~1(sCiA)).
(c) For any fuzzy semi-closed set A in 匕 sCl(f~l(sIntX)) < /-1(A).
(d) For any fuzzy semi-open set A in V, sCI(/-1(A)) < 厂'(sClX).

Proof. (a)=》(b) Let A be any fuzzy semi-open set in Y and p <
Then by Lemma 2, /(p) < /(/-1(A)) < A. Also, since / is a 

fuzzy weakly irresolute mapping, there exists a fuzzy semi-open set A in 
X such that p < p and f (尹)< sClA^ This implies p < < y-1(sClA) 
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and so by Lemma 3, p < = slnt/i < sInt(/-1(sClA)). Thus, we have 
J7(人) WsInt(j7(sCl시).

(b)=>(a) Let p be a fuzzy point in X and A a fuzzy semi-open set 
in Y satisfying /(p) < A. Then by (a), we have

P<r1(A)<SInt(ri(sClA)).

Putting 卩=sInt(/~i(sClA)), then is a fuzzy semi-open set in X 
satisfying p《 卩。Thus, by Lemina 2,

灿 < /(/-^sCU)) < sCU.

(b) ==>(c) Let A be a fuzzy semi-closed set in Y. Then Xf is a fuzzy 
semi-open set in Y and by (b)? we have /-i(A/) < slnt(广「'(sCLM)). 
Now, by Lemma 2 and Proposition 1, we also have

｛尸(시｝' = 尸0) < sin虬厂i(sCl如))

=sInt(/-1((sIntA),)) = sInt(/-1(sIntA)),
= ｛sCl(广그 (slnt 시)｝，,

so that sCLf7(sI교t시 < /-i(A)a
By the same method, we conclude that (c)=》(b).
(c) =》(d)'Let A be a fuzzy semi-open set in Y. Then sClA is a 

fuzzy semi-closed set and by Lemma 3, A < sInt(sClA). Also, by (c), 
Proposition 2 and Lemma 25 we have

/7(sCl시 > sCl(jT(sInt(sCl시))

= SCir1(sClA))>sCl(r1(A))

(d) =》(c) Let A be a fuzzy semi-closed set in Y. Then slntA is a fuzzy 
semi-open set in Y and by Lemma 3, sCl(sInt(A)) < A. So, by Lemma 
2 and (d), we have sCl(厂】(slnt入))< /~1(sCl(sIntA)) <

DEFINITION 6 (［고］). A fuzzy set A in X is called (i) a fuzzy regular 
open set in X if IntClA = X, and (ii) a fuzzy regular closed set i효 X if 
Clint A =入。
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Lemma 4 ([1]).
(a) The closure of a fuzzy open set is a fuzzy regular closed set.
(b) The interior of a fuzzy closed set is a fuzzy regular open set.
PROPOSITION 3. Let X be a fuzzy set in X. Then;

sClX = A U IntClX^

Proof. Let A be a fuzzy set i표 X. Then sClA is a fuzzy semi-closed 
set. By Lemmas 1 and 3,

IntCU < Int(Cl(sClA)) < sCU.
This implies A U IntClA < sClA.

Conversely, it is clear that IntClA < A U IntClA < CIA. Hence, by 
Definition 2, we know that A U IntClA is a fuzzy semi-closed set and so 
sClA < A U IntClA. Thus we have sClA = A U IntClA.

DEFINITION 7. Let A be a fuzzy set in X. Then A is called a fuzzy 
semi-regular open set in X if it is both fuzzy semi-open and fuzzy 
semi-closed.

REMARK. Following Proposition 2, we know that sClA is a fuzzy 
semi-regular open set for a fuzzy semi-open set A.

PROPOSITION 4. Let A be a fuzzy set in X. Then the following are 
equivalent:

(a) X is fuzzy semi-regular open.
(b) X = sInt(sClX\
(c) there exists a fuzzy regular open set p in X such that < A < 

(加.

Proof. (a)=》(b) If A is fuzzy semi-regular open, then
slnt(sClA) = slntA = A.

(b) =수(c) Suppose A = slnt(sClA). By Proposition 3, IntClA < sClA 
and so by Lemma 3, IntClA < slnt(sClA) = A. Also, since A is fuzzy 
semi-open, A < Clint A. By Lemmas 1 and 3, we have IntClA < A < 
ClIntA < ClIntClA. Taking 卩=IntClA, we have that 卩 is fuzzy regular 
open.

(c) =》(a) Clearly, A is a fuzzy semi-open set. By (c), CIA = Cl/z and
so IntClA = =卩 M 又 By Proposition 3, sClA = A U IntClA = A.
and hence A is fuzzy semi-closed.
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Theorem 2. Let f : X be a mapping. Then the following are 
equivalent: 、

(a) f is fuzzy weakly irresolute.
(b) If X is a fuzzy semi-regular open set in Y, then /~1(A) is a fuzzy 

semi-regular open set in X.

Proof. Let A be a fuzzy semi-regular open set in K Since f is fiizzy 
weakly irresolute,

sC1(J70))』L(sCLX)

and
广©) < slnt(广(sCl人)).

By Proposition 2 and Lemma 3,

sInt(sCl(j7(人))) < sC财T(시) < 尸 (sCl시 = 厂。)

< slnt(厂i(sCl시) < sInt(sCl(广i(sCl시))

=sInt(sCl(/-1(A))).

Thus we have /-1(A) = sInt(sCl(/~1(A))) and so is a fuzzy 
semi-regular open set.

Conversely, let p be a fuzzy point in X and A a fuzzy semi-open set in 
Y satisfying /(p) < A. Then sClA is a fuzzy semi-open set and a fuzzy 
semi-closed set and so sClA is a fuzzy semi-regular open set in Y, By hy
pothesis, 广T(sCLX) is a fuzzy semi-open in X satisfying p < y-1(sClA). 
Putting 卩，=/-i(sClA), by Lemma 2, f(0) = /(f-1(sClA)) < sClA.

DEFINITION 8 ([8]). A mapping / : X —> y is a fuzzy irresolute 
mapping if for any fuzzy semi-open set A in K, /-1(A) is a fuzzy semi
open set in X

REMARK 1. Cle&rly)every fuzzy irresolute mapping is a fuzzy 
weakly irresolute mapping. But a fuzzy weakly irresolute mapping 
need not be fuzzy irresolute as shown in the following example.

EXAMPLE 1. Let A and “ be fuzzy sets in the unit closed interval 
I defined by A(x) = j-(x) and 产(w) = |(^), respectively. Consider 
fuzzy topologies r^I = {0,1, A}, and rI = {0,1?/^} on Z5 and take 
f : (I, nZ) —» (I, 丁21) defined by f(x) = x for each x E I. We will show 
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that f is fuzzy weakly irresolute, but is not fuzzy irresolute. Let be 
a fuzzy semi-open set in (I,t2Z). Then 7} =0 or T] > fi. So, we have

厂】(scm)= <° if?7=0

Also, in the case r} = O,5CZ/-1(?/) = 0。Thus, sClf~1(7j) < /-1(sC1t/) 
and f is fuzzy weakly irresolute. While, let z/ be a fuzzy set defined 
by v(x) = + Then i/ is a fuzzy semi-open 왕et in (I5t2I). But,
7~1(i/) = i/ o / = i/ is not a fuzzy semi-open 용et in and hence 
f is not fuzzy irresolute.

LEMMA 5 ([8]). Let f : X Y be a mapping. Then the following 
are equivalent:

(a) f is fuzzy irresolute,
(b) Pbr each fuzzy point p in X and each fuzzy semi-open set X inY 
satisfying /(p) < A, there exists a fuzzy semi-open set in X such 
that p < 卩，<
(c) For each fuzzy point p in X and each fuzzy semi-open set A in F 
satisfying f(p) < A, there exists a fuzzy semi-open set n in X such 
that p < and /(/z) < A.

DEFINITION 9. A fuzzy space X is said to be fuzzy strongly semi
regular if for each fuzzy point p in X and each fuzzy semi-open set v 
satisfying p < p, there exists a fuzzy semi-open set 穴 in X such that 
p < // < sCljtz < v.

THEOREM 3. Let f : X Y be a fuzzy weakly irresolute mapping. 
IfY is fuzzy strongly semi-regular, then f is fuzzy irresolute.

Proof. Let p be a fuzzy point in X and let A be a fuzzy semi-open set 
in Y satisfying /(p) < A. Since Y is fuzzy strongly semi-regular, there 
exists a fuzzy semi-open set p, in Y such that f(p) < // < sCl” < A. 
Also since f is fuzzy weakly irresolute, there exists a fuzzy semi-open 
set v in X such that p < v < /"1(sCl^) < J-1(A). Hence by Lemma 
5, f is fuzzy irresolute.

THEOREM 숲 Let f : X — Y and g : Y Z be mappings. If f is 
fuzzy weakly irresolute and g is fuzzy weakly irresolute^ then g o f is 
fuzzy weakly irresolute.
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Proof. Let p be a fuzzy point in X and A a fuzzy semi-open set in 
Z satisfying- (g o /)(p) = ^(/(p)) < A. Since g is fuzzy irresolute, there 
exists a fuzzy semi-open set p in K such that /(p) < v and g(t心 < sClA. 
Also, since / is fuzzy weakly irresolute, there exists a fuzzy semi-open 
set ju in X such that p V 卩，and 卩)< sCIp. So, by Theorem 15 we 
have

“ < 尸(sClz/) < jT(sCl(g-L(sCl人)))

< ■尸(gT(sClsCLX))=厂 1(广(sCl人)) 

=(9o/)t(sC1 시.

Thus g o f is fuzzy weakly irresolute.
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