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刷X]—LINEAR MAPS OF THE 
MACAULAY-NORTHCOTT MODULE

Sangwon Park

1. Introduction
Northcott in [3] considered the module K[x~r] of inverse polynomi

als over the polynomial ring K[x] (with K a field). The idea for this 
module came from MacaulayJs work in [1]. McKerrow in. [2] generalized 
Northcott5s work and considered the module ove호 R[x] (with
R a ring and M a left J?-module). If E is an injective left 12-module 
and R is left noetherian then E[x~r] is an injective le仕
(see [2]). In [4] and [5] we studied the behaviors of these so-called 
Macaulay-Northcot t modules when we apply the torsion. and extension 
functors to them。In this paper we will consider the -linear maps 
of these modules.

DEFINITION 1.1. Let 7? be a ri교g and M be a left J?-module then 
M[x^x] is a left i?[a：]-module defined by

x(m()+ mjgT + ■…+ mnx~n) = +-----卜 mnx"n-}-1.

We call M\x~x\ a Macaulay-Northcott Module.

DEFINITION 12 Let C be the category of left J?-module and P be 
the category of left R[씨-module. Let f tR M —N be a linear map, 
then T : C —수 Z) defined by T(M) = Mlx^1] and T(/) = f (where 
y(mo+mi：r_1 H------\-mnx"n) = /(m0)+ H------F/(mn)x~n)
is a functor between C and P. We call T the Macaulay-Northcott 
Functor.
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THEOREM 1.3. There is a natural isomorphism

Hoer园(肱[广'], 盹厂1]) 으 HomR(M,N)[[x]\.

Proof. See Theorem 4.1 [4].

Suppose (/> : M t N is a R-linear map, then we have the ob/icus 
map M[x^x] t IVgT] , namely ©+0h・+0项— g HomR(M,/V)[[司].

2. The Macaulay-Northcott Module

PROPOSITION 2.1. Let M be an essential extension of N a. left 
R-module then M\x^} is an essential extension of ]\出厂【].

Proof. Let m0 + mix-1 H------ G w丄o.g. let 〃歸 + 0
then there is rt 6 j?, r, / 0 such that mtrt E N)mtr{尹 0. So 
rtxt (mo + mix-1 + • • • + = rtmi 6 Hence M\x~x\ is
an essential extension of TV 切一毛

REMARK 2.2. Let R be left noetherian. If E is an injective envelope 
of M then E\x~x\ is an injective envelope of

Note that if rM Cr N、then

으旦 - 으RL]

Proposition 2.3. If 0 -> Af E° -> E1 -> …is a jninimal 
injective resolution of M as a left R-module then

0 t M[x~l] t t El[x^] t …

is a minimal injective resolution.

Proof. Let 0 t M 車 E。竺 E】驾…and 0 —* 4
砂切虫 E고k厂'] 虫 … . Let mo + mjx-1 + • • * +
Then & oe(mo +m1x~1 T------= (d0 + Of + 0*2_j )o(e +
0 • x + 0 • a:2 H-----)(m0 d------- F = Jo(e(mo)) + do(€(mi))gT +
…+ do(€(m$)gT = 0 So im (e) C ker (do). Let % + e^x^1 + …+
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etx~l € ker (do). Then d(e°) + d(ei*厂】+ …+ d(e)厂* = 0. So 
d(eo) = d(ei)=，… =d(et) = 0. So eo, ei,et Gim(€). So there 
exist mo, mi,mt such that e(mo) = eo?€(m고) = 力, …, = e2.
Now e(m0 + mix^1 + …+ = e()+ eix-1 + …+ So
im(e) = ker (為).By the same process we have im(dQ = ker (亦+) 
And by Remark 2.2, E어」[0厂旦 is an injective envelope of Ek[x~x]. 
So 0 —> M\x^x] t E°[x-1] —> is a minimal injective resolution of

as a left J?[x]-module.

PROPOSITION 2.4. Let ' : be R[x]-linear map.
Then £(M) C M.

Proof.. Suppose m E M and °(m) = § 牛 M and f = mo + m^x^ + 
… + mnx~n. Then for x € 刷씨, = 0 and 钢火m) = f +

+ …• + mnx~n # 0 So * 认工m). This contradicts the 
fact that is a linear map. So S(肱)C M.

Proposition 2.5. Let <f): M\x~x\ —> M[x~x] be R[x]-linear map.
M is one to one so is 如

2) If M M is an isomorphism so is 奴

Proof of 1). Suppose <f> is not one to one. Let h = ker (0) for 
h = mo + + ,…+ mnx~n and w.Lo.g. mn * 0. Then =

-\----- \~mnx~n) = 0. Since © is jR[a：]-linear map, z©(mo) +
斯(74:厂1)+。. 너7泌(m疽厂71) = ^(m1) + ^(m2x_1)H-----卜©(m成-서」)

=0. Multiply x on the left hand side again, then we have ^(m2) + 
©(mg—') H—，+ ©(m*厂저点) — o. Repeat this process until we have 
^>(mn) = 0. So mn € ker This contradicts the fact that
m|^|m is 1-1. So § is 1-1.

Proof of 2). Suppose m\^\m is an isomorphism. Then, by 1)(f> is one 
to one so we want to show(/) is onto. Let f € M\x~x] and f = mo + 
mi a:-1 H----- FmgL. Suppose ©(g) — / for G Then/©(g)=
m4. So let g = tiq + +。•・ + fa厂七 Then xlg = nt. Now choose
m such that Let ^(n2a:~l) = c,-i + Choose nt_i
such that ©(0-1) = ]—勺_「And let ©(华—『厂')+ (/>(ntx^2)=

+ +mtx~2. Choose nt-2 such that ^(nt_2) = nt_2 —c,_2-
By this process we can get n2-3, ...,no 히id we have ©(g) = f . So © is 
onto. So is an assumption.
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Proposition 2.6. a : MR：厂圳/MgT] t by
f + M[x-1] —> x(f + Mfx™1]) is an isomorphism. 

、、、
Proof. Let f+M\x~x] e ker (a) and let f = aQ4-a1^-1+a2^"2+- ° -・ 

Then a(/ + = x(f + Mix'-1]) = M[x^]. So / + M[x^1]=
Mfar"1]. So f is one to one. Let f + M[x~x] = (ao + +a2^~2 +
---)+M[xnl] G M\[x~1]\/M[x'^1]. Let g+M[x~x] = (ao^"1+^2^-2 + 
a2x~3 H ) 4- Mfx"1], then cr(g + = / +Mfa:-1]. Hence a is
onto. So a is an isomorphism.

THEOREM 2.7. Let © : be a linear map for
rE injective^ then there is a : jE[[x-1]] t 剧(：厂H] such that 
列物剧广司 = 如 Moreover p is not unique in general.

Proof, Since £?[[x~x]] is an injective left 2?[a:]-inodule we can com
plete the following diagram

Eix-1] j E[[x~1]] 

e i / w
EUx-1]]

So we have巾such that 硏广1]|讷硏①一】]= 衣

Let 如也 : 꾀权-']] t E[gT]] 이辺 시甲= © fol = 
1,2. Then ^i\e[x~i] = 如 4/이珥广习 = S &nd 耻 - ^2\e[x-1} = 0* So 
硏厂']C ker (血 — 物).So we have an induced map

EUx-^/E^] t E[[x^]\ by/ + E[x^]=(他一饱)(f ).

Now consider the following. Let <f> : -t E[x^1] be a linear
map Let 洌：E&L]] such that e[x~1]\^i\e[x-1] = Let
<y : •硏gT]]/硏厂i] t •硏切T]] be a non zero linear map, then there 
is a non zero linear map r : ^[[a:*1]] 一승 £[|义厂坦 such that r(/) = 
a(y + ^[[x'1]]) and E[x^] C ker (r). Let 如:剧[广邛—> •研[广却 
such that 步2 = Wi 一 丁，then

£以一1]帕이珥广丄] =如1] |^1 ~^\e[x-1] =£?[x-i] \^1\e[x~1] = 炽

So there is 饥 such that 如 # 寸小
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Example 2.8. Let R = Z and E = Q.Let <}> ： Q[x^] -> Q{x_1] 
be a linear map. Let 物 : -나 Q[[x-1]] be a linear map such
that 시01] = 奴 Consider Q[[x~1]]/Q[^-1]andQ[[a:~1]] as left
Z[이-modules. Letf = e* = l + z +흘; + 글; … € QR숴]]. For any non 
zero g G Z[x] we claim that g • f £。园.Suppose g f = h E Q[x] 
and w.Lo.g. deg/i = n. Then K(서⑴(匸)=(), but (g • J)(n+1)(x) 丰 0 
become (g . f)(저'')(z) has always g(x)ex term and the degrees of the 
rest terms are strictly less than the degree of g(z). So g* f 牛 Q[씨. Let 
/ = 1 + x-1 + 号= + 与二 4—— G 이財巧], For non zero g G Z[x] we 
신aim g °£ Q[x-1]. Let g = 攻2 Qi⑦ + +-----F a^x^1 +
Then (但 + 缶_「厂'+ •。。+时L).f and (但+务一1& +。' have
some coefficient for each x~n and xn terms. So (at + + , • • +
a屹-)f £ Qlx-1]. So E(% +㈤+ …+ "厂')子】冬 Qk厂So 
g・ f《Qk厂x]. So there is a linear map a :诉厂']]/Qk厂'j t QU"厂']L 
So by the above argument, we have 俱:Q[k厂']]一》Q[|Q厂']]such that 
也2 + 物 and q(z-i]|^2|q[x-i]=奴
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