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CONFIDENCE INTERVALS IN THREE-FACTOR
NESTED VARIANCE COMPONENT MODEL(FOR 

하HE RATIO OF TOTAL VARIANCES)

Kwan-Joong Kang

L Introduction
Consider the three-factor nested variance component model given 

by

(LI) yijkm = // + At + B%3 + Cqk + ?

where i — 1,2, — • ,I, j = 1,2,• • • , J5 k 二二 1,2, • • • and m = 
1, 2, ••- , M. And Cvk and evkm are independent unobserv
able random variables and Ax ~ N(。，。「為),B可 ~ 汎((侦珞〜 
N(0,呢),etjkm ~ N(0, c仔)，卩 is an unknown parameter, and the ytjkm 
are observable random variables(Graybill).

The problem of confidence intervals on linear combinations of more 
than two variances is suggested by Smith in 1936. And in 1946, Sat- 
terthwaite studied and expanded 난le method and the result of his stud
ies has been known as uSatterthwaite procedure七

Lately, the procedure has been widely used and developed by many 
authors. Especially, Howe (1974)； Graybill and Wang (1979), Leiva and 
Graybill (1986) got a good approximation。The precisions of confidence 
interval are satisfactory, but it is the result mostly found out in one 
or two factor model. In 1993, Kang is to use and expand of Graybill 
and Wang's (1979) approximation, the approximation 1 — a lower and 
upper confidence intervals on 금)(比 and the ratio of these of 
(1.1) in three-factor.

The purpose of this paper, there is no method available for set
ting exact 1 — a confidence intervals on the 호atio of total variances of 
these, so by using this approximate 1 — a confidence intervals and the 
precisions will be treated in Section 2,3 and 4.
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2. Three-factor nested variance component model
In the model (1.1), the computations are displayed in Table 1, where

the sums are over i5 J, k and m as specified in the model.

Source D.F. s.s. M.S. E.M.S.

Total IJKM 5—2 2 弗*：m

Mean 1 y2/(I J KM}

Factor A Hl 2急 2 2(切…一 Z「....)2 si 어L

5within A n2 EEEE(^..-yt...)2 Si

C within
B within A n3 仆.一如..)2 SI 魚

Error 2 £(如 km 一 化”.)2 SI 04

where 丁町=/ 一 1顷2 = _ 1), n3 = IJ(K - 1), n4 = IJK(M 一 1),
务=国 + Mai + KMa^ + JKMa\.处=屋 + + KM a%,
由 = <거 + 由 = 0% The upper a probability point of Snedecor^ 
F distribution and chi-square distribution are demoted by 死;..and 
Xa；-> respectively, whe호e % + 也 = % often = 蝕 = 을. And 
P 記으 스寸 = Fgq。= 1 - a, z = 1,2, 3,4.

3. The confidence intervals on the ratio of variances

3.1. Confidence intervals on 政/(。為 +。爲 +。％ +

At first, we want to find out the form of the 1 — a upper csi- 
fidence interval on -艺工 卜金Then, the form 2 ;…淳.罗工-亥 is 

乃+咔+。％+理 , 。胃+<珞+磋+史
_________ 如 —

JK금+。긍+(거) 如+(丿一1)62+J(K—1)03+JK(M—1)04 *
In this, we consider, the lower limit of 1—a upper confidence interval on 
福*渚总.Then it is a function (Graybill and Wang) of S\ 明 Sf and 

S? say q(S\ SM S?), such that P [q < 如= — 

a, We want the confidence interval to be an exact 1 —- a interval.
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1) When o엉 = 底 = 0 (i.e. 但 = 0)但 = 0), we get

务—_伉 ]

&2 + (K ― 1)^3 + K(J讨一1)。4

and
p[__啓—一

C*2Q 丄 느/0 丄一丄 이丄
.^2r ot;nltn2 a2 .

2) When the hypothesis : o% = 0 is accepted for a size a test,
we want the corresponding 1 — a confidence interval tojnclude zero, 
and when Ho is rejected we want to be an increasing function of 
S?/S* This condition is required because 确国顼糸크曲-了匝 = 
0* in P[q < 伊] = 1 一 a is an increasing function of 쪼〉and if 으* 

increases then its estimate would tend to increase. Hence if q does 
not increase as 으* increases, clearly the confidence coefficient would 

deviate a large mount from 1 — a as gets large. Fo호 a size a test 
of Ho : b% = 0 versus Ha : > 0, the hypothesis Ho is accepted
if and only if < Fa；nrtn2* Thus, we want 必％孫孫岛)=0 
when S竿 < 琦瓦罕土阻，Sf,> 0 is increasing in 辭 when 
Sl>SlFa^nJ 2

3) When J —oo (hence n2?n3) and t oq)? we want the confi
dence interval to have an exact confidence coefficient 1 — a. When J t 
oo, it follows that n.2 —> oo? ng oo and 714 —> 00 and from this it fol
lows that S* t 皈 琦一* 63 and S? t 由 in probability also 跪 +(K —
1)S?+K (肱一 1)S? —> O2 + (K —1)^3 + K(M—1')04. From these results, 
we get P [瓦홍^ 이 =p [瓦쫑統 一 酸 寮] 一 씨 =1一 a. Then 

divide the left and right sides respectively, by Sf + (K — 1)S? + K(M — 
1)S? and its equivalent value 如 + (K — 1)魚 + K(M — 1)街 to obtain 
1 _ c 一 p [ _ ______$《：-跪死51，8 _______  v _______$1—02 ______

[｛岛*(X-l)S訐及肱乌)S7)Fam,。。- 02 + (K-展吊M五)氣. 
Hence, when J —> 00, we obtain

___________ S；-，泓細1,8___________ when— > F
｛岛 + (K - 1)岛 + K(M - l)S；｝%g,8 when岛 > g”。

0 when咨 < -^a；ni,oo
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The maximum likelihood estimate of

__________M —。2__________________ 待a )

02 + (K — 1)。3 + K(A/ — 1)04 。节 + + 吨

c»2 I q2
is the form 旗«加話호%丸羿，and determine the constants ao?«i,a29«3 
and a4 by imposing the conditions 1), 2) and 3) of 3.1, we get — 1, 
%，= —= —Thus,

SIFq :«1>«2 + a3*5,3 + a'S：
电
，

死

>
 

<- 

箜

岛

5?
爵 g,n2,

$-岛死5
«1,«2

0

limj―>8= K(・A4-,og* 
confidence interval on

where limjj。。破=(K-l)死;n”，
Therefore the lower limit of a 1 — a upper 

(7% .
b긋+，%財+必 記

昌一蹬Pagg 
蹬+ 0 — 1）蹬死;，“,眼+Aa

0

n
 he讪

nhe讪

>

—P'a.m ,n2，

where Aa = {J(K-1)SM +JK(M-1)S：}死,心,8. And the upper limit 
of a 1—a lower confidence interval is obtained from (3.1.1) by replacing 

_2 1
a with 1 — a in the tabulated F's. We get P 次 牝丸 js저萨 '으 디 = 

1 — a, where
(3.1.2)

U =
0

-Q；n 顷 2
Sf +{J — 1)5*2 + -Ai-a

when 法 > -Fl-a；n15n2 

when •응 < •呂一喚土服.

箜
跪 
成능
"

Si -跄耳

If we choose 磁=(K — 1)死；叫心 and Al — JK(M — l)Fa;ni)n4? then, 
the lower limit of a 1 — a upper confidence interval(L) and the upper
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limit of a 1 — a lower confidence interval(U) on are。点+이 •辰+b?

，町+（丿一 1）跪死皿,而+必

0

when 帚 > FQ；ni,n2

when 観 < Fajtlltn2,

where Aa = J{K - 1)蹬死;”顼格 + JK(M - i)SlFa-niin4
(3.1.4)

跳—，％耳_皿,眼- when筮> F
TT 跳+(J — 1)S酒when%>U5 
u — <

0 when—J < -Fl-a,ni,n2-

3.2. Confidence intervals on《珞/(以 +(珞 + o% + 曷)

Similar to that of Section 3.1, we want to find out the upper confi
dence interval on

________ KM。%________
JKM(a\ + 必 + o% + (가)

_ ________________ 魚—。3
=缶 + (J — 1)02 + J(K 一 1)但 + JK(M 一 1)。4 •

We consider a function of S\ 災、Sf and S' say q such that

慕+이의

We impose the three conditions on q ;
1) When o% ==0 (i.e. 83 = 64 = 0), we want the confidence 

coefficient to be exactly 1 ~ a. When ”3 = ^4 = 0, it follows that 
科&泌2 , and its inverse is %.+(撰)如=覺 + (J _ 1). If 的=印=0 
implies S： = S： = 0 with probability 1. Thus we get

1 — a = P

=P

'車書----- + (<7 一 1) V 夺 + (J - 1)

—ag，海 ____  v _____
勞+（了-1）岛刊一叩皿一务+（厂1龙
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2） We require the confidence coefficient to be exactly 1 — a. When
J —> oo, it follows that 阻—* oo, 713 —> oo and > oq； Sj 
02, 5,3 t °3 and S? t 但 in probability. The exact 1 — a lower 
confidence interval on 0i is 8、< 万一一으】-- . And we get 务 +（J —1）^2 +

■^1 — a .nj , 00
J（K 一 1）03 + JK（M 一 1）04 < Fl具 8 +（ J - 1）跪 + J（K - 1）禺 + 

JK（M - l）Sl，Thus, g is "

C2 C2
_ ____________________간 —。3

4 一方리 b + （丿 一 1）岛 + J（K - 1）蹬 + JK（M - :L），% 

O2 _ &3
'务 + （J — 1）但 + J（K 一 1）魚 + JK（M 二1疝

3） When 但 =由）we require the lower limit of the confidence interval 
to be zero when the a level test of H° : 02 =is accepted. Thus,

f >0 
g（S；,孫境,S：）｛

[=0

if > Fa.

if斜《死 ;n2,n8?

we get q =------ s--------------- Sl&E*,%,，”----------------------- . We choose
Fl-，"？ +（JT）绥+KKT逐Fa,”2，"3+JK（"T）S*

이餐+52 ⑶「'I 
the following function for g（S* 蹬,踱,，%）; q = 爲
The constant cti,02?as and a4 are determined by forcing q to satisfy 
conditions 1）, 2） and 3） of 3.2. From J^;n2）na + s + 死：七折=0, we 
get CI2 = —^a,n2,n3（^l -^a;n2,n3）? a3 = ％ = —^a；n2,oo, ^5 =

JK（M — 1） and 仞4 = J（K — l）^\,n2,oo- Thus

$3 博  Fa고,8 ~ Fa;n2,n3（-fa;n2,n3 —E* 料 2,8）（游）']

瓦-----+ 岛 + J（K 一 1）即％必,8 + JK（M 一 l）Sl
1 —

Let
■Bq — -Fa;n2,n3 （死;而,8 _ Fa

6 = J（K - 1）S?电;海,8 + JK（M - l）SlFa 泄 2,8,
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the lower limit of a 1 — a upper confidence interval on &2 危匚龄彩号 

is
(3.2.1)

min
L = <

]J(酸—跪兀, "2,8 + Ba)

^'l^a,n1,n2

5*2
if ~^2〉死;"2E3

으】一 + (J —1) 岛 +(爲

0 if •응 < E量 ；«2,»3 *
°3

_____ 으备______ 匸< U = 1 — % where

And the upper limit of a 1 — a lower confidence interval is obtained 
from (3.2.1), by replacing a and 1 — a with 1 — a,a in (3.2.1). We get 
P \ °<7-
(3.2.2)

min
u = (

1 J(S?—災 Fi — ag2,8 + Bt-a)
瓦스冨 + (J- 1)岛 + Cl —a

if箜j
11 q2 7 -^l—«；/125»3

»3

0
$2

if 응 V Fi -a;n2)n3"

We can choose other different cases of value of 例 and L and U are 
as follows; _

(3.2.3)

(3.2.4)

L and Uin (3.2.1), (3.2.2)
when = J(K _ 1)跪 + JK(M - 1)S方

L and Um (3.2.1), (3.2.2) 
when Ba = ■Pa,n2)n3(-fa;n2,oo

33 Confidence intervals on("為 + 届 +。엉 +。己)

The lower limit of a 1 — a upper confidence intervals on +
哇 +b%+b£). We can shows the similar to th。잉e of Section 3.2, putting

Dq = J(K — 1)5,3 Fi_a;rtl)n3 + JK(M — l)S^^i-ajn3jn45
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and
禺—酸珂 一 Qg/U

q =
瓦——+#二些_+久 ,n3 ^1 —a,n2ln3

Therefore, the lower limit of 1 — a upper confidence interval on。경/((以 
+c珞 ++ 底)is
(3.3.1)

L = <
min 1,

JK顷 一 S次이s® )
p----------+#二够一+瓦■^1 —ot,n1,n3 ^l-a,n2，n3

if 金"、
"$2 / M a；%E4

0 if貞W瓦x ；ns,n4«

And the upper limit of a 1 — a lower confidence interval is obtained 
from L by replacing a and 1 — a with 1 — a, a: in the tabulated F's. 
Thus we get

6i + (<7 — 1)^2 + J(K — 1)。3 + J K^M — 1)。4 —

where
(332)

min 1
U= {

0

JK応_魄理 一 Qf；n3,7l4) 

須호二W프亟 
x a,n2,n3

if 흐〉月 

°4
—a;n3,n4

C2
if4~Fi

—a;n3,n4*

We can choose other different case of valued of Da, L and U are as 
follows;

(3.3.3)
L and U in (3.3.1), (3.3.2), 
when Da = J(K 一 1)跪 + JK(M 一 1)身.



Confidence Intervals in Thr^-Factor Nested Variance Component Model 341

3.4° Confidence intervals on。$/(屈 + 届 +。긍 + a^) 
We can begin with

瓜也"* +届+弗+均

色 + (J - 1渺2 + J(K - 1)魚 + JK(M - 1)但

we want to determine a function of S% S* and 易 say 9(5名 5気昌) 

such that P q < 으*%”)으* is approximately equal to 1 — a. Scale 

invariance and large sample theory suggested that q =毋互(就))where 
the function h(-) is determined by requiring it to satisfy the following 
three conditions

1) When the hypothesis textH^ ・ 8、= 82 is accepted by using a size 
a test (ie 으板 < 死;% ,以 ) we require the corresponding 1—a confidence 

interval on 흐'f to be exact. The exact 1 — a confidence interval
. s：( (育 1 袞+咒호)

刃 诅 S|(ni4-n2)Fa,n^+n2ln4 ~ ^4 '

2) The confidence coefficient for the interval on 与*也 is to be 
exact as J —> co. To satisfy this we let h (言) = Mi■死g,8 + J — 2 +

on 으* (JT)%

=09 ,where limj—8 —
Jg

3) The confidence coefficient is to be exact as o% t oo ; when 
o% —> oo the quantity 烈 我2条잘 h况 is dominated by so we want an 
exact 1 —a confidence interval on 言* Thus we get h (으¥)= 으*死;? 

when o% 8 (and hence S' —> oo). If we impose conditions 1), 2) 
and 3) of 3.4, we get the following fo호 the approximate upper 1 — a 
confidence interval on 灿 is

务 + （丿一1）。2 / 
——瓦一—-

跪

—a Fl 

2
 4
 

s

2
1
-
2
2
 

s
 -
s if 븖〉码 —a;ni ,n2

(^1 + ?22)$4 •灼一a,期+?卷*4
if —a;ni,n2'>
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讪* E— = 으끄鳶謨*#甘土 —《吋项。By a simu- 
lation study, we determined that the confidence coefficients for the 
above interval is too large, so the following function was considered : 
h （으f） = bo + 桩 （秦） + 板 （為） ）wli사i would tend to decrease the 

above confidence coefficients. We now impose conditions 1）, 2） and 3） 
to evaluate b賦 M and So we get

鏡
+ Y +耳—ot;ni,n2

*-*4 j.'l—Of；nljn4 ，그 2

어' + （； ~~ D的 < < （El-a - 丫） 象｝ 迂쓶〉 

境潛+醇） if箜< p

Si + 叼）岛耳_이血+必热 房 - ”『어…

where Y =艾」，恥,8 — 典漕e，% . Thus： the 1 —a upper confidence 
"1 —a,TH，n2 —+«2（oo

interval on 7如苗靠硝+妲is

（ min{l,Si_a} if 으;〉呂-*以,服
（341） 乙=. .I

（ min{LTi一사 if -^ < Fy —a;ni,n2，

where
=__________________ JKMS*__________________

”〜瓦豪慑+ 丫 +如-5彖码-a —旳剤+刀' 

D = J{K- 1）禺 + JK（M - l）5j,

Ti-a
KMSl

%-a + （K - l）Sl + K{M - 1）豈,

The upper confidence interval on 也土^그）^ js obtained from equation 
3.4-2） by replacing 1 — a with a in the tabulated F's。Thus we get

S* 育，c务+ 3 —功2苻，％、功 
q2 j^ + ■也2 으 Z U ~Q2〉占3卩土*2
*-?4-ra;ni（n4 a4 *^2

础 （뿌If） / 务 + （J _ 1）但 *，籍八,

（财 + ”2）$次여“"眾 S 或—— 岛 - 어5 
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Then the probability of equation (3.4.2) were too lage. As a second 
approximation, let 五(夺)=4)+勺(蚤)+。2(言#)'"七 in 3.4-2) we choosen 
the above satisfies the limiting conditions, thus we get
(3.4.3)

跪 

SlF^n. n4 + (J — 1)电 ;ni ,oo + -Fa;ni ,7i2

_ (J- 1)瓦g,°。}新 2W*严

，跪G翌1■ + ^2)

if ；nltn2

V °] + (J _ 1)但
、(73] + ?32)S%Z%；m. + n2,s

52
if ■느 < 死,以52

°2

The probabilities of equation (3.4.2) were too small. Hence an upper 
confidence interval for 色)從 诅 obtained by averaging the lower 
confidence interval on 四十状⑴如 is 
(344) 4

- ------------------------------------  + ；{(J _ 1)Fs,8 + Ea} + ^Fa.nitn2{EQ
*-^4 a;ni ,«4 *^2 厶 乙

< - 3 -1）死,5,8｝卽 < 끄土으3 if 爲〉死;ng 

榴（譬+ ”2） 魚+ （<」功2 .f 5?

（牌+叼），災死兀 辑

Therefore 1 — a upper confidence interval on 2 丄 力上 ：尸工-”另 is 十十°C十

P 咲
以+必+弗+史'u —1 — a,

where

(3.4.5)
min{l,5a} if fj- > Fa>nijn2 

min{l,7\} if < Jk；niln2,
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S =_________________ JK"笠__________________

為호席 盖 + H(J - 1)死;以,8 + Ea} + g] + D

G — 2^*a；ni,n2{-®a — — l)E*;ni,oo}眾'

D = J(K- 1)境 + JK(M - l)St
J ,n2 + 乳2）刊中以,714

a ~ (ni + n2)Fa;ni+n2,n4 5" 
KMSj 

%=辱+庭) 2

上 + (K - 脇 + K(M - 1)SI

We can choose another value,

(3.4.6)

replace D with J{K — 1)岛瓦一咿危格

+ JK(M — l)Sf Ji-a;ni)n4 of Ss 2i-a in L, 
replace D with J(K — l)SlFa.nijn3

+ JK(M - 1)S”고a；5,s of Sg Ta i口 u.

4. Discussion
In this chapter, I would like to discuss these precisions.
(1) The method of Graybill and Wang approximation was used in 

finding out the confidence interval on+〈珞 +。% +。言)of 
(1.1). Graybill and Wang conEde표ce intervals of the two-factor nested 
variance model, when 1 ~ a = 0.95, the precisions of the confidence 
intervals L and U lie between 0.950-0.966, 0.950-0.953 호espectively 
Accordingly the precisions of the above-mentioned intervals will be 
similar to those of this.

(2) The confidence intervals on。节/(。笑+届+^咯+。己)and左/(o%+ 
。专 +。% +。己)are similar to that of Graybill and Wang's confidence 
intervals on。咯/(。% +。^ + cr긍). Thus, the precisions of the confidence 
intervals on。节/(政+cr$+b긍+磋) and。■긍/(<r읏+。%+必+必) similar 
to that of this, when 1 — a — 0.95, the precisions of the confidence 
interval L and U lie between 0.947r0.986, 0.950-0.968 respectively.
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(3) The precisions of the confidence intervals on 的(政 +。咯 + 
Oq +(7g) is similar to that of Graybill and Wang's precisions of the 
confidence intervals on ＜珞/(。％ + 必 +Thus the precisions of the 
confidence intervals on + ｛玲 +。兰，+。言)is similar to that of 
od this, when 1 — a = 0.95, the precisions of the confidence interval L 
and U lie between 0.947-0.979, 0.946-0.957 respectively.
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