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BLOCH FUNCTIONS AND THE BLOCH NUMBER

Jong Su An and Tai Sung Song

1. Introduction

Let Q be a hyperbolic region in the complex plane C and 入q (z) \dz\ 
the hyperbolic inetric on Q. Recall that

(z) 히 = —^~2
1 一 I 기

is the hyperbolic metric on D> where D is the open unit disk in C. The 
density Aq of the hyperbolic metric on Q is determined from

人Q(W(z))g‘(z)| = (z),

where 9? : Z> Q is any holomorphic universal covering projection of 
D onto Q. A general discussion of the hyperbolic metric can be found 
in [1] ,[3], and [4] . 一

A holomorphic function / on a hyperbolic region Q is called a Bloch 
function if

:z € q} < oo.

The quantity is called the Bloch norm of J. Let &乂z) = dzst 
(z0Q); this is the radius of the largest disk in Q with center z. We 
define the quasi-Bloch norm ||f by

IITIIb =sup{W흐
l 人Q (z)

UWqb = sup & (z) (z)| ： Q}.

Next, we define the Bloch number of a holomorphic function / in 
a hyperbolic region Q. For mo호e details, see [쉬 and [5]. For z in Q 
let r/) be the radius of the largest unramified disk about / (z)
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in the Riemann image surface Rf of /; set r (2：, f) = 0 in case 了(z) 
is a branch point of Rf. An unramified disk in Rf with center f(z) 
and radius r means an open disk P(/(z),r) = {w : |w — 了(z)[ < r} 
with the property that there exists a simply connected region △ U Q 
and 7|A is a conformal mapping of Q onto D (/(z),r). By the Bloch 
number r(/) of f is meant the radius of the largest unramified disk 
contained in /(f2). That is,

r(f) = sup{r(2,/) : z € Q}.
In this paper we show that for a function f holomorphic in a hyper­

bolic region, the quantities ||/||B , and r(/) are all comparable.

2. Main results

Lemma 고. Let f be a nonconstant holomorphic function in a hy­
perbolic region and a be a complex number. Then for any complex 
number z E 0,

(a)r(z, a/) = |이 r(z, /), (b)r(z, / - a) = r(z, /).

Proof! To prove (a), let rx = r(z,a/) and 厂2 =尸Without 
Joss of gene호ality)we may assume that。尹 0. First, we show that 
質고 < 質2・ If ri = 0, then we are done. Otherwise, there is a simply 
connected region △ U Q such that z G A,a/|A is univalent, and 
(a/) (A) = P(a/(z),ri). Hence, /|A is univalent and

•/")= ! S)(△)= ~D ("(z), ri) = D S).

Therefore, 尚 < R or 〃 < \a\ r2- Next, we prove that \a\r2 < 门・ 
Suppose 厂2 / 0. Then there exists a simply connected region △ U Q 
such that z £ f [△ is univalent and / (A) = D (f(z),質2) • It follows 
that a/|A is univalent and

(af) (△) = aD (f(z), r2) = D (由(z), |이 r2) .
This yields |이 r2 < r1. The proof of (6) is analogous.
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Lemma 2. Let f be a nonconstant holomorphic function in a hy~ 
perbohc region Q.^and let h be a conformal automorphism of Q. Then 
for any Q

r(z,f oh) = r(/i(2),y).

Proofs Let 尸i = r(2,/o h) and 尸2 =質(K(z))F). Without loss of 
generality, we may assume that 〃尹 0 and r2 尹 0. First, we show 
that 質 1 < r2« There is a simply connected region △ U Q such that 
z € f o 이△ is univalent, and (/ o h) (A) = D ((/ o h) (z) , rj) . Then 
△* = h(P) U Q is simply connected, h{z) € A*, and /|A* is univalent. 
Also, we have

/(A*)=(/oA)(A) = P(/(^)),r1).

Hence ri < Next, we prove that 7*2 :There is a simply connected 
region △ U Q such that £(z) € A, /|A is univalent, and f (A)— 
D (/(h(z)), r2). Since h £ Aut (Q) , A* = h~x (A) U Q is simply 
connected. Clearly, z G A*, and f o 이△* is univalent. We also have

(/o/l)(A*) = /(A) = D((/o7i)(2),r2).

This yields a < 尸1。

Lemma 3. Let f be a nonconstant holomorphic function zn a hy­
perbolic region Q, and let(/> : D ——> 0, be a holammph用c universal 
covering projection. Then for any zC D

r (z,/o<p) = r(9(z),f).

Proofs Let ri = r (^, / 0 甲)and 尸2 = r (<^(z),/). First, we show 
that ri < 7^2- If ri = 0, then we are done. Otherwise, there is a 
simply connected region A C -D such that G A, / o(^|A is univa­
lent and (/ o(/?) (△) = Z) ((f o 夕)(z), ri). Then v?jA is also univa­

lent, △=侄(△) is simply connected, /|A is univalent and / (A)= 

D(f (<^(z)), ri). This yields 门 < 質小 Next, we prove that 質2 < 牛 
There is a simply connected region △ U Q such that (q(z) € A, /|A is 
univalent, and /(A) = D (J(9(z)) ,r2) . Because △ is simply connected 
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and 9? is a covering, there is a unique simply connected region A C 
such that z G A,(p (△) = △ and <p|A is univalent. Then f o(/?|A is 
univalent and (/ o 9) (△) = D ((/ o 0 (2), r2) , so r2 < ri.

Let S be the family of all functions f holomorphic on the open unit 
disk D and normalized by 尸(0) = 1. The Bloch constant g is the largest 
number such that any f E S has the property that f(D) contains an 
unramified disk of radius g :

0 = inf {r(/) : / G S).

It is well known[2,p.47] that 0.433< 乎 V V 0.472.

theorem L If f is holomorphic m a hyperbolic region Q, then

r(f) < Ilflls 으

Proof! To prove the left hand inequality, let (/? : D —> Q be a 
holomorphic universal covering projection. Then / o(^)is holomorphic 
in 以 and

雄，5《 쓰후戸, 心.
人 D(2)

This inequality is a result of Seidel and Walsh[6]. We have

에广 沖 { 需 Jmq}

= 沖{世^^" 瑟} = ||『。에 b.

Therefore, Lemma 3 yields r(/) < .
Now, we prove the right hand inequality. First, we assume the 

validity of the right hand inequality for the open unit disk D. Let 
9?: P —> J2 be a holomorphic universal covering projection. Then
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仃。꺼18玄代으以，\\f\\B = Wf^\\B-

Therefore, Lemma 3 yields ||/||B < 흐平All that remains is to establish 
the right hand inequality in the special case Q = P. If / is constant 
on D)there is nothing to prove. Suppose f is not constant. Let a be 
a point in D such that f'(a)尹 0. Then the function

制^6쓰)*
is a nonconstant holomorphic function in D with "(0) = 1. By Lemma 
1, we have

r(2, h)=淵E (氐))
Since the mapping z t 聲끌^ is a conformal automorphism of D, 
Lemma 2 yields

r z + a 
1+^z

z + a
1 + az

Since g S, it follows that

8 < r(/i) <
人 D(a) 
w心)•

This completes the proof.

Koebe5s one-quarter theorem[l,p.72] asserts the following: If f is 
univalent holomorphic in the open unit disk D and normalized by 
/(0) = 0, |尸(0)| = 1, then f(z) / wQ for 卜히 < 1 implies |w0| >

Theorem 2. If f holomorphic in a hyperbolic region Qjhen r(/) 

—4 ||/I|qb •

Proof. Fix a C Q and set b = /(a). Without loss of generality, we 
may assume that r(a, f) + 0. Then there exists a simply connected 
region △ U Q such that a € A and f |A is a conformal mapping of △ 
onto D (fe, r(a, /)) . Set g = (/jA)-1. Define : Z) —> Q by
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h(w)= g(b +尸(㈤加)一 g(b) 
r(a, f)g'(b)

Then is a one-to-one holomorphic in D and ft(0) = 0, K'(0)= 
z be a point in dD (a, &2(a)) fl 3Q・ Then

z - g(b) 
r(aj)/(b)

申 h(D).

The Koebe's theorem implies that h(D) D D(0, |) , so that

z - g(b) 
T(aJ)g'(b)

1
-4-

But \z 一 g(b)| = \z ~ a\ — &血)and 寸(6)扩值)=1, so we have

&2 昨)| > 1
r(a,」f) - 4'

This yields the desired inequality.

The inequality 入요(n) < &二)is a direct co교sequence of the mono­
tonicity theorem fOT the hyperbolic metric. This inequality gives
< Ilf!! B ・ Therefore, we obtain the following result.

Corollary^ . If f %s holomorphic m a hyperbolic region Q, then
4
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