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DE RHAM COHOMOLOGY OF TOROIDAL 
GROUPS AND CHERN CLASSES OF 

THE COMPLEX LINE BUNDLES

Takashi Umeno

0. Introduction

Let Cn/r be a toroidal group of complex dimension n, where「 

is a discrete lattice of Cn generated by R-lineary independent vectors 
W en*고广、% over Z and ex denotes the i-th unit vector of Cn.

C.Vogt([6]) characterized the toroidal group Cn/r cm which every 
complex line bundle is a theta bundle, investigating the theory of mul- 
tipEers of complex line bundles on Cn/r. In particular, he proved that 
the finite dimensionality of the cohomology group JIi(Cn/r, O) gives 
one of the characterizations.

On the other hand, we caluculated the d -cohomology groups of 
Cn/r? using the Fourier expansions of (r,$) -forms on Cn/r([2],[3]) 
In this paper, we shall apply these methods to the caluculation of de 
Rham cohomology of Cn/T and get seve호al conditions for a Z-valued 
skew-symmetric form E on F to be the Chern class of some complex 
line bundle on Cn/T. Further, we shall show the existence of some 
special class of hermitian forms which define complex line bundles and 
prove that the hermitian. form is uniquely determined by a complex 
line bundle on Cn/F.

The author wishes to thank Professor Kazama for fruitful discus
sions during the preparation of this paper. The author is very grateful 
to Professor Kajiwara for his several suggestions and encouragement.
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1. Preliminaries

Throughout this paper we assume that Cn/r is a toroidal group of 
complex dimension n, where r is a discrete lattice of Cn generated by 
R-lineary independent vectors {ei, • • •, en, vi = . •, vni), • • •, —

- - •, vnq)} over Z and et denotes the z-th unit vector of Cn. We 
may assume det [Im 마了; 1 g d,顶 < 0. We put =、/二如 for
q + 1 < i < n. Put

(1-1)
v = [vtj； 1 < i < n, 1 < j < g] = [Vi, • • •，福，

Vi = 知;1 <i,j < §], and % =加必g + 1 < i < n,l < j < q].

n
We set Km“ ：=(叫如 一 mn+t) and Km := max{|/fm),|; 1 < i < q}

J=1
for m = - .、”知너的) G Z저乂 Since Cn/r is toroidal, Km > 0 for
any m G Zn+9\{0}([4]).

Definition 1.1. We say that a toroidal group Cn/r is of finite type 
if Cn/r satisfies the following condition :

There exists a > 0 such that
sup{exp(rz||m*H)/Km} < oo, where ||m*|| = max{|mz|; 1 < z < n}.

By the results of [3], a toroidal group Cn/r of finite type satisfies 
fb호 1 < r < n,

(1.2) dimHs(b/「,Qr)= [(r)(" lf 1 - S - 9
[0, if s > g.

We put & — Imvi for 1 < t < n and & = [/3t3] := [j0i, • • Then 
81,…a旭 lineary independent over C and we put 7 = := /?-1.
For any z G Cn, we define two coordinates 药,• • 2或 and 切,•・•,左阵 by

(L3) z = z两 + ••・ + zn/3n
—+ ,・・ + tnen + + ・• • +
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Then we have for i = 19 • • •, n,

(1.4)
] n n

'어 = 2 /二j(— 。勺知 + 히瓦
v j=l j=i

切+ =瓦广- z)

These coordinates z = f(^i, - •・,2“) and t = - -,i2n) define local
coordinates in Cn/T. The mapping(f> : Cn 3 z = *(zi, - • ,)%) i 
t = *(ti, - - t2n) € R2n induce요 an isomorphism as a real Lie group 
© : CW、— R2n/^(r)= T处+Q x R”—% where Tn+q is a real torus of 
real dimension n + g. For t = *(切)--撰质)€ R2n and m ='(皿,-- 

・,mn+q) G Z"+g, we put tf = *(切广 -、晚+彼」히 = '(妇+迫+iL 撰2”) and 
< m,f/ >:= n”切 + • • • + mn^.qtn^.q, Let / be a complex valued C00 
function on Cn/F. Then we have the Fourier expansion of f :
(1-5) ；
f(t) = S' am(tu)exp2%%/—1 < mytl > for t = (；〃) & R?"・ 

mezn+9 、'

By the standard argument of Fourier analysis, a series
am(t11) exp 2tf\/--^ V m, Y > converges to a C°° function on Cn 

mGZn+«
/r if and only if

(1.6) C(们LR)・= sup (
"I으R I dtnr~ ||m||J;meZn+<7> < oo,

for any positive integers £, I and any positive number R> 1
where |t"| =、片七心 + ■ • + and ||m|| = max{|mJ;S = !,•••；« +
51-

Let T' := C z = 1,- • -,n > be the holomorphic tangent space

of cn/r at 0,

Tr := R ;? =，•••, 2n} the real tangent space of Cn/r at 0, 

野、：=R {弟；2 = 1, • •+ g}, and Rp := R{辭 *--,en, Vi, •••, vff}.
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n q 2n q
For a =工(7i —— G T\ we put a := a + a — £ st 瓦 G Tr- Then 

%=고 1 t=l
the mapping

(1.7) Tl B a I一＞ a E 7r is an R-isomorhism.

From (1.3) and (1.4), we have

(1-8)。■고/3고 + . … + an/3n = 5iCi + … ・ + snen + s”+i如 + , ■ • + $2卩&・

By the mappings

(1.9) Tz 9 a 1一一＞'(o■고) …,g) C C" and
Tr m & i一一＞ •、S2n) € Rm；

we can identify T1 with Cn, Tr with R2n and 7} with Rr, respectively.

2. de Rham cohomology of toroidal groups

In this section, we calculate the de Rham cohomology groups of 
toroidal groups Cn/r. Let C be the sheaf of germs of complex valued 
C°° functions on Cn/r, Cp the sheaf of germs of C°°p-fbrms on Cn/r, 
and Qr the sheaf of germs of holomorphic r-forms on Cn/r. We denote 
by Z(/(Cn/r,Cp) the space of d-closed C°°p-forms on Cn/r and by 
死((3”/「夜)the space of J-exact C°°p-forms on Cn/r. We have

e*（c”/「c）= Zd(C严/「CP)
Bd(cn/r,cpy

Let be a C°°p-forni on Cn/r, we write

1 gr
= — 2」 A ••• A

P ＜2n

We expand 夕…知(*) 膈 诅(1-5) and put
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a, Jp(i//)exp27F\/^l < m,t' > and 
meZn+^

¥产：=4 £ a，• Zp (广)exp 2穴\/顼 < m,

” 1<21, - ,?p<2n
t1 > dttl A • • • A dtlp.

The교 ip =(?诳* Suppose 夕 € Bd(Cn/V^CP). There exists a 

C°°(p — l)-form 畋 = 아!舟 such that (p = g. Then we have 

夕 m = 泓/产 fw any m 跤너捋, We put

‘舟 = 石늨 £ 罗 n (广) exp 2"五

V 7* l<ti, ^P-i<2n 
tf > A • • • A d知

The equation cp = g implies for any m € Z저* and 1 < Zi < • — < 
zp < 2n,

<■ .燃")=立(—"％、/二&罗.次〃) 

k=l
p dbm -(必)

(2.1) + 五 (_"i =느 W一,
fc=^+i 어&

where £ := max{fc;让 V： n + q}. In particular, we have

(2-2) 1 «i5 • • n + g =>…七('지) 三 °・

Now suppose 9 G ^d(Cn/r,Cp). For each m = (mi, - • -,mn+g) e 
Zn+Q\{0} we put z(m) := max(i; mt 寸二 0) and M(m) := For
any 1 < < 2n and m G Z\{0}, we have
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(2.3) 2tt\/=TM(m)a^ (i,z)exP < m?tz >

p d(a^、“ (i,/)exp27r-\/~l <>)= 1)*서■] z(m)E•"•方' '了
名 林

We put

a771 (tn)(24) 辭._«〃):=牒有并-d

k := 涪沛 £ 蜡..七如”)exp 2，"五< m,
3 ’ l<u, <2n

tf > 出h A • • • A dttp ・

From (2.3) and (2.4), we have(pm = di^m, for any m 6 Zn+g\{0}.
Further, from (1.6) and (2.4), p := 吋舟 converges in HQ

mEZ 서m\{0}
(Cn/r,Cp)= Hence we have the following

Lemma 2丄 Let <p = 甲“저 be a C°°d-closed p-form on Cn/r.

Then we have a C°°(p — l)~form p = 4舟 defined by (2.4)
m£Z 어m\{o}

satisfying 夕=甲。+ dp.

In case m = 0 we get the following

Lemma 2.2. Let 夕。*卩(必)也让 A • • • A dtip
1Q1，…

be a C^d-closed p-form on Cn/r. Then there exists a umque p-form
with constant coefficients 乂 = —^ A • • • A dtXp
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and a （p — Inform 吋夕=--------—

dtip &atisfyzng <pQ =x + d寸凡

£ % q侦）况"•••/、

Proof. The uniqueness of y immediately follows by （2.2）. We shall 
show the existence of x and ・

For each 1 < Xi < • • < &+i < 2n, we put t := max{&;让 M n + q}.
We have

a、

》+i daP “ （t”）gr （ ］）A：+1 Zi,•处次+1••北；• ' = Q
Ji Uli，fc=Z4-l k

In case £ = p, for each '<tp<n + q and n + q 2n, we
S?.,（尸） 一

have ---- 三一芝----=0. Hence c21. := ,（tH} are constant. Putdtlk 1 七 7

x号E - 
l<2i, ,2p<nd-^

A • * • A dt”.

In. case ■£ < p, for each 1 < < n + §,

9* -n ：= 52 au 心+1 “>（必）出"+1 /、•••/、dttp
n4-^+l<«z+i < <ip<2n

is d-closed p’-form in Rn~?, where p1 — p — Then we have （p‘ 一 1）- 
form on Rn~?

p? - :— l伐 1 % （t"）dt“4 A • • • A rftk / 丿 zi 心+1 ・Zp_il J "+i

satisfying &队 电=以.Put

舟=鱼F £ Ml -l/JZ + l- lp-1 （”）

£=0 l<»i < -*<t/<n+^
거"g+lV” + iV' '<Ltp— 1 ^2n

dttl A • • • A dtlp_1.

We have d&伊=妒 _ 乂 Q*E*D
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Summarizing lemma 2.1 and lemma 2.2, we have the following

Proposition 2.1. Let <p be a C°°d-closed p-form on a toroidal group 
Cn/r. Then there exists a unique p-form with constant coefficients

(2-5) x = = £ c—出让/\ • • •/\ d知

and a C°°(p — l)-form 寸 on Cn/V satisfying <p = x * dp.
Notation For any C°°d-closed p-fbrms 9고 and 92 on Cn/r we write 

~(f2 whenand ^p2 ae cohomologuous, 교amely, there is aC°°(p— 
l)-form © on Cn/r such that 甲、一甲2 = dp.

Since fn+l are global functions for i = g + 1,- • -,2n and from (1.4), 
we have
(2.6)

1 q qdt, ^=y(- £ + E v^dzj} for i = 1, • • •, q,
V j=l j=l

1 9 qdtt ~—y=(— >2 讯了』勺 + 2\/—ldzi +VijJFj)
v j—i j=i

for i = ^ + 1, • • -,n,
出t+ ~—\=0弓-dzt) for i = 1, • • ", and

2\/—1
(2-7)

dzt 乏* for z = g + 1, • • -,n.

Conversely it is easy to show that dzi, dz3, for i = 1, • ■ -,n and j = 
1, • • are cohomologuous to linear combinations of 出1 厂 * •, dtn+q. 
Substituting (2.6) to (2.5), we get
(2.8)
X~XC：= £ £ £ •:"血擂、“3疽、闻\Z\闻,,

lMn,…，JsMq

where xc is a constant p-form on Cn/r. From (2.6), the mapping
p p

(2.9) /\c{出：L,・• -,dtn+q} m X I Xc £ /\ C{dz!,-, dzn, dzy, dzq} 
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is one to one correspondence. Hence we get the following

Theorem 2.1. Let Cn/T be a toroidal group where V is generated by 
{e» ,与 e小日고） ・・》2勺}・ Then we have :

（1） any cohomology class of 9? in Zj（Cn/r,Cp） is represented by
constant forms x € 卜了 C{d切，•••, dtn-^.q} with respect to the basis {dti, •• 
•, dtn^.g} and € C{dz^^ **^dzny dzq} with respect to the basis 
{d^i, -^dzq}. Further these forms x and xc are uniquely
determined by p

（2） H^cn/r, c） 으入 c{妬, • • ；dtn+q}

p
스 j\ C{dzx, dzn, dzi, dzq}

for 1 < p <n + q
=0 for p > n + q + 1.

In （2.8）； we put

X* ：= £ £ 4 5，.心 dztl A - •心,卜、闻 \E J\dzja,

for 0 < r < and 0 < 5 < §. Since xr,s is d-closed and from theorem 
2.1 we get homomorphzsms

（2.10） : Hp（cn/r, c） 9 [x] — e irs（cn/r, q「）

for 0 < r < n and 0 < 3 < g such that t + s = p* In case Cn/r 鶴 a 
toroidal group of finite type, by[3]

Hg7W
C{dzlx A ・・ /\dzlT A dz3l A • - Nd礼;
1 < zi < •• < zr < n , 1 < ji < ■■ < j3 < q}

Thus we have the following
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Theorem 2.2 Let Cn/r be a toroidal group of finite type where T 
ts generated by {四,・•，・•，％}. Then the homomorphisms de
fined by (2.10) are onto for 0 <r < n and 0 < s < g such that r+s = p. 
Further we get a Hodge decomposition

hp((*7「c)으 ㊉ frs(cn/r,Qr) 
r+s=p

We note C.Vogt([7]) also showed the Hodge decomposition of theo
rem Z.2 by comparing the complex dimensions of the above cohomology 
spaces. _

3. Chern classes of complex line bundles over toroidal groups
In this section we shall study the condition for E G if2(Cn/r, Z) 

to be the Chern class of some complex line bundle L on C"/「and 
describe L by E.

We put r = Z{ei,■ - - •,vg] = Z(ui，- ・.)%너捋}. We denote
by
ut € jff1(Cn/r, Z) the loop with base point [0] € Cn/r lifts to a path in

Cn starting at 0 and ending at a point utJ for each i. Since I dt3 =道
Jut

for 1 < j < n + we have
(3.1) Hi(C”/「,Z)号 Z{d知..•，出小&}, and

p
(3.2) Hp(Cn/r, Z) 으/、Z{出1, dtn+q}.

Let E G ff2(Cn/r? Z)? then we can write

(3.3) E*jdt* A d0
고 变，서M

where [Ei3] zs a Z~valued skew-symmetric matrix. We denote by ZnXn 
(respt CnXn) the set of n x nf Z(resp. C)-valued matrices. We put

(3.4) [%]= 爲賈，剧=佥賈，and
— 以2 보，3 J [ — 2*2 -£*3



(3.6) E =云 2^ At}dzi A dz3,

£0,2 = 1 財 Cl3dzt A dz3.
2 :J七

Put

(3.7) A — [Aij]—也 气,
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where Ex € ZnXn,E3,Fi G Z^X^,F3 G z(n-g)x(n-g)^ an^p4 e z이«必“).

From theorem 2丄 we have a unique constant 2-form 
2

Eq € 卜、C{dzi^ dznydzly dzg} such that E 〜E° in Zd(C"/「(*),

Substituting (2.6) to (3.3)： we get

(3.5) Ec = -E2,0 + E'n + 砂，％ where EVtS =彭技(E)*
We put

B“dz"\d乏J and 
l<2<n

B = [国] = 움' ? and C = [Cu]5 
L “2」

wAere /如,3고 e CqXq,Az €。(”一9)«”一叽 Then we have

4i = - + 也亍-七难2 + E3).

(3.8) A2 = Yf I勺弓+气/狎3 +项5),

A3 = F3, Bl = ^CVEiV + tE2V 一 tVE2 + E3),

j二i _
畐=—s (㈤卩i — + 氏)=一'由，

乙

c = -^CVEyV + tE2V -tVE2+E3)^A1.

By the exact sequence

hi(c〃「。*)-& H2(cn/r,z)亠 n2(cn/r,o),

for anyE G ZT2(Cn/r, Z), there exists a line bundle L e H\Cn/r, O*) 
3uch that ci(X) = E 寸 and only if
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(3.9) i(E) = 0m H2(Cn/r,0).

From (2.10), (3.9) %s equivalent to

(3.10) E°i2 is d~exact.

Since EQi2 is a constant form, from the lemma 2.1 of [2], (3.10) is 
equivalent to

(3.11) tVE1V + tE2V — iVE2 + E3 = 0

From (3.6), (3.8) and (3.11), we obtain

(3.12) E° = 1 Al3dzt A dz3 + : E*jd机 A dz3

戚* g+i<i,j<n

+ B勺d% A dz3 — £ A3idzt A dz3,

i<7<?

Further^

(3.13) -Bi = [Bi3] 1 < i" < q\ is a skew-Hermitian matrix and

— [Et3;q + 1 W 毎 j V 이 让 a real skew-symmetrie matrix.

From (2.7), Ec 让 cohomologuous to

(3.14) Er := 2 Bt}dzt /\dzj + £ Atjdzt A dzj
l<t<7

一 £ A3tdzt A £ Ei3dzt A dz3.
g+l<i<n g+l<t^<n

From (3.13), we see that Er is a real (1, Inform with constant coeffi
cients on Cn/r. We set
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S1'1 :={F-F= £ F^dzz\dz3+ £ F%dz, A dzj

g+l<j<n
—F^tdzt A dz3

g4-l<t<n 
i<7<?

+ 2 52 理网A闻

為 a real (1, l)~/orm gth，constant coefficzents on Cn/r 例사& that F3 := [F^] 
is a real skew-symmetric matrix}

Then Er G . We have the following

Theorem 3丄 Let Cn/r be a toroidal group, where r is generated by 
{el，七 处 宀 %})V = [sj = 阮 , • - 整gL E = * 531<i}j<n4-g 호，3허r 人

dtj G H2(C〃「,Z) and 因摂= ,电)here Ex € ZnXn, and
—-C/2 也 3

E3 e Z^xg.
Then the following statements are equivalent

(1) There exists a line bundle L on Cn/r such that 勺(乙)=E.

(2) + lE2V - WEa + 码=0
(3) There exists a real (1, Inform Er G such that E zs cohomo

loguous io Er。

(4) There exists a real (1, Inform Er 6 £1}1 such that

(3.15) E\Tr xTr = EK\Tr x Tr.

When these hold} the real (15 Inform Er £ 이」%s uniquely determined 
by E.
Proof (1) 슴) (2) This follows from (3.10) and (3.11)

2n
(3) => (4) By lemma 2.幼 we have 1 -form 此=此 such that

—— 거

E — Er = d必.Hence E\Tr x Tr = Er|4 x Tt.
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(4) (3) Let G = E — Er。Since E — Er is d-closed 2-form} there
2n

exists a unique E1 € C{dii, • • ^dtn^q} and a l-fcrm " = 此
«=i

such that E — Er = ]미 + dp'. Smce 匕矽x 2r = 0, 矽 三 0. Hence 
E ~ Er.
(2) => (3) It follows from (3.12) and (3.14).
(3) (2) Let F E £1}1 be cohomologuous to E. Substituting (2.7) to 
F, by the uniqueness of Fq for F} we have Fc = Eq. Hence EQ,2 = 0 
and (2) holds.
The uniqueness of Er. In the proof of (3) => (2), we see that the coef
ficients of Fq are completely determined by ones of F. Conversely the 
coefficients of F are completely determined by ones of Fq. These cor
respondence is one to one similarly to those between (3.12) and (3.14). 
Since Fq = Eq is uniqu시자 defined by E} F is uniquely determined by 
E.

We note that C. Vogt([7]) proved the equivalence of (1) and (2), 
using the theory of multiphers for complex hne bundles on Cn/r.
Let E = § £ Etjdtt A dt3 C H2(Cn/T^ Z) and

l<i,j<n4-9
Er= £ Ft3dzt A dz3 € f1*1 such that E ~ Er. We put

(3.16) H := 27=1 [F盘

Since [区项]is skew-Hermitian, H is a Hermitian matrix. For a = 
2n a

£愼1冬盈・ G T1, we put a := a 4-CT =厂 € &. By (1.9), we 
t=l

can identify a with z(ai, - • -,an) E Cn} and a with +顼• •, 32n) € 
R호" and Er is a real skew-symmetric form on 7r and R2n . Put 
H(a,r) := taHr} for a, r G Cn. Then for any a, r € Cn, we have

(3.17) = ER(a;r).

We set

J。」:={H]H is a Hermitian form on 尸 such that ImH E 51,1) 
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Since a Herrmtian form is 힌，Mquelg determined by its imaginary part, 
from theorem 3,1 we have the following

Theorem 3.2. Let Cn/r be a toroidal group, where r is generated by 
{e» 花，••，％}, and E = j Si<,,；<„+? Ei3dtt/\dtj 6 F2(Cn/r, Z). 
Then the following statements are equivalent.

(1) There exists a line bundle L on Cn/T such that 力(乙)=E.

(2) There exists a Hermitian form H € 7Y1,1 on 7히 such that

(3.18) ImH\Tr xTr = E\Tr x 牛

(3) There exists a Hermitian form H € 7Y1,1 on Cn such that

(3.19) Im£T|Rr x Rp = E|Rr x Rr.

Farther^ when these statements hold, the Hermitian form H E T~Lljl 
which satisfies (3.18) or (3.19) is uniquely determined by E.

F. Capocasa and F.Catanese([l]) proved the existence of Hermitian 
form which satisfies (3.19) in theorem 3.2. Our result gives a charac
terization of such Hermitian forms which satisfy the uniqueness.

Let L be a complex hne bundle on Cn/T. Then L %s defined by 
multiph ers {ex(z') E /T°(Cn, O*); A E「} for L which satisfy for any 
z e Cn

(3-20) Ct羽(？)= + 人2)e羽(？)for any Ai, A2 e

For each A G there exists f人(z) G fi"°(Cn,O) such that 
以(z) = exp(27「/项Let E = ci(Z) G H2(Cn/T^ Z), then we 
have for any 人人2 C 亍([5]),

(3.21) E(為, 扇) = fx2(z + 서) + Ai(^) 一 + 人2) - /a2(^)

A complex line bundle is called a theta bundle if it is defined by the 
multipliers {exp(Q*(z)); a入(z) is a linear polynomial for A G「}. A 
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map q :「一，C； = {z E C; I히 = 1} is called a semicharacter for E if 
it satisfies a(Ai + 人2) = expl-E(Ai, A2)a(Ai)a(A2)fo하 班, 人2 W 
Let H be a Hermitian form satisfying the statement of (2) or (3) in 
theorem 3.2 for E and a a semicharacter for E・ Put

qr
(3.22) gx(z) := q(시 exp(7rH(z, 시 + -H(A, 시)

厶

Then g，x(z) satisfies (3.20). Let Lq be a complex line bundle on Cn/T 
defined by the multipliers {g入(z);人 6「}. Then Lq is a theta bundle 
and from (3.21), we have

(3.23) cj(Zo) = ImH.

This means that ci(Lo)= 勺(乙)= E. Hence we obtain the following
Theorem 3.3 Let L be a complex line bundle on Cn/r, then there 
exist a theta bundle Lq and a topologically trivial complex line budle 
Li on Cn/r such that L = 区 L초

This theorem was first proved by C. Vogt/5]. We proved this theo
rem by constructing a theta bundle from the Hermitian form which is 
uniquely determined by L.
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