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SIMPLER AXIOMATIC SYSTEMS
OF LATTICE TOPOLOGIES

J. Meng*, Y. B. Jun** and X. L. Xin*

In 1984, P. Z. Wang ［이 gave several axiomatic systems of lattice 
topology, and obtained some results.

In this paper, we simplify some axiomatic systems. In particular, 
the 7 axioms of net convergence relation are simplified into 5 axioms 
of it.

DEFINITION 1. Let (L; >) be a complete lattice with the greatest 
element 1 and the least element 0. Then (L; >) is said to be dual if 
there is a map c : L t L such that

(1) (ac)c = a for all a G 2/5
(2) (a V 0)。= ac A j5c and (a A 0)。= ac V /?c for all a, € L.

Throughout this paper, L always means a complete dual lattice and 
we note that the relation is the inverse of "Z七

For any nonempty subsets A and B of L, define 4 ~ B if and only 
if Va E A 3/3 E B such that a > /?, and € 3 크a Esuch that
8 Z u

DEFINITION 2. A nonempty subset R of L is called a filter if
(3) Va, /3 E L a > and 0 £ R 今 a £ R>
(4) Va, 0 C R 羽 E R such that a > 7 and > 7.

Denote by r(L) the set of all filters of L. We first give a characteri
zation of filters.

LEMMA 1. A nonempty subset R of L is a filter of L if and only if 
it satisfies (3) and

(5) Vet,/? G 2?, a A e .R, 
where a g = inf{a,/3}.

Proof. It is sufficient to show that if R satisfies (3) then the con
ditions (4) and (5) are equivalent. The fact that (5) implies (4) is
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obvions, because > a A If satisfies (4), 난i&t is,€ R 
37 € -R such that a > 7 and > 7, then a A > 7. It follows from (3) 
that a /\ P E R. 모his completes the proof.

Lemma 2. If Rtl)t E Ty is an indexed family of filters of L, then 
r\{Rt : t E T} is a filter of L.

Proof. Obvious.

Definition 3. Denote

nL = {n\n : L t t(L) such that (nl) - (n3)}, 

where
(nl) n(0) = Z,
(n2) 8 € Mq) =>(37)((^ > 7 > tt)((V^)(7 N 5 今 g € n(<5)))?
(n3) n(V{% : t e T}) =「){n(%) : t G T}.

모hen n € n/, is called a neighborhood structure of L, n(a) is called 
a neighborhood system of a, and N = U(n(a) : a e L} is called the 
neighborhood system of L.

Theorem 코. If n E then
(n4) & 6 n(a) => ^ > a.

Proof. By (n2), we know that

B e 72(Q)》(크7)W > 7 > a) > a.

REMARK L In [4], the axiomatic system of the neighbo사ux)d struc
ture of L was given by (nl) 一 (n4). But Theorem 1 above shows that 
it can be defined by (nl) - (n3) only.

Definition 4. Denote

rj, = {(*£ P(r(L) x L)|f* satisfies (rl) - (r5)}, 

where
(rl) (R,0) € 丑=Z,
(r2) Va G (d,a) G 七 where a ~ {fi E 피0 > a},
(r3) Vt e T? (R,a) G P and J? D Q{Rt : t 6 T) =^> (K点)e f ・ 

Define /3[ot if and only if (V2? € 丁(£))((•& a) €(*=>/?€ 72).
(r4) /3[a => G이((0 > 7 > a)((V<^)(7 >8=^ 疝))),

(r5) Vi G T,创％ 命创 V at.
끄

Then is called a filter convergence relation of L. If (J?, a) € 匚 

we say that R converges to a, and is denoted by J? I* a.
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Proposition 1. Iffe. rL then 넌t e T^[at 스〉闰建;%。

Proof, Sufficiency If V % then by (r4) we have
££ 끄

(予y)(W > 7 > 名어(('而)S 2 # 7^)))-

Since 如 < ** < 7 for every f G T, it follows that 시畐 for all t G T. 

Let R G r(L) satisfy R at (Vi g T). Then 7 6 JJ. Combining > 7, 
we get 0 £ R by (3). This shows that /3[at (V< g T).

Necessity is clear from (r5). The proof is complete.

Theorem 2. Let Pc rL. Then
(r6) RC a and R C Rf a.
(r7) Rtf a (Vt e T) Q{Rt ” € 7} P %
Conversely if P(t(L) x L) satisfies (rl), (r2), (r4)} (r5), (r6) and 

(r7) then (r3) holds, and hence r^.

Proof. (r6) follows directly from (r3). By Lemma 2 we know that 
D{jF?t : i € 7} is a filter of L. Hence (r7) holds by (r3).

Conversely let 卩€ 7?(r(L) x L) satisfy (rl), (r2), (r4), (r5), (r6) and 
(r7). Suppose Rt t a (Vi G T) and let R D「1{此:t € T}. Then by 
(r7)? Q{Rt : t E T} f a. It follows from (r6) that R「a. Thus (r3) 
holds.

REMARK 2. The axiomatic system of filter convergence relation in 
[3] consisted of (rl), (r2), (r4), (r5), (r6) and (r7). Theorem 2 above 
shows that the above conditions are equivalent to the conditions (rl), 
(r2), (r3)5 (r4) and (r5). Hence Definition 4 is a simplification of ax
iomatic system of filter convergence relation in [3].

In the proof of the following proposition, P Z. Wang have been 
used the notion of neighborhhood system. But we prove it without the 
notion of neighborhood system.

Proposition 2 ([3, Proposition 2.3]).丑rL, then
(r8) a and > a => B I* a1.

Proof. Denote r(a) = {J? G r(L) : R f a). Observe that P\a is 
equivalent to 6 C\{R : R £ 丁(a)}. By Proposition 1, we have

岛 n 0 ： R £ ?(%)} = n{K: R e 死*产)}.



278 J. Meng, Y. B. Jun and X. L. Xin

If > a thenV a = a1. Thus

(n{2?: R G r(a)}) n (n{R: R e t(矿)})

=n{J? : R C r^a1 V a)}

=n{J2 : R E 丁(/)}.

Hence Q{R : R € r(a)) D n{R : R G r(a,)}. If J? f* a then

R D n(J? : R e r(a)} D n(/? : R e 丁(/)}.

It follows from (r3) that R I* a1. This completes the proof.

A binary relation > directs a set T if T is non-void and
(a) if m,n,p € T are such that m>n and n > p, then m>p\
(b) if m € T, then m > m;
(c) if m,n G T, then there is p ET such that p>m and p > n.

A directed set is a pair (T, >) such that > directs T. A net is a pair 
(S)>) such that S is a function and > directs the domain of S.

DEFINITION 5・ Let (T, >) be a directed set, (£><, >t) a directed set 
for each t in 꼬, and let II = x T. Define a map 3口 : II L 

teT
by cun(/,i) = 3心2)) for each (/,f) e II, where : Dt L (t E T) 
is a function. Then we say that u?n is the product net generated by 
{(-Dt? 如) : t C 끄}.

Let W = VK(L) be a set of nets in L. Consider the following condi
tions:

(tul) If D is a filter of £, then ip € Wy where zp is the identity map 
of Z).

(cu2) Let P be a directed set and let Df be a directed subset of D. 
If 3 : 2? 乙 is a net, then u/ = u?|2)/ is also a net, where 이!?' 

is the restriction of u? on D1.
(cu3) Let 3七 : D춘 一* L (Vi G T, a directed set). If 糾 C W (t G T), 

then the product net u?n € W.

DEFINITION 6. If TV = W(L) satisfies the conditions (u;l) - (w3), 
then we say that W is sufficient.

Given a net 3 : D t L ((2?, >) is a directed set), denote 

F(3)= {a G L : 3(d) < a eventually),

where ”3(d) < a eventually,, means that there exists do jD such that 
d < do implies 3(d) < a.
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Definition 7. Let W be a set of nets in Z, which is sufficient. 
Denote

Il = (\ |\C W x L such that (Zl) - (Z5)})

where
(Zl) (u?,0) €\盘》s(d) = 0 eventually,
(⑵ w(d) < a eventually => (iu,a) €\,
(Z3) (*q) G\ (Vi E T) and F(u?) D「I 1고(叫) => (u?,a) G\ .

t^T
If for every EW

(3,q) 3(d) < g eventually,

then we say that 0 covers a.
(Z4) If 0 covers a, then

(于y)((0 > 7 > a)((V^)(7 > 6 y covers <S))),

(Z5) If /3 covers % (t E T), then g covers

Then \€ Il is called a (%，)net convergence relation on L. If 
(cu, a) G\, we say that 3 converges to a, denoted by 3 \ a.

PROPOSITION 3。If \€ 1如 then 0 covers % (t ET) if and only if 
0 covers V %, 

ter

Proof. Necessity follows from (Z5).
Sufficiency. Suppose g covers V at. Then by (Z4),

tgr

(3y)((0 > 7 > V afJ((V5)(7 > 6 => 7 covers &))).
tET

Since 7 > V % M % (t £ T), taking 6 = at we have that 7 covers at

(t € T), and hence 0 covers at (t € T). This completes the proof.

THEOREM 3. Let Z乙.Then \ satisfies the following conditions:
(16) If\ at E L (t E T) and 3* \ % where T is a directed set 

and cj* : T -4- £ is defined by u?*(t) = % for each t E T, then 
Si \ Q；

(Z7) If to \ a and a1 > a7 then 3 \ a1;
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(Z8) Let u> be a net. If for each subnet 3’ of cu, there is a subnet 
3" of 3' such that 3" \ a, then 3 \ 怎

Proof. Denote W{o) = {u? g W : a; \ a} and

r(a) = (/?€£:/? covers a, and (V6)(^ 2.8=，。covers 8)}.

The fact that g covers a is equivalent to

0m{F(3)：3CW(a)}.

Obviously (Z4) means that

n{F(tu): 3 e w(q)} ~ r(a).

Therefore w \ a 4=> F(3)D r(a). We now show that u?n \ a. Since 
3덜‘ \ a, therefore D「(서!). Let 7 € r(a). Then 난lere is io € T1 
such that 3*(t) = ott < y whenever t < So 7 covers u?*(i) = at 
(t < to)- It follows from u)t \ at that there is d* g Dt such that 
0(由)< 7 (i < i0) whenever dt < dj, where Dt is the domain of a net

If we take (/o,io) in II = ( J] Dt) x T, where 
ter

d\ if t < 奴

any element in Dtj otherwise, 

then for every (/,t) C II with (/,/) < (/o?^o)i we have t < Iq and 
f(t) < /o(O = d\ where f(t) e Dt. Thus 知£t) = 3心"))< 7. 

This proves that F(cun) D「(Q)・ Therefore(血 \ a, and (Z6) is true.
We notice that Proposition 3 is equivalent to

(6) 禺, n U구&): 3 e w(at)} = n{F(cu): w e 归]#%)}：

If 시" 2 a then & a = 시. By (6) we have

(n{F(s): 3 e 卬(a)}) n (n{F(a；): 3 e W(R)})

=「1{1구(3) : 3 G W(a1 V a)}

= n{F(3)sG")}。

Hence D(F(u;) : 3 G W(a)} D n(F(a?) : 3 E W(q')}. If 3 \ a 나len 
3 G W(a). Therefore

尸(3) D n{F(w) : w G W{a}} D n{F(a;) : 3 € W(/)}・

/o(^)=
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It follows from (Z3) that 3 \ which proves (Z7).
In order to prove (Z8), let 0; : » Z be a net such that for each

subnet 3' of u?, there is a subnet 3" of 3' satisfying 3" \ % but 3 does 
not converge to a. Then by (23), we have F(")力 n{F(u;) : 3 G W(a)}. 
Hence there exists £ A(F(u?) : 3 G but 伉 牛尸("). The
latter means that

⑺ (Vrf e 以印，e D)((시 < 顿") 区 知)).

Let D1 = {시 E D : 3(d‘) 4二 &)}. Then >) is a directed subset of 
(Dj >). Since W is sufficient, it follows that 3' G W. By (7) we have

(8) /(d)区既 for all dG DL -
For each subnet a)u of 此 we will prove that 3" does not converge to 
ot. If 3" \ a then 3” € V矿(a). Therefore

硏此)d n{F(u；): 3 e 矽(#}.

Hence
(9) 狀 G F3) _

Let a) : 5 £ be a subnet of 3' such that there is a map N : D Df
satisfying the axioms:

(a) G3 = H o N、i.e., (yd E D) (cu(d) = cur(7V(cf))),
(b) 月d! eD1 3d eD such that (VJ G D\d <d^ N(d) < d) 

Thus (9) implies that

(크e D)((Vd e D)(d <d0 => 3(d) = ^(N(d)) < &))))。

This contradicts to (8), and hence (18) holds. This completes the proof.

THEOREM 4. If\G W x L satisfies (H) - (Z3) and (Z5) - (17), then 
it satisfies (I4)? and hence \G 赤.

Proof. It is similar to the final paragraph in the proof of {4; Theorem 
4.1.3].

Remark 3. In [3], the axiomatic system of net convergence rel&tio교 

was given by (/l) - (Z3) and (Z5) - (Z8). But we know that, from Theo
rems 3 and 4, the conditions (Zl) - (73) and (75) - 08) are equivalent to 
that of Definition 7. Hence (江)-(Z5) are a simplication of axiomatic 
system of net convergence relation in [3].
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REMARK 4. Following Definition 7, the non-uniqueness of the net 
convergence relation, i.e., (Z7), is a consequence of net convergence 
axioms.

REMARK 5。Theorems 3 and 4 also 아low that (18) is a consequence 
of (H) - (Z3) and (Z5) - (Z7). Hence the axiomatic system of net con
vergence relation in [3] is not independent.
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