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FUZZY IRREDUCIBLE IDEALS IN「—RINGS

Young Bae Jun and Chong Yun Lee

In 1965, Zadeh [11] introduced the notion of fuzzy sets in a set S 

as a function from S into [0,1]. Rosenfeld [9] applied this concept 

to the theory of groupoids and groups. In [6], Kumar discussed the 

fuzzy irreducible ideals in rings. Motivated by the study of Kumar, we 

discuss, in this paper, the fuzzy irreducible ideals in「-rings.

We first review some fuzzy logic concepts. Eo호 any fuzzy sets 卩 and 

in a set S, we define

// 으 〃 <=» 卩(z) < for all rr G X,

(“ D p)(x) = min{^(x), p(x)} for all x G X.

Let 卩，be any fuzzy set in a set S, The set

/火={z £ X : "(z) > where t € [0,1],

is called a level subset of 卩,*

Let S and Sf be any two sets and let / : S —> be any function. If

/z is any fuzzy set in S, then the fuzzy set v in S1 defined by

f sup «(c) if fT(g)尹 0,g € S', 
i/(y) = < z€L3)

I 0 otherwise,

is called the image of 卩，under /, denoted by :f (心 If i/ is a fuzzy set in 

/(S), then the fuzzy set /i in S defined by = i〈f(w)) for all z € S 

is called the preimage of v under f and is denoted by 厂'(，).A fuzzy 

set // in S is said to be /-invariant if

•f(z) = JN) => 〃(Z)= 0(0), where x,y E S.

A fuzzy set in a set S has sup property if, for any subset T of S, 

there exists xq E T such that

户(如)=sup//(t).
teT
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LEMMA 1 ([9]). Let f be a function defined on a set S. Then

(矽 “ 으 M any fuzzy set 卩，in S,

(b) 卩，—/-1(/(jU)) provided that 卩 is /-invariant for any fuzzy set 

卩 in Sj

(c) 5 G 闻今 f (时 Q f (阻)for any fuzzy sets 卩牛网也 S,
(d) = v for any fuzzy set v in f(S\

(e) ui C i/2 => Q /-1(^2)for any fuzzy sets Pi, ^2 in /(S).

Definition 1 ([1]). If M = {g,饥z,…} and r = …} are

additive abelian groups, and for all x^y^z in M and all a,in r, the 

following conditions are satisfied

(1) xay is an element of M,

(2) (x + y)az = xaz + yaz^ x(a + 0)y = xay + x/5y, xa(y + 2)= 

xay + xaz^

(3) (xay、)阪=xa^y^z),

then M is called a F-ring.

In what follows, M and Ml would mean F-rings unless otherwise 

specified.

Definition 2 ([1]). A subset A of M is a left (right) ideal of M if 

A is an additive subgroup of M and

MT A = {xay\x G Af, a € T, y G A}{ATM)

is contained in 4. If A is both a left and a right ideal, then A is a 

two-sided ideal, or simply an ideal of M.

DEFINITION 3 ([2]). An ideal P of M is said to be prime if for every 

ideals A, B of M、A£B C P implies 4 G P or B 으 F.

PROPOSITION 1 ([2]). Let P be an ideal of M. Then the following 

are equivalent:

(a) P is a prime ideal of M.

(b) For all x,y E M,彼ATg C P implies x E P or y E P-

Definition 4 ([5]). A fuzzy set /z in M is called a fuzzy left (right) 

ideal of M if

(4) ”(c -y}> min{“(c)m(g)},

(5) fi{xay) > “(y) (产伝이/) > 以0)),
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for all 2;, y £ Af and all a € T.

A fuzzy set // in Af is called a fuzzy ideal of M if 尹 is both a fuzzy 

left and a fuzzy right ideal of M,

We note that // is a fuzzy ideal of M if and only if

(4) X® ~y) > min{“(2)/(g)},

(6) "(cc씬/) > max{弘(:以产3)}, 

for all a:,?/ € Af and all a G T.

LEMMA 2 ([5]). A fuzzy set 11 in M is a fuzzy ideal of M if and 

only if the level subsets 卩"t C Im(fi), are ideals of M.

REMARK 1. It follows from (5; Theorem 5] that the level ideals 

of a fuzzy ideal 卩 need not be distinct. Moreover, the level ideals 

form a chain. As < /z(0) for all x 6 M5 therefore the level 

ideal 卩，桃七 = ^(0), is smallest in the family of all level ideals of 卩.If 

Zm(^) = {£眼知…J”} with 和〉切 > … > tn^ then the chain of level 

ideals of fi is given by

Mto U 卩y C … C I서f = M.

DEFINITION 5 ([4]). Let 卩 and u be fuzzy sets in M and let a G T. 

The product /iVv is defined by /iFv(x) = sup {min{户(g), “(z)}} and 
x~yaz

/zFi/(x) = 0 if x is not expressible as ⑦ = yazt

PROPOSITION 2 ([4]). Let 卩，and V be fuzzy left ideals of M. Then 

pt Qu is a fuzzy left ideal of M (similar results hold for fuzzy right ideals 

and fuzzy ideals). If 卩 is a fuzzy right ideal and v a fuzzy left ideal, 

then fi£v，弘「)〃・

DEFINITION 6 ([4]). A fuzzy ideal 户 of M is said to be prime if

(7) p is not a constant function,

(8) for any fuzzy ideals 匕 p in M, uTp C 卩 implies 〃 G 〃 or P 으 〃.

LEMMA 3 ([4]). If is any nonempty fuzzy set in M, then is a 

fuzzy prime ideal of M if and only if Im(fi) = {to：切} where 私 =1 

and ii G [0,1)7 and the ideal ptQ = {w C M|/z(x) = t0 = 1) is prime.
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DEFINITION 7. An ideal A of Af is said to be irreducible if for any 

ideals I and J of

A — I r\ J implies I = A or J = A.

DEFINITION 8. A fuzzy ideal “ of M is said to be fuzzy irreducible 

if it is not an intersection of two fuzzy ideals of M properly containing

THEOREM 1. 표' “ is any fuzzy prime ideal of M, then 诉 is fuzzy 

irreducible.

Proof, Assume that 卩 is not fuzzy irreducible. Then there exist 

fuzzy ideals v and A of M such that and /z C A. From

/z C and /i C A, we have that “(z) < 〃(⑦)and 叭g) V A(y) for some 

G M. If 卩，is constant, then 户(w)=卩(g) = /j,(xay) for all a G T.

Since

(功「시(gg) > A(y)}

> min{"3),0(?/)}

= “(w 이/),

it follows from Proposition 2 that (z/ D X)(xay) > /2(xay). This is a 

contradiction. If 卩，is nonconstant, then by Lemma 3, Im(/z) = {to^i} 

where to — 1 and 切 e [0,1); and the ideal 卩圮={x E =

io = 1) is prime. Following Remark 1, we have that the chain of level 

ideals of 私 is 卩怀 C M. Thus there exists s G [0,1) such that 卩，(硏=s 

for all x E M —卩将 Since i/(x) > and A(y) > //(?/), therefore 

冬 卜녀;v From the fact that 卩私 is a prime ideal of M> it follows that 

xVMTy @ r灿 i.e.? xaz^y £ fito for all € M and all € T, so that 

(j>(xoiz/3y) = s. On the other hand

(1/1 X)(xa邛g) > min{』:i沧z),入(g)}

> min{max(i/(n;), p(2)),人(g)}

= min{〃(z), 시0)}

> min{/z(a;),/z(y))

= s = 卩(xa 이3y).

Hence {y D X)(xaz^y) > 卩，(花azgg、))a contradiction. This completes 

the proof.
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THEOREM 2. Let 卩，be any non-constant fuzzy irreducible ideal of 

M. Then、
(a) 1 6

(b) there exists t G [0,1) such that 卩(花)=t for all x E M — “如 
where ㈣)={c € Af|/z(a:) = 1), i0 = /z(0) = 1,

(c) the ideal 卩喝 is irreducible.

Proof, (a). Assume that 1 牛 Then 必(0) V 1, say /z(0) = t0- 

Define fuzzy sets /妇 and 户2 ： M — [0,1] by

(x f 1 if z C %
/妲(£)= \ f . .

[卩3) otherwise

and 卩2(企)=/z(0) for all x G M. It follows from Lemma 2 that 卩and 

户2 are fuzzy ideals of M. We now show that 1丄=3卩以.If z € 卩圮 
then 卩(e) > tQ ~ /z(0), and so "(z) = “(0). But

(E「％2)(z) = min{“i(z)危2(£)}

=min{l, ^(0))

=弘(。)

=M*).

If x E M —卩圮 then

(灼所)(初)=min{"i(z)危2(花)} = min{户(z)/(0)}=戸(a)

Hence " = /妇所。Clearly 卩，C 3 and [丄 C 卬小 This contradicts 

the fact that 卩 is fuzzy irreducible. Therefore 1 G so that

io =产(0) = 1.

(b). It is sufficient to show that the chain of level ideals of 卩 is 

precisely “比 G M, Let 卩吒槌 6 [0,1), be any level ideal of 卩 such that 

p>tQ C C M. Then there exists 句 € [0,/) such that

(
1 if x e 卩 0

t if⑦£印一心

处 ii x E M —卩心
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1 it x E 如 

Si otherwise.
戸3(0 =

Define fuzzy sets /柘 and /i4 : M [0,1] as follows:

'1 if x e “如

户4(时= t if x e fit — Pt0 5

s2 if x e M -

where 力 V $2 V i. By routine cgilculations, we know that 阳 and 卩強 

are fuzzy ideals of M. Next we show that /z = /z3 ri /Z4. If x G 产如 then

(产3 n ㈣)(&) = min(^3(x),/x4(x)} = 1 =

If x € -[細 then

(“3“4)($) = min{产3("以 产4(@)} =" = /x(x).

1£ x E M — fit then

(“3 H 〃4)(£)= min{/z3(x),㈣(z)}=史=户(w)。

Thus /z = ^3 Cl 阳 It is clear that “ U 尹3 and /z C /X4. This contradicts 

the fact that /z is fuzzy irreducible. Hence the chain of level ideals of 

fi is fifQ C M, so that

"z)= ts ifz€M —用。，

for some s G [0,1).

(c).  Assume that 卩"is not irreducible. Then there exist ideals A 

and B of M such that /zto — An B、卩％ C A, /zto C B. Thus A is not 

contained in B and B is not contained in 4： and (A —女和)「I (3 — ///0) 

is the empty set. Let “5 and 伽 be fuzzy sets in M defined by

{
1 ifce 用。，

書)if a: € A - Hto, 

s if x E M — Ay

1 if c € m0, 

例(c) ={ to ii x E B - /itl
；O ?

i£ x E M —

where s •〈書)< 1. Then “5 and 卩，6 are fuzzy ideals of M satisfying

卩，=卩，5 n卩，秘卩，u卩5,卩(二阳

This is impossible as /z is fuzzy irreducible. The proof is complete.
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Definition 9. A mapping / : M —* M1 is called a T七homomor

phism if f(x + g) = /(x) + /(y) and f(xay) = f(x)af(y) for all 

x^y E M and a G T.

LEMMA 4 (［디). (a) A r-homomorphic preimage of a fuzzy left 

(right) ideal is a fuzzy left(right) ideal, (b) A r-homomorphic image 

of a fuzzy left (right) ideal which has sup property is a fuzzy left (right) 

ideal.

THEOREM 3. Let f : M t M1 be a r-homomorphism. Then

(a) if 卩 is a f-invariant fuzzy irreducible ideal of M with sup prop- 

erty? then f(#) is a fuzzy irreducible ideal of ML

(b) if 卩J is any fuzzy irreducible ideal of M1 and if every fuzzy ideal 

of M is f -invariant^ then 厂、(心 is a fuzzy irreducible ideal 

of M.

Proof. By Lemma 4, and 广~'(卩)are fuzzy ideals of Ml and 

M respectively. Assume that jf(乂) is not fuzzy irreducible. Then there 

exist fuzzy ideals z勺 and v2 of M1 such that /(/z) = 〃「1 p2? /(//) C 

Pi,/(/z) UAs « is /-invariant, it follows from Lemma 1 that

M = •厂'(zq n p2), M c 厂"1) and 卩 C

To show that D let x be any element

of M. Then

(•厂'(〃i n z々))(z)=(巧 n z々)(危))

=min{"q(了(z)), iy2(f(x)))

=min{(厂"1))(0, (■厂"2))(3；)}

=(广海)「1广(巧))3),

which implies that

•厂"i「山)=■尸(刃)「1厂1(“2).

Hence 卩—n 广'(&),卩，C 厂】(巧.),〃 C which con-

tradicts the fact that “ is fuzzy irreducible. Therefore /(/z) is fuzzy 

irreducible, which proves (a).
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To prove (b), assume that is not fuzzy irreducible. Then

厂'(心=C <7i and C <72 for some fuzzy ideals

b고 and 0,2 of M. It is evident from Lemma 1 that 卩! = /(ai Das), p! C 

jf(bi) and 卩! C Now we show that /(ai f](赤=/(ai) Cl /(<72).

Since。「고 n。任 C o-j and「1 的 C 6小 it follows from Lemma 1(c) 

that /(ax H 的)C A /((T2). To establish the reverse inclusion, let 

y 6 Afz, i = (/(ai) A /(<T2))(y) and e > 0 be any real number. Then

*~e < min{(y(ff1))(?/),(y(o-2))(y))

= min{ sup ax(a;), (/(o-2))(y)},

畦L(y)

which implies that t - e < bi(z) for some z € /-1(y) and t — e < 

(f(b2))(g). This means that t — e < <力(2)and

=(广1(丁(b2)))(z)

=c『2(z) since a2 is /-invariant.

Hence

t - e< min{“i(z)g2(z)} = (ai n a2)(2).

From z £ it follows that

J € V sup (ai A b2)(c) = (/(ax A a2))(y).

As € > 0 was arbitrary, therefore

i = (fM n < (/(ai n o-2))(y),

so that

jf(bi)「〕/(。2)으 /(^i na2).

Hence ” = /(cr1)n/((72),C /(aj) and『C fS), which contradicts 

the fact that 卩! is fuzzy irreducible, The proof is complete.

The following theorem is an immediate consequence of Lemma 1 

and Theorem 3.

THEOREM 4. Let f : M Mf be a r-homomorphism and let every 

fuzzy ideal of M be f-invariant. Then the mapping a it /(<t) defines 

a 1~1 corresp on den ce between the set of all fuzzy irreducible ideals of 

肱 with sup property and the set of all fuzzy irreducible ideals of Mf.
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