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FUZZY IRREDUCIBLE IDEALS IN I''RINGS
YOUNG BAE JuN AND CHONG YUN LEE

In 1965, Zadeh [11] introduced the notion of fuzzy sets in a set §
as a function from S into [0,1]. Rosenfeld {9} applied this concept
to the theory of groupoids and groups. In [6], Kumar discussed the
fuzzy irreducible ideals in rings. Motivated by the study of Kumar, we
discuss, in this paper, the fuzzy irreducible ideals in I'-rings.

We first review some fuzzy logic concepts. For any fuzzy sets 4 and
v in a set .S, we define

pCv<=ulz)<vy(z) forallzecX,
(0 v)(z) = min{u(z),v(z)} forallz e X.

Let y be any fuzzy set in a set 5. The set
pe = {z € X : p(z) > ¢}, wheret € [0,1},

is called a level subset of p.

Let S and S’ be any two sets and let f : § — 5’ be any function. If
@ 1s any fuzzy set in S, then the fuzzy set v in S’ defined by

sup p(z) if f~Hy)#0,ye S,
v(y) = {

zef~1(y)
0 otherwise,

is called the image of y under f, denoted by f{u). If v is a fuzzy set in
f(S), then the fuzzy set 1 in S defined by p(z) = v(f(z)) forallz € S
is called the preimage of v under f and is denoted by f~(v). A fuzzy
set i in § is said to be f-invariant if

f(z) = fly) = u(z) = pu(y), wherez,y € S.

A fuzzy set p in a set S has sup property if, for any subset T of S,
there exists ¢ € T such that

(o) = sup u(t).
1eT
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LEMMA 1 ([9]). Let f be a function defined on a set S. Then
(a) u C f~1(f(u)) for any fuzzy set p in S,
(b) u = f~Yf(n)) provided that y is f-invariant for any fuzzy set
pin S,
(c) p1 C p2 = f(p1) C f(p2) for any fuzzy sets py, p2 in S,
(d) f(f~Yv)) = v for any fuzzy set v in f(S),
(e) vi Cvp = 1) C f~}1e) for any fuzzy sets vy, ve in f(5).

DEFINITION 1 ([1]). ¥ M = {z,y,z,..} and T = {a, 8,7, ...} are
additive abelian groups, and for all z,y,7 in M and all a,f in T, the
following conditions are satisfied

(1) zay is an element of M,

(2) (z +y)az =zaz +yaz, a(a+ fly = zay + 20y, za(y +2) =
ray +raz,

(3) (zay)Bz = za(ypz),
then M is called a I'-ring.

In what follows, M and M’ would mean T'-rings unless otherwise
specified.

DEFINITION 2 ({1]). A subset A of M is a left {right) ideal of M if
A is an additive subgroup of M and

MTA = {zaylz € M,a €T,y € A}{ATM)

is contained in A. If A is both a left and a right ideal, then A is a
two-sided ideal, or simply an ideal of M.

DEFINITION 3 ([2]). Anideal P of M is said to be prime if for every
ideals A, B of M, ATB C P implies AC Por BCP.

PROPOSITION 1 ([2]). Let P be an ideal of M. Then the following
are equivalent:
(a) P is a prime ideal of M.
(b) For all z,y € M, 2TMTy C P impliesz € P ory € P.
DEFINITION 4 ([5]). A fuzzy set uin M is called a fuzzy left (right)
ideal of M if

(4) p(z - y) 2 min{p(z), u(y)},
(5) plzay) > u(y) (u(zay) > p(z)),
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forall z,y € M and all a € T..

A fuzzy set pin M 18 called a fuzzy ideal of M if u is both a fuzzy
left and a fuzzy right ideal of M.

We note that g is a fuzzy ideal of M if and only if
(4) ple —y) 2 min{u(c), u(y)},

(6) u(zay) = max{u(z), u(y)},
forall e,y €¢ M and all ¢ € T

LEMMA 2 ([5]). A fuzzy set u in M is a fuzzy ideal of M if and
only if the level subsets p;, t € Im(y), are ideals of M.

REMARK 1. It follows from [5; Theorem 5] that the level ideals
of a fuzzy ideal u need not be distinct. Moreover, the level ideals
form a chain. As u(z) < u(0) for all z € M, therefore the level
ideal g, t = p(0), is smallest in the family of all level ideals of p. If

Im(u) = {to,t1,...,ta} with ¢y > t; > ... > t,,, then the chain of level
ideals of p is given by

Bt C gy C oo C phe, = M.

DEFINITION 5 ([4]). Let p and v be fuzzy sets in M and let o € T
The product ul'v is defined by pl'v(z) = sup {min{u(y),»(2)}} and

T=yaz
plv(z) = 0 if 2 is not expressible as z = yaz.

PROPOSITION 2 ({4]). Let y and v be fuzzy left ideals of M. Then
#Nv is a fuzzy left ideal of M (similar results hold for fuzzy right ideals

and fuzzy ideals). If p is a fuzzy right ideal and v a fuzzy left ideal,
then uI'v C pNw.

DEFINITION 6 ([4]). A fuzzy ideal u of M is said to be prime if
(7) p is not a constant function,
(8) for any fuzzy ideals v, pin M, vT'p C pimplies v C por p C 4.

LEMMA 3 ({4]). If u is any nonempty fuzzy set in M, then u is a
fuzzy prime ideal of M if and only if Im(u) = {to,t1} where tq = 1
and t; € {0,1), and the ideal y;, = {x € M|u(z) = to = 1} is prime.
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DEFINITION 7. An ideal A of M is said to be irreducible if for any
ideals 7 and J of M,

A=INJimpliesI = A or J = A.

DEFINITION 8. A fuzzy ideal u of M is said to be fuzzy irreducible
if it is not an intersection of two fuzzy ideals of M properly containing
78

THEOREM 1. If y is any fuzzy prime ideal of M, then p is fuzzy
irreducible.

Proof. Assume that u is not fuzzy irreducible. Then there exist
fuzzy ideals » and A of M such that gy = v A, ¢ Cv and g C A. From
p C v and p C A, we have that p(z) < »(z) and p(y) < A(y) for some
z,y € M. If xis constant, then u(z) = u(y) = p(zay) for all a € T.
Since

(TA)(zay) 2> min{v(z), A(y)}
> min{p(z), u(y}}
= p{zay),

it follows from Proposition 2 that (v N A}(zay) > p(zay). This is a
contradiction. If u is nonconstant, then by Lemma 3, Im(y) = {to,¢;}
where ¢ = 1 and ¢, € [0,1); and the ideal uyy = {& € M|u(z) =
to = 1} is prime. Following Remark 1, we have that the chain of level
ideals of y is py, C M. Thus there exists s € [0,1) such that u(z) = s
for all ¢ € M — py,. Since v(z) > u(z) and My) > u(y), therefore
Z,Y & 1, From the fact that p,, is a prime ideal of M, it follows that
T MTy € pg,, 1.€., zozBy & py, forall z € M and all @, 8 € T, so that
p{zazBy) = s. On the other hand

(vTA)zazfBy) > min{v(zaz), A(y}}
> min{max{u(z), (z)}, \(¥)}
— min{v(z), \)}
> min{p(z), x(y)}
= s = p(zazfy).

Hence (v N A)(zazBy) > p(zazPy), a contradiction. This completes
the proof.
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THEOREM 2. Let u be any non-constant fuzzy irreducible ideal of
M. Then .

(a) 1 € Im(p),

(b) there exists t € [0,1) such that u(z) =t for all z € M — py,,
where pi, = {x € M|u(z) =1}, to = p(0) =1,

{(c) the ideal u;, is irreducible.

Proof. (a). Assume that 1 & Im(u). Then u(0) < 1, say u(0) = 6.
Define fuzzy sets u; and up : M — [0,1] by

1 if 2 € Higs
u(z) otherwise

m(z) = {

and ps(z) = p(0) for all z € M. It follows from Lemma 2 that p; and
g2 are fuzzy ideals of M. We now show that ¢ = py Ny, If z € py,
then u(x) > to = p(0), and so u{z) = u(0). But

{1 N p2)(z) = min{pi(z), pao(x)}
= min{1, u(0)}
= 1(0)
= u(z).

ifreM-— py, then

(#2 N p2)(2) = min{y(2), pa(2)} = min{p(z), p(0)} = w(z).

Hence pp = p3 N po. Clearly ¢ C gy and ¢ C p2. This contradicts
the fact that y is fuzzy irreducible. Therefore 1 € Im(u), so that

(b). It is sufficient to show that the chain of level ideals of p is
precisely u,, C M. Let uy,t € {0,1), be any level ideal of i such that
#1, C py C M. Then there exists s; € [0,¢) such that

1 ifz € py,,
wz) =<t ifx € py— gy,
sy iz €eM-—p,.



266 Y. B.Junand C. Y. Lee

Define fuzzy sets p3 and py : M — [0,1] as follows:

1 ifwep’to:
32 if:cEM—m,

1 iz € pyy,

81 otherwise,

u3(z) = {

where 3; < 83 < t. By routine calculations, we know that g3 and pyq
are fuzzy ideals of M. Next we show that g = p3 Nuy. If ¢ € py, then

(p3 N pa)(@) = min{ps(2), pa(2)} = 1 = p(z).
€ py— py, then

(p3 N pa)(z) = min{pa(z), pa(z)} = t = p(z).
If z € M — u, then

(13 N pa(z) = min{ps(z), pa(z)} = 51 = p(z).

Thus p = p3 N pg. It is clear that p C g3 and g C pg. This contradicts
the fact that u is fuzzy irreducible. Hence the chain of level ideals of
pis gy, C M, so that

1 if(teﬂgo,
wz) = .
s ifzx €M — py,,

for some s € [0,1).

(c¢). Assume that p,, is not irreducible. Then there exist ideals A
and B of M such that gy, = AQ B, py, C A, pty, C B. Thus A is not
contained in B and B is not contained in A4, and (A — pg, )N (B — p1,)
1s the empty set. Let us and ue be fuzzy sets in M defined by

1 iz € py,, 1 ifz € py,,
ps(z) =9 t fz€A—p,, pe(z)=1{ t ifz€B— puy,
s fzreM~—A, s ifzeM-B,

where s < 5 < 1. Then uys and pg are fuzzy ideals of M satisfying

o= ps Npg, p C ps, pt C fe.

This is impossible as p is fuzzy irreducible. The proof is complete.
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DEFINITION 9. A mapping f : M — M' is called a I'-homomor-
phism if f(z +y) = f(z) + f(y) and f(zay) = f(z)af(y) for all
z,yeEManda el

LEMMA 4 ({5]). (a) A T-homomorphic preimage of a fuzzy left
(right) ideal is a fuzzy left(right) ideal. (b) A T'-homomorphic image
of a fuzzy left(right} ideal which has sup property is a fuzzy left(right )
ideal,

THEOREM 3. Let f: M — M’ be a I'-homomorphism. Then
(a) if p is a f-invariant fuzzy irreducible ideal of M with sup prop-
erty, then f(u) is a fuzzy irreducible ideal of M.
(b) if ¢’ is any fuzzy irreducible ideal of M' and if every fuzzy ideal
of M is f-invariant, then f~(y') is a fuzzy irreducible ideal
of M.

Proof. By Lemma 4, f(u) and f~*(u) are fuzzy ideals of M' and
M respectively. Assume that f(u) is not fuzzy irreducible. Then there
exist fuzzy ideals v, and vy of M’ such that f(u) = v Ny, f(u) C
v, f(i) C v2. As p is f-invariant, it follows from Lemma 1 that

p= "1 D), p € F N (ve) and p C F(ve).

To show that f~!{(17 Nwy) = fF~ 1y )N f~ (22), let z be any element
of M. Then

(T Nea))(a) = (N ra)(f(z))
= min{u (f(2)), v2(f(2))}
= min{(f 7' (11))(z), (f 7 (v2))(=)}
= (f71(n) 0 f 7 () (=),

which implies that
F Yo nw)= £ )0 71 m).
Hence pp = f~{(v1) N fFYw),u C f72 (), ¢ C f(v2), which con-

tradicts the fact that u is fuzzy irreducible. Therefore f(u) is fuzzy
irreducible, which proves (a).
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To prove (b), assume that f~1(u') is not fuzzy irreducible. Then
F7Hp') = a1Noy, f~Yu') C oy and f~{(u') C oy for some fuzzy ideals
o1 and o2 of M, It is evident from Lemma 1 that g’ = f(o1Nog), ¢’ C
f(o1) and p' C f(o2). Now we show that f(o; No2) = f(a1) N foz).
Since 0 Moz C o1 and 03 Nay C o3, it follows from Lemma 1(c)
that f(o1 No2) € f(o1) N f(o3). To establish the reverse inclusion, let
y €M, t =(f(01)N f(o2))(y) and € > 0 be any real number. Then

t — ¢ <min{(f(o1))(¥), (f(o2))(¥)}
= min{ sup a1(2), (f(o2))¥)},

z€f~Yw)
which implies that ¢ — ¢ < oy(2) for some z € f~(y) and t — ¢ <
(f(o2))(y)- This means that t — e < 01(z) and
t —e < (fla2))(f(2))

= (/T (fle))(2)

= 03(2) since oy is f-invariant.
Hence

t — ¢ < min{oy(z),02(2)} = (a1 N a2)(2).

From z € f~Y(y) it follows that

t—e< sup {o1No)(z)={(f(or No2))(y).
T€f-(y)

As e > 0 was arbitrary, therefore

t = (f{o1) N flo2))(y) < (flor Na2))y),
so that
fle1) N f(o2) € fo1 Nor).
Hence u' = f(o1)Nf(02), ¢’ C f(o1) and @' C f(o,), which contradicts
the fact that p' is fuzzy irreducible, The proof is complete.

The following theorem is an immediate consequence of Lemma 1
and Theorem 3.

THEOREM 4. Let f: M — M' be a I'-homomorphism and let every
fuzzy ideal of M be f-invariant. Then the mapping o + f(o) defines
a 1-1 correspondence between the set of all fuzzy irreducible ideals of
M with sup property and the set of all fuzzy irreducible ideals of M.
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