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ON THE PROPERTIES OF JOINTLY OPERATORS
HAIGON JE*, YOUNGSIK PARK AND CHEONSOUNG RYQO

1. INTRODUCTION

Throughout this paper, H will a complex Hilbert spac¢e and all op-
erators on H will be assumed to be linear and bounded.

B{H)" will denote the set of all n-tuple of operators T = (T}, T3,
coisTn). For T = (11,Ty,...,T,) € B(H)" and z € H,we denote

Tzl = (3 ITel?)?,

=1

n
(Tz,2)] = (R I(Tz, ).

=1
Let 0,(T) denote its approximate point spectrum, o;(T) its left spec-
trum , o.(T) its right spectrum, oy(T) its Harte spectrum, o'(T) its
commutant spectrum, ¢'(T) its double commutant spectrumn, or(T')
its Taylor spectrum, op(T) its polynomial spectrum, W(T) its joint

numerical range and w(T"} its joint numerical radius.

The joint operator norm and joint spectral radius of T 1s defined by

17l = sup. 7],

=zl <

ro(T) = sup{|A] : 0.(T)},

where 0y = or,01,0,0u5,0' 6", 00 or op, and vy = re, vy, rH, T P T
or rp. Let we denote ¢ = 04,061,054 or o and r = rp,ry, vy O rp.

The maximal joint numerical range of 7' is defined by the set Wy(T)
= {’\ : ((T]irn,l"n), (Tga:,,,xn),. .- ,(Tnmnaxﬂ)) —+ A= (A11A21 SRR ’\ﬂ)1
izl = land|Tz,|| — ||T)|}, where A = (A1, X, ..., ) € C™
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We shall call T jointly normaloid if |T|| = r(T') and call T jointly
transloid if T'— A = (T} — A1, T2 — Az, ..., T — Ay) is jointly normaloid
for any point A € C*.

Any n—tuple of commuting operators T = (T1,T%,...,T) on a
Hilbert space satisfies the inequality

sup {|Tz| - |(T=,2)"} > Rt

lzft=1

where Ry is the radius of the smallest ball containing the Taylor spec-
trum of 7. Moroever, if T' is jointly transloid, then the equality holds.
(Fan Ming [1})

We shall define the jointly transcendental radius My of T' = (1}, T3,
..., Ty} as M1 = B2 where

Br = sup {|Tz|* - |(Tz,2){*}.

Tll=

In Takaguchi [2], the center of mass for an n—tuple of operators has
been defined and stated that the center of mass of T is coincident with
the center of the smallest sphere containing the joint spectrum of T in
case of a jointly transloid n~tuple T = (T1,T3,...,Ts) of operators.

In this note we shall define the jointly centroid operator with the
center of mass for an n—tuple of operators and state the properties of
this class of operators.

With the properties of jointly centroid operators we can find a
new inclusion relation between jointly centroid operators and jointly
transloid and show that the center of mass of jointly centroid opera-

tor is coincident with the center of the smallest elosed ball containing
o(T).

2. CENTER OF MASS FOR AN n—TUPLE
OF OPERATORS T = (T}, T,...,Tn)

THEOREM1 (TAKAGUCHI {2]). For an n-tuple T = (11, T3,...,Ta)
of operators the following condition are equivalent.

(1) ITI? + |A? < ||T — Al for allX € C*
(2) T < |T + A|[for allx € C™.
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THEOREM 2 {TAKAGUCH [2]). Given T' = (11,T3,...,Ty), there
exists a unique zo € C™ such that

1T~z < [|T - Al

for all A € C™.

THEOREM 3. Let T = (71, Ts,...,Ty) be an n—tuple of operators.
Then there exists a unigue z € C™ such that

IT — 2ol + A < (T — 20) + AlI?

forall A € C™".
Proof. By Theorem 1 and Theorem 2, there exists a zg € C"” such
that
T — zoll < (T — z0) + Al
for all A € C™.

DEFINITION 1.

Given T = (T4, Tz,...,T,), we define mpr = (mq,,mn,,...,m7,)
the center of mass (center) of T to be the point 2z, specified in Theorem
3.

THEOREM 4 (TAKAGUCH {2]}). Let T € B(H)" be a commuting
jointly transloid, and let 0,(T) be o,(T),0((T),ou(T), or(T),o'(T),
o"(T), or op(T). Then my is the center of the smallest closed ball
containing o.(T).

3. JOINTLY CENTROID OPERATORS.

DEFINITION 2.

Let D7 be the smallest closed ball containing ¢(T'), 27 its center,Ry
its radius and Op its boundary.

Let W be the radius of the smallest closed ball containing jointly
numerical range and wr its center.
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THEOREM 5. For an n-tuple of operators T' = (11, T3,...,Ty), if
0 € Wo(T), then {T||® + |X|? < ||T + A||? for all X € C™. Conversely if
T < ||T + Af| for all X € C™, then 0 € Wo(T).

Proof. I 0 € Wy(T), then there exists z, € H,||zal] = 1 such that

T+ Mzal® = D IT + Aeal?

1=1

- z":((T, + AT+ X2, )

=1

n
= Z((T:T!xmmn) + (T:’\txza xn) + ’\:‘thm &7“) + |’\t|2)

=1

=Y UTzall® + ) 2ReM(Tizn,zn) + Y A2 = IT(* + AP

=1 =1 =1

Hence

IT + M* > ITH + A

for all A € C7.
Conversely, let
1T < W7+ A

for all A € C™ and 0 ¢ Wy(T). Since
ITH < IT + All
for all A € C™ and

Wo(T)
= {(Tlmmxn))(Tmemn)auw(TnImxn) —AeC™: ”xn“ = 1}1

We may assume that ReWy(T') > 7 > 0, where 7 = (71, 72,...,Tn ), s >
0 for each 7. Let

D={zeH:|z|=1,ReWy(T) < -’22}
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and let .
1
=sup{()_ |T=f®)* : z € D}.

=1

Then n < \T)). Let p = (1, p2,-..,4n) € C*, p, is a positive real
number such that

ol = ming3 (3, ATy

where {u| = (350, ]p3|é)§. Consider T' — y. If £ € D,then
(T = el < HTall + |pl <n+p < TV

Let Tiz = (o, +18,)z +y, where = ¢ D, |jz]| = 1 and (z,y) = 0.
Then

ST ~ e

=1

=3 (o= m)?+ 3 B2 fuf?
p=] =1

=1

= 02 + B2 + [yl + (u? — 20,.)).
=1

For o, > p, > 0,

STl + (s, — 20,m,)) < [ TIE.

=1
Hence

sup{) (T, - p)zl? : =)} = 1} < T,

- 0T — il < 7Y
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DEFINITION 3.
T is said to be jointly centroid if T — z7 is jointly normaloid.
REMARK.

Jointly transloid T is jointly cntroid. Let T be a jointly centroid
and S=T—2z Then S— 25 =(T—2)— (27 —2)=T —27r. Thus S
is also centroid. That is, every translate of jointly centroid operator is
centroid.

THEOREM 6. For any n—tuple of operators T = (T}, T3,...,Ty),

By =T —mr|*.

Proof. For any z € C*,

S (el — (T, o))

= ST = z)all® ~ I(T: — z)=, ).
=1
Hence we have

Y Tzl - [(Toz, 2) )

=1

< z: lI(T' . z,):c||2.
=1

and
sup{) _ | T2z|® - [(Tuz, ) « fjof| = 1}
<sup{Y (T, = m)a* o = 1}.
Thus,

Br < |IT - mo|*.
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Conversely, since 0 € Wo(T — mr), there is a sequence {z,,} such as
lzmll =1,

(T, ~mzp)Tm,2m) = 0

and
(T — m7)em| ~ |T - mrf-

Hence

lim {3 (7, — mg)em|® - (T — 7, )2m, 2m)}

=1
n

= Jm, QT = mr o)

= |T - mT”2-
Thus

sup {3 [Teell ~ |(Tiz, )P < ol = 1)

leki=1
2 |T ~mr|*.

i=1

THEOREM 7. The jointly transcendental radius of an n—tuple of
operators T' is equal to the distance between T and the scalars. This
is,Mp = ||T — mr|.

THEOREM 8. A commuting n—tuple of operatorsT = (T1,T3,...,Ts)
is jointly centroid if and only if By = R%.

LEMMA 1. For a commuting n—tuple of operators T = (T,T5,
o, Ty), if 2 # 27, then |\T — z|| # R

Proof. Assume zp = 0. Then Ry is the jointly spectral radius r(T')
of T. Suppose |T' —2f] = r(T) = Ry for some z = 0. (T — 2) <
|7 — z|| = »(T) which is impossible since D is the smallest closed ball
containing o(T).
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LEMMA 2. Let T be a commuting n—tuple of operators. Then o(T)N
Or # 0.

Proof. Suppose o(T) N 3y = B. Since o(T) and IGr are compact
subsets of C", let d = dist(o(T),0r) > 0. Then the closed ball with
center zr and radius Ry — 4 contains ¢(7"). This contradicts to the
fact that dr is the smallest closed ball containing o{T').

LEMMA 3. Let T be a commuting n—tuple of operators. Then r(T'—
zpr) = Rry.

Proof. By Lemma 1, |z — A| = Ry for some A € o(T). Since |27 —
Al € Ry for all X € o(T), Rr is the radius of the smallest closed
ball containing the spectrum o(7T") and by the definition of the spectral
radius , »(T — z¢) = Rrp.

Proof of Theorem 8. Since

Y (Tl - KTz, o))

=1
=D _AI(T. = 2)e|* - [((T: = 2)2,2)*,

for any z € C®, if we take z = zr and sup,

sap{)_(ITizl* - [(T.z,2)) : ||| = 1}
=1

=sup{) (IT: - zn2|® = (L. — zz)e,2)) : =) = 1}

=1

< Sup{z (T = zq)z||? : ||=f| = 1}
= ||T ~ zr||*.

Since T is jointly centroid, r(T — 27)? = R% by Lemma 3.

Thus Br < R%. Conversely, if By = R%, then ||T — my|* = R%.
Hence |{T—mzll = Rr and my = z¢ by Lemma 1. Thus ||[T—27| = Rr
or T' — z7 is jointly normaloid. Hence T is jointly centroid.
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REMARK.

In Theorem 8 and above Lemma, the condition that 7" is commuting
is not necessary in respect of o.(T},0¢(T) and ox(T).

EXAMLPE.
Let T = (T},72) with

10
n=(o 1)

0 2
n-(3%).

Then we can easily show that o(T) = {(1,0),(1,1)} and zr = (1, 3).
But (T — z7) # ||T - zr||. Hence T is not jointly centroid.

COROLLARY. For a jointly centroid operator T, the center of mass
of T' coincides with zp.

REMARK.

The class of jointly centroid operators contains the class of jointly
transloid operators.
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