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1. Introduction

Throughout this paper, H will a complex Hilbert spa(!e and all op
erators on H will be assumed to be linear and bounded.

B(H)我 will denote 반le set of all n-tuple of operators T = (7、7如 
...,Tn). For T = .,7^) G B(H)n and x € H,we denote

n
忡 ||=(Q 即 ||2)*,  

1=1

n
|(貝,时=(£ |(哗,圳2)*.

i=l

Let(7^.(7) denote its approximate point spectrum, <기(「) its left spec
trum ,crr(T) its right spectrum, ^h(T) its Harte spectrum, b'(7) its 
commutant spectrum, aH(T) its double commutant spectrum, b更(丁) 
its Taylor spectrum, ap(T) its polynomial spectrum, W(T) its joint 
numerical range and w(T) its joint numerical radius.

The joint operator norm and joint spectral radius of T is defined by

||!께 = sup "께,

「•(/) =sup{|시 :

where aa = 시, 시',。T or ap, and re = rn,ri,rH,r',r",rr
or rp. Let we denote a = <7|5 or and r =『亦“尸卜广h or rT-

The maximal joint numerical range of T is defined by the set Wo(T) 
={": ((7i^rn, ^n)? *̂n )3 • • • ? (Tn^m *̂n)) ―'人=(為,人2, , • • ?人 n)>
|］께 = land⑶시I 一*  II〔께}, where A = (서,扇,…,人n) €(기七
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We shall call T jointly normaloid if ||T|| = 히(「) and call T jointly 
transloid if 7 — 人=(R — 為,！& 一 入 2,・・・，4 一 An) is jointly normaloid 
for any point A G Cn.

Any 7강-tuple of commuting operators T = on a
Hilbert space satisfies the inequality

SUp{|]n||2_|(&,Z)|2}NR$
]| 이 1=1

where Rr is the radius of the smallest ball containing the Taylor spec
trum of T. Moroever, if T is jointly transloid, then the equality holds. 
(Fan Ming [1])

We shall define the jointly transcendental radius Mt of T = 0、切
〉Tn) as Mt = B* 、where

2. Center of mass for an n—tuple

OF OPERATORS T =(写，幻，...，5*)

Theorem 1 (Takaguchi [2]). For an n-tuple T =(賢，7切...，八) 
of operators the following condition are equivalent.

(1) ||T||2 + |A|2 < ||T - A||2for allX G Cn

(2) II幻|2 W||T +시|fora心 eC".

Bt = sup {|四||2 - |(Tx,^)|2).
II 메드 1

In Takaguchi [2], the center of mass for an n-tuple of operators has 
been defined and stated that the center of mass of T is coincident with 
the center of the smallest sphere containing the joint spectrum of T in 
case of a jointly transloid 72一tuple T = (Ti,T2,.・・ yTn) of operators.

In this note we shall define the jointly centroid operator with the 
center of mass for an n-tuple of<5)erators and state the properties of 
this class of operators.

With the properties of jointly centroid operators we can find a 
new inclusion relation between jointly centroid operators and jointly 
transloid and show that the center of mass of jointly centroid opera
tor is coincident with the center of the smallest closed ball containing
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Theorem 2 (Takaguch [2]). Given T = 切…，4), there 
exists a unique zq G Cn such that

|区-쩨分|『-세

for ail A 6 Cn,

THEOREM 3. Let / = ... ,Tn) be an n-tuple of operators.
Then there exists a unique zq G Cn such that

|区一씨|2 + |시厂<||(7一2。) + 시|2

for all Xe Cn.

Proof. By Theorem 1 and Theorem 2, there exists a % C Cn such 
that

치I <11(7—&+세

for all A G Cn.

Definition 1.

Given T = (7、7切...,7^). we define ttit =侦助项处以.。, mTn) 
the center of mass (center) of T to be the point zq specified in Theorem
3.

Theorem 4 (Takaguch [2]). Let T e B(H)n be a commuting 
jointly transloidy and let ae(T) be ^(T), cr/(T), (T), agn(T), ^^T),
时(T)> or crp(T). Then is the center of the smallest closed ball 
containing cr@(T).

3. Jointly centroid operators.

Definition 2.

Let Dr be the smallest closed ball containing <t(T), zt its ce그ter,R丁 
its radius and 喝 its boundary.

Let Wt be the radius of the smallest closed ball containing jointly 
numerical range and wt its center.
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THEOREM 5. For an n~tuple of operators T = …二d), if
0 G Wq(T), then |匕끼卩 + |A|2 < \\T + 시卩 for all X E Cn, Conversely if 
||T|| < \\T + A|| for all A G Cn, then 0 G "(7).

Proof. If 0 G 卩*(T), then there exists xn € H, ||^nj| = 1 浏산i that

n
||0，+入)外||2=£|0+人,)境2 

t=l
n

= £((7； +入)(4+ #):%：%)

1=1
n

= £，(&；* 項":n) + (T*X tXx,Xn) + \*T tXn,Xn) + 시 2)

«=1
n n n

= E II* 시|2 + 工 曷庭您心林) + £ I시2 T II：께2 + I시2. 

i=l i=l z=l

Hence
|仅 + 세2习|幻|2 + 仇|2

for all A € Cn.
Conversely, let

~ IK께<11，+ 세

for all A € Cn and 0 W0(T). Since

I꿰 分仔 +세

for all A G Cn and

Wo(T)

={(Tl^n? *̂n),  (7机：?3, *̂n)?  •…,(^n*̂n,  *̂n) —’ 人 £ C" : ||^n|| = 1})

We may assume that RcWq(T) > t > 0, where t = (丁侦 丁臨 …> rn), rt > 
0 for each i. Let

D = {x&H : II에 = l,ReW0(T) < -}
厶
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and let n
V = sup{(»幻께平 : z £ D}. 

1=1
Then 7 < ||T||. Let 卩=(“、例宀，，/in) G 卩，亀 is a positive real

number such that

W = min{立(第, 에의二으〉}, 

t=l

where 皿=(£厲 Consider T - /z. If a: e "then

I" 一 心에 分B께 + T II幻"

Let Tfa; = (at + i^t)x + y, where x g Z시]께 = 1 and (x, t/) = 0. 
Then

立 II(Rf) 께 2

卩 n n
=-取 v + 22^52 his2

1=1 2=1
n

= + 0? + II 이 |2 + (好 — 2%%)\
1=1

For % > 缶〉0,

n
£새(찌I? + (爲 J 2%#J) < II끄II%
«=1

Hence n
SUP{£]|0； - 角)께2 : 꽤 =1) < 倒2,

1-1
i.e.
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Definition 3.

T is said to be jointly centroid if T — zt is jointly normaloid.

Remark.

Jointly transloid T is jointly cntroid. Let T be a jointly centroid 
and S = T — z. Then S — zs = 0、— z）—（行—z） = T —知, Thus S 
is also centroid. That is, every translate of jointly centroid operator is 
centroid.

THEOREM 6. For any n~tuple of operators T =（賢）处,...

Bt = ||T — mgn||2.

Proof. For any z £ Cn, 
n 
£（ll꼬,께2 _ |（*圳2） 
t=l 

n
= £{||（幻 - 召）께2 - |（（R 一 小,：애2}. 

£=1

Hence we have
n

£{|| 幻께 2_|（邛辛）|2} 

1=1 
n

<£||（Tt-zt）x||2.

and
n 

哼{£||如||2_|（知,圳"|께=1}

2 = 1 
n

< sup{£； 11（匸 - m）께2 : II찌I = 1）. 
i=고

Thus, 
BT<||T-mT||2.
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Conversely, since 0 € Wo(T — my), there is a sequence {xm} sudi as 
llxm|| = L

((，：—$m) ―，0

and
||(7 - mr>m|| -•> ||T 一 mr||.

Hence

n
点프){£』('*  一 mT,)xmf - 1((7； — 까)|2}

1=1 
n

=麒{£」1(幻-血)：5||2}
J=1

=||T —打园伫

Thus

n
sup {£： IE찌|2 - |(0切,3시2 : II찌I = 1}
꽤=1 窗

> |仔—myll2.

THEOREM 7. The jointly transcendental radius of an n-tuple of 
operators T is equal to the distance between T and the scalars. This 
Is^Mt = |jT — m^||.

THEOREM 8. A commuting n-tuple of operators T — (2i ,22,..., Tn) 
is jointly centroid if and only if = 氏* ・

LEMMA 1. JFbr a commuting n-tuple of operators T =(幻"
.. ・ ,Tn)j if z zt> then ||T — 히| 寸二 Rt-

Proof. Assume = 0. Then Rt is the jointly spectral radius r(T) 
of T. Suppose |jT — z|| = r(T) = Rt for some z = 0. r(T — z) < 
II꼬一 히I = r(T) which is impossible since Dr is the smallest closed ball 
containing a(T).
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LEMMA 2. Let T be a commuting n-tuple of operators. Then <t(T)A
# 0.

、、、
Proof. Suppose。「(꼬) n Sy = 0. Since a(T) and dr are compact 

subsets of C* n, let d = dzst(a(T), dr) > 0. Then the closed ball with 
center zr and radius Rr — f contains a(T). This contradicts to the 
fact that dr is the smallest closed ball containing a(T).

Lemma 3. Let T be a commuting n-tuple of operators. Then r(T — 
行)=Rq'.

Proof. By Lemma 1, \z^ 一 시 = Rt for some A € a(T). Since \zt — 
시 V Rt for all A G a(T), Rt is the radius of the smallest closed 
ball containing the spectrum a(T) and by the definition of the spectral 
radius , r(T —行)=R/「

Proof of Theorem 8. Since
n

께2 一 100,：圳2)
1=1

n
= £{11(( —z)애 2 —|((R—zN，z)|2}, 

i=l

for any z e if we take z = z? and sup,
n

sup{£에£끼|2 니0急, 圳2) ： II께 = 1}
»=1

n
= sup"：세/Z - 2工끼|2 - 1((2； - 知 )：E,z)|2) : II찌I = 1} 

1=1
n

&叩{£|四-勾)께2：||께 = 1} 

i-1

= 町-째|2.

Since T is jointly centroid, r(T — z^)2 = ・R우，by Lemma 3.
Thus Bt < •碍.Convei'sely, if Bt = then 町—my])2 =磴」 

Hence = Rt and mr = zt by Lemma 1. Thus ||T—zt|| = Rt
。초 7 — zt is jointly normaloid. Hence T is jointly centroid.



On the properties of jointly operators 259

Remark

In Theorem 8 and above Lemma, the condition that T is commuting 
is not necessary in respect of a^(T^ai(T) and。百(7)

Examlpe.

Let T = (7i,^2)with

Then we can easily show that a(T) = {(1, 0), (1,1)} and 纣=(1, |). 
But r(T _ zt)寸二 ||T —々冲. Hence T is not jointly centroid.

Corollary. For a jointly centroid operator T, the center of mass 
of T coincides with 叩

Remark.

The class of jointly centroid operators contains the class of jointly 
transloid operators.
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