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ON EPIC AND MONIC ENDOMORPHISMS

BAE, SOON-S00K

0. Introduction

Assume that ring R is an associtive ring with an identity and every
module M = gpM is a left R-module.

The ring of all R-endomorphisms on a left R-module M, denoted
by End{M) will be written on the right side of M as right operators
on M, that is, pkMg,qary will be considered on this paper. For R-
homomorphisms f + L — M, ¢ : M - N, their composition fg :
ILMEN of f and g is written in the arrow orders of f and g, for any
left R-modules L, M and N.

According to [5], a module gM is quasi-projective in case it is M—
projective (or,projective relative to M itself). This definition is equiva-
lent to the following definition of [1}(see 16.7 Proposition p148,[5]). In
other words, we can replace N with M/T for each submodule T of M.

DEFINITION 1. An R-module M is said to be guasi-projective if
every diagram

M
a4l
M1, N . 0

where the bottom row is exact with f,g are R—homomorphisms, has a
commutative diagram;

M—M
hl |1
M -2, nN y 0

there exists an endomrophism h on M such that f = hg.
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THEOREM 2. [3] Let M be a {quasi- )projective left R-module. Then
Rad{(End(M)) = {f € End{M){Imf is superfluous (or small) in M}.

Let’s use the notation E(M) to stand for an injective hull of M.

THEOREM 3. {6, p49] Let M be a (quasi- injective left R-module.
Then,

Rod(End(M)) = {f € End(M)| kerf is essential (or large) in M}.

DEFINITION 4. ({6], p 48) A module M is said to be quasi-injective
provided the natural map Homp(M, M) — Hompg(L, M) is a surjec-
tivefor all L < M, i.e., provided any homomorphism from a submodule
of M into M extends to an endomorphism of M.

1. Results

In order to reveal the relationships between submodules of a module
and ideals of its endomorphism rings, firstly we must find the struc-
tures of the radical of the endomorphism whose element is left-(or
right)quasi-regular .To do this, we need to see whether endomorphisms
are left invertible or right invertible, or not. Notice the composition
of maps follows arrow- direction. To make a comparison of (quasi-
Jprojectivity with ( quasi- Jinjectivaty, I will write some results from
{10} with respect to { quass- Jinjectivity.

THEOREM 1.  Let a left R-module gM, be (quasi- Jprojective and
let f be an endomorphism in End(gM). Then we have f is an epimor-
phism if, and only if , f has a left inverse.

Proof.  “If 7 part is easy. Now let’s prove the “ only if " part.
Let f : M — M be an epimorphism. Then we have the induced
isomorphism f : M/kerf — M by the first isomorphism theorem.
Consider the following diagram with the natural map n;

M —

LI

M —" M/kerf —— 0
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and then we have an R-«endomorl)hism h: M — M such that ?“1 =
hn, from which we also have hnf = 1. Actually Anf = Af = 1y
which proves the theorem.

THEOREM 2. For a left (quasi- singective R-module pM, and an

endomorphism f, f 15 a monomerphism if, and only if , f has a rght
mverse.

Proof. “ If " part is easy. Now let’s prove the “ only if 7 part.
Since every module gM has an injective envelope E(rM) = E{(M), we

need to show that each monomorphism f : 0 — M ENY) , there exists
an R-module homomorphism ¢ : M — M such that fg = I1p. From
the the definition of injective envelope E{(M), for a monomorphism
fi M — E(M), there is an extension f : E(M) — E(M) such that
ﬂM = fi. Now that there exists a § : E(M) — E{(M) such that
fg = 1gay, Im f is a direct summand of E(M).

Let’s put ¢ = g, = g : M C E(M) — E(M), then for each
T EM, zfg=zfig —xfg.-a:fg-—xlg(M) = g. Thus fg = 1p.

REMARK 3. The condition ”(quasi- )projectinty” of M in the above
theorem 1 is necessary for any epimorphism having a left inverse in the
endomorphism ring of M. For an example, take R = Z, gM = Z(p™
the multiplication by p,in fact,it is an epimorpism in End(gM). We
now have an epimorphism having no left inverse in End(M). With-
out any hesitation we have that Z(p™) is not a (quasi-)projective
Z —module.

In the above theorem 2, there is no guarantee for existing the
inverse ¢ of a monomorphism f in End(M). For an example, take
R=272 pM = 7, [ = x2, the multiplication by 2, then Z has its
envelope @, f hasits right inverse ¢ = <2 the division by 2 whose range
{1s]s € Z)} is not contained in Z = pM. However f has g as its inverse
homomorphism in Homg(Imf,Z) or Homp(Z, Q). Immediately, we
conclude that Z is not {quasi- injective .

Here we can add one more equivalent condition for an endomor-

phism f to be an epimorphism to the Proposition 3.4. p44 in [5].

PROPOSITION 4.  For any (quasi-)projective left R—module M
and f : M ~ M an endomorphism the followings are equivalent :

(a) f is an epimorphism .
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(¢) For every K and every pair g,h : M — K of R - homomor-
phisms, fg = fh implies g = h.

(d) For every rK and every R-homomorphismg: M — K, fg =0
implies ¢ = 0.

(e) f hasa left inverse ,in fact, in Endg(M).

Proof.  Proof is immediately followed from Theorem 1.

Similarly, we can add one more equivalent condition of an endo-
morphism f to be a monomorphism to the proposition 3.4. p 44 in

(5]
PROPOSITION 5.  For any left (quasi- injectiveR-module M and
an endomorphism f : M — M, the followings are equivalent :

(a) f is a monomorphism .

(b) ker f = {0}.

(¢) For every gK and every pair g,h : K — M of R - homomor-
phisms, gf = hf implies ¢ = k.

(d) Forevery gK and every R-homomorphismg: K — M, gf =0
implies g = 0.

(e) f has a right inverse. (In fact, in Homp(Imf, M) or Homg
(M,E(M)) , where E(M) is an injective envelope of M.)

Proof.  Proof is immediately followed from Theorem 2.

The following corollaries are followed easily, and thus we omit those
proofs.

COROLLARY 6.  In the endomorphism ring End( gM ) of any (quast
- Jprojective left R-module gM, if the composition g f is an epimorphism
with f,g € End(gM), then so is f.

COROLLARY 7.  In the endomorphism ring End(gpM) of any left
{quasi- Jinjective R-module pM, if the composition fg is a monomor-

phism, so is f.

LEMMA 8. If pM is (quass- Jprojective. Then no epimorphism in
End(gM) is contained in a left proper ideal of End(pM).

Proof.  Suppose that a proper left ideal I of End( M) contains
an epimorphism f. Since gM is (quasi- Jprojective, by theorem 1, there
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exists an endomorphism ¢ in End{pM) such that ¢f = 1 which
implies that I = End(pM). It comtradicts to be a proper left ideal
I.Hence we completes the proof.

LEMMA 9. If pM is (quasi- Jinjective. Then no monomorphism in
End(rM) is contained in a right proper ideal of End(gN).

Preof.  Proof is easily followed by the same way of the above corol-
lary.
Now, it is worth considering left ideals of End(M) of the form

N = Homp(M,N) = {f € End(M)|Imf C N},
for a submodule N of M. and right ideals of End(M) of the form
In = {f € End(M)|N C ker f},

for a submodule N of M.

THEOREM 10. For a (quasi- )projective module pM and any small(
or superfluous) submodule N of M, the right ideal IV is small in
End(M).

Proof.  We need only consider all left ideals of End{AM). Suppose
that J is a left ideal of End(M) such that IV + J = End(M). Then
the identity 17 can be written as a sum of f € IV and j € J, ie,
Iy = f+3 Then M = Imly =Im{f+3) <Imf+Imy < N +Imj,
which implies that N + Imj = M. Since N is small in M, we have
Imj = M, saying that j is an epimorphism. By Theorem 1, 7 has a
left inverse in End(M ), hence J = End(M ). Therefore we have proved
IV is small in End(M). '

THEOREM 11. For a {quasi-)injectwe module pM and any large
submodule N of M, the right ideal Iy is small in End(M).

Proof.  We need only consider all right ideals of End(}). Suppose
that J is a right ideal of End{M) such that In + J = End(M). Then
the identity 1 can be written as a sum of f € Iy and 7 € J, ie,
1 = f+ 3. Then 0 = kerl = ker(f +3) 2 kerf Nkery > N N kerj,
which implies that N N ker; = 0. Since N is large in M, we have
kery = 0, saying that j is a monomorphism. By Theorem 2, ; has
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a right inverse in End(M), hence J = End(M). Therefore we have
proved Iy is small in End(M).

Here is an easier proof than that had done in [1] and = simils
method of proof in [5] of the following fact restated Lemma 1 11 |3+,
using our tool IV,

LemMma 12. ([3]) Let M be a (quasi-)projective left R-modu:.
Then,

Rad(End(M)) = {f € End(M){Imf is superfluous (or s_maﬂ) in v}

Proof. Suppose that an endomorphism f has a small image ./r
in M. Considering the left ideal I’™f = {k € End(M){Imh C Imf},
we have a small left ideal I7™/ of End(M) by Theorem 6,which v si-
tains f. Since the radical Rad(Fnd(M)) is the largest smali left
ideal of End(M),f € I'™f C Rad(End(A4)). Conversely let f L+ .a
Rad(End(M)) and let K be a submodule of M such that Imf+K = A,

M
-
I n
M s M —5 MJK —— 0

where ny is the natural epimorphism. Since fng is an epimorphism,
there exists an endomorphism ¢ : M — M such that gfng = nx. Thus
we have (1 — gf)nx = 0. Since f € Rad(End(M), 1 — gf is invertible,
and so nx = 0. Hence K = M which completes the proof.

REMARK 13.  According to the propositions ([4],p118) and (8] ,the
radical Rad(M), the socle Soc(M) of M and the relations are;

Rad M = |{K < M|K is maximal inM}
=Y {L < M{L is small in M},

Y eca INe < IZeea s for every N, < M,
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SocM =) {K < M| K is minimalin M}
=ﬂ{L <M1} L islargein M},

and Z In, € In,canN, for every N, < M.
acA

THEOREM 14.  For any left (quasi-)projective module M with
RadM =73 .4 Na, small submodule N, of M, we have

3" 1Mo = Rad(End(M)).

a€A

Proof.  Since Rad{End(M)) is the unique largest small left ideal
of End(M), thus for every small submodule N, of M, the small left
ideal I™ is contained in the radical Rad (End(M)) of End(M) for ev-
ery a € A. Hence thesum ), , IV is also contained in Rad ( End(M)).
Conversely, assume f is in Rad(End(M)), Imf is smalll in M by
Theorem 8. And I‘™f is a small left ideal of End(M), f € I'™f <

>, scal Na for every small submodule N, of M. Thus we complete the
proof.

THEOREM 15.  For any left (quasi- inyective module M with Soc M
= (o Na, large submodule N, of M, we have

> Iy, = Rad(End(M)).
a€A

Proof.  From Theorem in [5], Rad (End(M)) is the unique largest
small right ideal of End(M), and thus for every large submodule N, of
M, the small right ideal Iy, is contained in the radical Rad{End(M))
of End(M) for every a € A. Hence the sum 37 . 4 In, is also contained
in Rad(End(M)).

Conversely, assume f is in Rad (End(M)), kerf is large in M by
Theorem 3 in the introduction. And Ii.rs is a small right ideal of

End(M), f € Itxery < Y .ca In, for every large submodule N, of M.
Thus we complete the proof.
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REMARK 16. We summarize these two theorems 14,15, then we
conclude;

(1) In a (quasi- )projective module M if the radical Rad( V) of M
is small,
easily we can conclude that Rad(End(M)) = [ReM),
(2) In a (quast- Jinjective module M with large socle soc( M},
we obtain Rad(End(M)) = L,cum)-
(3) Moreoverin a left (quasi- Jprojective and (quasi- } injective mod-
ule M with (1) ,or (2) condition, we have Rad(End(M) =
TRad(M) o T soc(M), respectively.

The following corollaries are followed immediately.

COROLLARY 17.  For any left (quasi-)projective module M, we
have the followings :

(a) If Rad(End(M)) =0, then there is no non-zero endomorphism
whose image is small in M ;

(b) Rad(End(M)) < [RedM) .

(¢) If Rad(M) = 0, then Rad (End(M)) = 0.

COROLLARY 18.  For any left (quasi- Jinjective module M, we have
the followings :

(a) If Rad(End(M)) = 0, then there is no non-zero endomorphism
whose kernel is large in M ;

(b) Rad(End(M)) < Isocar) ;

(c) If Soc(M)= M, then Rad(End(M)) = 0.

EXAMPLES 19. Since it is well-known that M = Z(2%) is injective,
and {0,(1/2)} is the socle of M, and it is essential (i.c., large) in M,
and thus End(M) has the radical I,,.(3) isomorphic to 2Z.

In the second example, when R = Z = M, M = Z has zero radical.
Since M is a free, (quasi-} projective module with Rad(M) = 0, its
endomorphism ring End(M) has radical [R¢4M) = 9 = ¢,
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