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A NOTE ON THE CLASS A1)Ko

Han Soo Kim and Mi Kyung Jang

1. Introduction
Let H denote a separable, infinite dimensional, complex Hilbert 

space, and let denote the algebra of all bounded linear opera
tors on 7Y. A^dual algebra is a weak* closed unital subalgebra of £(7Y). 
Recall that if X is a dual algebra and m and n are cardinal numbers, 
where 1 < m,n < No, then A is said to have property (Am)n) if each 
system of simultaneous equations

⑴ = 妇，o < 2 < m, 0<j<n

in the predual of A has a solution {xt : 0 < z < m}, {y3 : 0 < j < 
where xt and y3 are vectors from 7Y.

Here ［x0y］ denotes the 시ass in 0사 of the rank-one operator defined 
by (x ® g)(z) = (z, y)x, z Eli.

If p > 0 then A has property (Am)n(p)) if for each s > vectors 
and y3 can be chosen to satisfy (1), and also the inequalies

財|<(S £ II［知HI)", 0 <z < m
0<j<n

and

⑵ 恤ll<(s £ II［知］II)恥，0<;<n
0<2<m

It is clear that if m and n are finite cardinals and A has property 
(Am)n(p)) fo호 some p > 0, then A also has property (Am)n). In this 
note, we are concerned with several classes of contractions appearing 
in the theory of dual algebras and we continue the study of a geometric
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criterio효 for membership in the class ( or more precisely, one of 
the classes Ai^0(p) ). The results of this note and [2] are same with 
different methods. And the following theorem is generalization of [6].

2. Notations and preliminaries
The notation and terminology herein agree with that in [2], [4]. Let 

N be the set of positive integers, and let D be the open unit disc in C。 
set A C D is said to be dominating for T = 5D if almost every point of 
T is a nontangential limit of a sequence of points from A. The spaces 
•자‘ = LP(T) and Hp = HP(T) , 1 < p < oo, are the usual Lebesque 
and Ha호dy function spaces relative to normalized Lebesque measure 
on T.

If T G £(7Y) then At denotes the dual algebra generated by 꼬 in 
£(?i) and Qt denotes the predual Qat of At- If T is also absolutely 
continuous (i.e., if the maximal unitary direct summand of T is either 
absolutely continuous or acts on the space(O) ),then one k표ows (cf. 
1. Thm 4.1]) that the Sz- Nagy - Foias functional calculus 知、is a 
weak*- continuous, norm-decreasing, algebra homomorphism of H°° 
onto a weak* dense subalgebra of At and A = A(处)denotes the class 
of all absolutely continuous contractions for which the Sz-Nagy-Foias 
functional calculus 夺t is an isometry. If T G A, then it follows easily 
from general principals that there exists an isometry 恤 from Qt onto 
L1 /Hq (the predual of H°°) such that 妤=亟n If m and n are 
cardinal numbers, 1 < < Ro? then we define the class Am(n to be
the set of those T G A such that the dual algebra At has property 
(Am,n) and the class Am)n(p) similarly. We recall from [4] that if M is 
a weaA:*-closed subspaces of £(亢)and 0 < ^ < 1, then denotes 
the set of all [L\ in Qm for which there exist sequences {xn} and {yn} 
in the closed unit ball of H satisfying

(a) Gm||W - [xn ® l/n]|| < 0
and

(br) \[[xn ® 圳 I t 0 니z EH
(cr) {yn} converges weakly to zero.

The corresponding subset £若(人Q of Qm is obtained by replacing 
conditions (6r) and (cr) by

G) t 0 니z
(시) {xn} converges weakly to zero.
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We next recall from [4] that a weafc*-closed subspace M of 
is said to have property E砧 (for some 0 < 0 < 7 < 1) if the closed 
absolutely convex hull of the set 待(朋)(notation : acd{E^M)}) 
contains the closed ball in Q人4 centered at 0 with radius 7 ; property 
E* 广丫 is defined similarly.

It is well-known fact that every contraction T 6 A(处)has a minimal 
co-isometric extension B = Bt E £(/C) that is unique up to untary 
equivalence. We have under consideration an absolutely continuous 
contraction T in £(7i) whose minimal coisometric extension B has a 
Wold Decomposition B = where S G £(S) is a unilateral shift 
of some multiplicity and R g £(70) is an absolutely continuous unitary 
operator.

The projection, of AS onto S is denoted by Q, the projection of AS 
onto TZ by A, and 난ic projection of 1C onto 7Y by P.

Thus eve흐y vector x E has a unique decomposion x = Qx + Ax = 
Qx ® Ax.

proposition 1 [2. Proposition.2.l]o Suppose T e A(H) and its 
minimal co-isometric extension B — S* ® R in £(/C).

Then B € A(/C), ©/o杀is an isometric algebra isomorphism and 
a weak*-homeomorphism from Ab onto and J —而'。如 is a 
linear isometry of onto Qb satisfying

X,y eH,

and
[x ® 히b — [a: ® P^]b, z 6 K，

PROPOSITION 2 [2. Proposition.2.2]. Suppose that T is an 
absolutely continuous contraction in £(7Y), and B = ® R is its
minimal co-isometric extension i표 £(5 ® 72) with R 尹 (0).

Then there exists a Borel set a C T such that m\a is a scalar spectral 
measure for R. Moreover^ R contains a reducing subspace 1Zq for R 
such that:

(a) Rq = •히'Ro is unitarily equivalent to multiplication by the position 
function on £2(a)

(b) if we denote by 7거' the subspace of TZq cormspon血g to H2(a) 
under the unitary equivalence in (a), then 7거一CAH.
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In the case where M is the dual algebra generated by an absolutely 
continuous contraction, we consider now the weak property and 

'

DEFINITION 3 [ 2. Definition.3.2 ] Let T be an absolutely 
continuous contraction in £(7Y) with minimal coisometric extension 
B = S* © -R in £(/C) and let aCT be as in Proposition 2 (if R = (0)3 
then b = § ).

We say that the dual algebra At has property (for some 0 < 
0<y <1 ) if '

此｛弓(血，)廿扌｛[引：f e i1((r),||y|| < i｝｝

contains the closed ball in Qr of radius 7 centered at the origin. 
Moreover, we say that At has property F； 7 if At* has property 珏广厂

Obviously^ we say that if At has property Eg then it has property
zpr 'S"

Let Aq denote the orthogonal projection of/C onto TZq and let zi｛z｝ 
denote the isomorphism from onto L2(a(R))t

The following Lemma is proved in [2].

LEMMA 4. [ 2 Proposition.3.4 ] If T 6 A(7Y) with minimal co
isometric extension B € £(<S®7^) and At has property Fq ( for some 
0 < ^<7 < 1)e 5

Suppose that we are given 0<p<l?7VGN? C Qb»
a € C & ｛明有 C Rq and positive scalars ｛代Jjk”

C /C,侦｝挡 C S satisfying

- (総 + 6j)]b|| V 如 l<j< N、

Then there exist a?e H, u e H, ｛m；｝爲 C S,但｝?七 1 C 為 such 
that

IH 匕]B - [a' ® (也;+ 5；)]b|| < l<j<N,
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件‘ - 에 < 淑(2 心)'〃,

I J、、、

llwi - wjII <(Mj/7)172, ^<j<N,

II 히I v j{IM + (〃g)/}, i< j <n,

|{&)a }(e")| > p\{AQ(a + ")(e")|) elt € T, 

枷 (如시 A V Q 1 < 5 < t, 

||[(« -a)® 刎 II < e, 1<1 <r.

3. Main Results
We are now prepared to prove the main result。It's proof follows 

the main, ideas from [5. Lemma 5] and [4. Theorem 4.7].

THEOREM 5.° Suppose T E A(”)with minimal co isometric 
extension B G C{S ® TV) and suppose that At has property ( for 
some 0 < 0 < 7 < 1).

Then for each sequence of element {[L3]t : J > 1} from Qt such 
that^\\[L}]T\\1/2 < co, there exist a E 7i and {w3 + b3}<̂=1 C S 
such that

[Lj] = [a® P(wj +&J] , j > 1,

II히I < -一一*/ 1/2)

他 II C 1 _ (〃gl/2) ■ “;〃 5 J - 1，

I”•시 - ] _("yl/2) ' 応"，J 2 L

In particular, At has property (Ai5k0).

proof Let {卩勺酒 C Qt a그d let [V^]b = 9扌 0 ¥次(区打꼬) for 

each positive integer j. Let /勺 > 0 such that £ 禪" < oo.
Assume that ||[V^]b|| < ]勺,for each 项.
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Let us denote 秘上 = “j(으)七 for all j > 1, > 0.
We select a strictly decreasing sequence {sn}^L1 of positive numbers 

such that = 1 and $n = § and let pn — 쯔土% n > 1.
Let B : N x N ——> N be a bijection such that j < j and k < k 

impEes B(j, fe) < B(j' ,k').
Let Wjfi = 0 in 5 , = 0 in Vj > l,n > 1.

We shall construct, by the induction (on the range of B) sequence 
{an} U 스 U S fo흐 n 2 1, finite sequence {吳}Bg” U
R° such that

⑶ \\Wj]b - [«n ® (^,fc + b^k)]B\\ < Cj.fc, B(y, k) < n,

(4) ||如 一 an_i|| < , for n = B(j, k)

(5) \\wj,k - wJ)fc-i|| < 社，t， Vj, k > 1

(6) 時,」1< =阿渦1 if几> 硏財)
Pn

⑺ I陽』< ={阿:政ill+ *?_J if*B(泓)

Pn

For n = 1 = B(l, 1).
Apply Lemma 4, with 2V = 1, a = 0, = 0 G 5,0 =方如 € T^o?
there exist 血 G 7Y, W14 C S, such that

||[匕]B — [a® (si,i +M,i)]|| < £1,1

11저| < 30/沪2
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llwl,lll <^1/?)1/2

1 
时ill < —(/^1/7)1/2

Suppose now that vectors {a15 •• - ,an} C H, {w]tk}B(j,k)<n C S,
and C 1Zq have been. 산ios血 so that (3) - (5) are

satisfied ;
Let n + 1 = 5(p, q).
Apply Lemme 4, with \Vp],a = an , w = z양,, b = 崂应_卩 p = 

%+" = ep,g-i, {ds} = {^fc}B(j,fc)<n, {zi} = {W],k}B^,k)<n and 
€ > 0 sufficiently small to obtain 如+i G ‘儿 wP}q E S》嚣去1 € R喝 
%너-1 C H such that

II卩시」B — [如+i ® (wp,q + 崂*' )]*| V S必

ll^n+i — 아』<

llwp,9 ~ wp.g-ill V %匕一"

邯筋〈上{嶂，

|{Aoan+i}(eK)| > 缶+1|{&)((，知 + wn+1)}(el<)|, elt E T,

!l[(On+i - On) ® Wj)fc]|j < e, for B(j, k) < n,

llhn+1 ® 崂 JII < €, for B(j, fc) < n,

Let us define for each (j, fc) with B(j, fc) < n,
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宙再(e“)= <

{&)(如 +*+］)}(e") ,n / it\ 
{&(如+】)}(次),汹丿 

i/{A0(an+i)}(elZ) / 0

0 
z/(Ao(an+i)}(e,<) = 0.

then 漿II漿却 <兀뵤II吳II
and ［an+i ® 弓伊］b =［(如 + un+i) ® 吳］b for all (財)such that 

B(j, k) < n.
For € > 0 sufficiently small,

II［匸］B - ［如+M(W*+ 漿')］b|| < ”，if B(j,k) < n + 1.

Therefore (3) -(7) are fulfilled for n + 1. and from (2),(3), we do obtain 
Cauchy sequences {an}^=i and for each j > 1, {凹肩銘卩 whose limits 
a and w3 satisfy

oo oo

II이I = II y^(Qn - «n+l)|| < £ II(an - an+l)|| 

n=l n=l
oo oo oo 司

=£球=*»門？)火

J,k j=l 左=0

3
—申/2

OO

고

Similarly,

II 에 勺咨"2 mSL

And from (6), (7), {bj上}漏】is bounded sequence for all j > 1, 
where bjfk = Z)?"' for all J, fe > 1.
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Hence we may suppose that ｛歸k｝津]converges weakly to some 
bj E T^o- By Proposition 1,

[L3]t = 0(X)F(w^ + 如)]/ for all j > 1.

From (6), (7),

$n+l|也泰:||，으 오B(시])+1|也册-1|| + 勺,『/2 

k— fc—

< Sb(■財)+1||M1|| + £勺,卩"< 
1=1 1=0

Jt—1

Letting n —oo, 5n+1 —>

2
严心；＞1 and 论。.

Hence
IIMI < ■끈切沔，g J > 1-

From the above relations,
T € Al W where p <〔二岛八

The foilowing corollary is immediate from [ 4. Proposition.4.3 ] and 
Theorem 5.

COROLLARY. Suppose T 色 A(7Y)? 0 < 0 < 1, and A C D is 
dominating for T. If for each A € A? there exists a sequence ｛:玲｝ in 
the closed unit ball of H such that

hmn\\[Cx\T - [xn ® 2肖세 < 8 

and
IIW混 히t|| ―> o, y G

then T G Ai)No(p), where p < 亍二糸75.
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