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1. Introduction.

Let G be a compact Lie group and let S denote the unit circle in R2. In this paper, we
classify equivariant line bundles over S1. Let 7 : E — S be a G line bundle over S!. We
assume the G-action on E to be effective. Since any smooth G action on $* is smoothly
equivariant to a linear action [Sc Theorem 2.0], we may assume the G action on the base
space S! is linear. So the G action on S? gives a homormorphism p : G — O(2).

Lemma 1. Ker p is trivial or of order 2. In particular ker p is in the center of G.

Proof: By the definition of p, ker p acts on the base space S! trivially. So it should act
non trivially on each fiber because our action on the total space E is effective. Since the
fiber is R and the action of ker p on R is linear, ker p must be trivial or of order 2.
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Because p(G) is a subgroup of O(2), it is a cyclc group, a dihedral group, SO(2) or
O(2). Hence G is decided when ker p is trivial. When ker p is of order 2 there are several
choices of G with same p(G). But also we get a further restriction on G which comes from
the effectiveness of the action. We study two cases according to 7 : E — S? being trivial
bundle or non trivial bundle when we forget the action.
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2. Nonequivariantly trivial bundle case.

Suppose 7 : E — S! is trivial when we forget the action. Since G is compact 7 : E — §!
with a fiber metric is isomorphic to the trivial line bundle S x R — 5! with the standard
fiber metric.

Hence one can express the action of g € G on S! xR as

(2,0) = ((9)(2), 0g(a)v)  for (z,) € S* xR

where S is viewed as the unit circle in R?, p : G — O(2) is a homomorphism, p(g) acts on
S! in the standard way and ,(z) is a scalar. Since the action of g preserves the standard
metric on S* X R, ¢4(z) must be +1. The map ¢, : S — {£1} = Z; is continuous and
S? is connected. So we have the following Lemma.

Lemma 2. For a fixed g € G,p,(z) is independent of z € S?, i.e. p4(z) =1 for all z or
¢g(x) = —1 for all z.

By virtue of Lemma 2, we have a homorphism ¢ : G — Z3 = %1 given by g — ¢,.
Hence ¢y, = 1 if g is of odd order, in particular ¢ is trivial when G is of odd order or
SO(2).

Now we show which group G can act on line bundles E over S! effectively.

Lemma 3. Suppose 7 : E — S is nonequivariantly trivial line bundle. Then G is
isomorphic to p(G) X kerp.

Proof: Since G is compact, E admits a G invariant fiber metric. Hence the total space of
the sphere bundle of E, denoted by S(E), is invariant under the action of G when we forget
the action. The sphere bundle S(E) of E is diffeomorphic to S* x S° because E is trivial.
Now if Ker p is trivial, then the lemma is obvious so we assume kerp is of order 2. let G4
be the subgroup of G which consists of elements preserving the connected components of
S(E). Since the non-trivial element of kerp acts as multiplication by -1 on each fiber of E, it
interchanges the connected components of S(E). Hence the multiplication G4+ X kerp — G
gives an isomorphism. Because p gives an isomorphism: G4+ — p(G) this proves the lemma.
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3. Nonequivariantly nontrivial bundle case.

Lemma 4. Suppose n : E — S! is non-trivial when we forget the action. Then G is a

-

subgroup of O(2).

Proof: In this case the total space of the sphere bundleof E, denoted by S(FE), is diffeo-
morphic to S. Since the action of G on S(E) is effective and smoothly equivariant to a

linear action, G is a subgroup of O(2).

The lemma above shows which group G can act on line bundles E over S? effectively.
Next we must study how G acts on E. Suppose 7 : E — S! is nontrivial when we forget
the action. Then the projection 7 : S(E) — S! is an equivariant double covering map
where G acts on the base space S through the homormorphism p. The induced G-line
bundle by r from F is trivial, so the problem to decide action of G on the non-trivial line
bundle overS?! is reduced to the previous case. Now we obtain the following Theorem.

4. Main result.

Main Theorem. A smooth G-line bundle E — S? is equivariantly isomorphic to S(V') x
6§ = S(V) or S(V) xz, § = S(V)/Zy = P(V) according as E — S? is trivial or not
when we forget the action. Here S(V') denotes the unit circle of a real 2-dimensional
orthogonal G-module V, § a real 1-dimensional G-module and Z, acts on S(V) and § as

scalar multiplication.
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