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1. Introduction 

Let M2n+l be a contact melric manifo ld and (<þ,f" 깨 ， g) be its con
tact metric structure (see section 2 for definitions.) M2n+l is said lo be 
Sasakian if the structure is normaL On a Sasakian manifold the Ricci ten 
sor R commutes wilh <þ ([1 , p.76]) . The converse question, “1s a contact 
manifold with R<þ = <þR Sasakian ? " is still open. On the other hand , 
generalizing Theorem 3.3 of Okumura ([6]) , Tanno ([9,10]) proved that 
every conforma lly flat J( -contact manifold is a space form ‘ The results 
concerning the Ricci and scalar curvatures of a conformally flat conlact 
meric manifold have been obtained in [7J and [l1J. Recently Blair and 
Koufogiorgos ([2]) gave a partial answer about this prob lem as follow . 

A con!ormally Bat contact m etic manifoJd with R <þ = <þ R is of constant 
curvature 

The purpose of the present paper is to prove the following T heorem 
corresponding to Blair and Koufogiorgos’ result, replacing conformal flat 
ness by vanishing cont.act conformal curvature tensor fì eld (see section 2 
for definition). 

Theorem. Every contact metric manψld M2n+1(η > 2) with vanishing 
contact coη.J01mal cuπalure tensor βeld and R <þ = <Þ R is of constanl <Þ 
sectional curvature {s-n(3n+1)}/n(n+1) , wheres is the scala.r curvature. 
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Furthermore. generalizing Theorem 4.2 of Blair and Koufogiorgos ([2]) , 
we obtain the following Theorem. 

Theorem. Let λ12n+l be a contact metric manifold with R q, = q,R. Then 
the followings are equivalenl 10 each other 

( 1) M2n+ 1 is aη Einstein manifold. 
(2) M2n+l has parallel Ricci tensor 
(3) M2π+1 has haηnonic curvalure 

2. Preliminaries 

Let (M ,q" ç,l), g) be a (2n + 1)-dimensional almost contact manifold , 
that is, M is a manifold covered by a system of coordinate neighborhood 
{u;xh } and (q" ç, η ， g) an almost contact metric structure on M , formed by 
q" ç, 1) tensor of type (1 , 1) , (1 ,0) and (0 , 1) , respectively, and a Riemannian 
metric 9 such that 

서
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where \l j denotes the operator of covariant differentiation with respective 
to gji , then the almost contact metric structure is called a cotact metric 
structure. A manifold with a contact metric structure is called a contact 
metric mani[old. A manifold with a normal contact metric structure is 
called a Sasakian manifold 

Let M2n+l be a contact metric manifold. Then we can consider the 
contact conformal curvature tensor field CO on Al (the same definition as 
the contact conformal curvature tensor field in [4]). 

(2.3) CO • k샤 = R싸 + J(9khRj1 - gj싸i + R사\9j‘ ιn 

- Rjhgk
‘ 

- Rkh깨j l)‘ + Rjh까깨‘ 깨k l)hRji 

+ηjηhRki - q,khSji 十 q,jhSk
‘ 

- Skh q,ji 
+Sjhq,ki + 2 q,kj S

‘h + 2Skj q,ih) 

(0 2 n • (n + 2)s 
+-----{2n2 - n - 2 + }(￠kh찌， 
2n(η + 1) ‘ 2n 



Contact manifolds with <þR = R<þ 563 

-<Þki <þjh - 2<Þkj <Þih) 

(3n + 2)s 
+"_ 1_-' ,, {n+2- \ -- ，，~ -r}(9kh9ji-9h9jh) 

2n(n+1) 

(3n + 2)s 
-----{4n2 + 5n + 2 - ----}(gkhηj 1)i 

2n(n + 1) 
9ki 1)j1)h + ηkηh9ji 마1)i9jh) ， 

where (<þ, Ç,1), 9) denotes the contact metric structure, R kjih , Rj‘ ands 
are Riemannian curvature tensor, Ricci tensor and scalar curvature of lVJ , 
respectively, and Sji = 썩Rti. 

A plane section in Tx(M) is called a 따section if there exist a unit vector 
X in Tx(M) orthogonal to ç such that {X ,<þX} is an orthonormal basis 
of the plane section. Then the sectional curvature 9(R(X, <þX) <þX , X) is 
called a 따sectional curvature 

A Rimannian curvature tensor is said to be harmonic if it the Ricci 
tensor Rji satis f1es the Codazzi equation , namely, in local coordinate, 
"ihRji \l jRki , where \lkRj‘ denotes the covariant derivative of Ricci 
tensor R j ‘

. This condition is essentiaUy weaker than that for the paraUel 
Ricci tensor. Recently Riemanian manifolds with harmonic curvature are 
studied by A. Derdziñski ([3]) , H. Nakagawa and U-H. Ki ([5]) , E.Omachi 
([8]) and others 

3. Proof of Theorems 

First, we assume that the contact metric structure satisfies <þR = R<Þ 
and the contact conformal curvature tensor filed vanishes identically. 

Then we have 

니
 

q 
니
 

( 
<ÞjR; = Rj <Þ; ( i.e. ,Sij = -Sj‘) 

Transvecting e to (3.1) and using (2.1) , we have 

(3 .2) RjiÇ' = cx1)j , 

where cx = 9(RÇ, f,) = Rj ‘
ç'ç’· 

On the other hand, Co implies 

o = R ji + 숨{(2n + l)Rji - R ji + S9ji - R j
‘ 

(3.3) -S1)j1)i + 때꺼i - R ji + 때jη， 
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+갱씨R，; + <ÞjR: <Þ’‘ - 2<þj，썩R: - 2썩R，.썩} 
(n + 2)s 

+----{2n2 - n - 2 + ---}(3g1· - 3까η;) 
2n(n + 1) 

r ," (3n + 2)8 、+" , , , {n+2- ,- n - r }2ngj 2n(n+1) ‘ 2n J _.W~] 

2 • " , (3n + 2)s 
+" __ 1_- ' ,\ {-4n1 -5n-2+ ' -'-,,:_ -' - }{(2η - 1)7]j7]; + gj;} , 

2n(n+1 ) 

from which, taking account of 

we obtain 

(3 .4) 

<Þ jR: <Þ’‘ -Rj; + 띠1η‘’ 
-2 <þj ，썩R: = -2Rj; + 2때끼" 
-2썩R，.썩 -2Rj; + 2때jη" 

(n - 2)s o = 2(n - 2)R‘ + {2(n - 2) - \'0 - '- }g‘ 
n 

(n - 2)s <>/,, 2 
+{4a+ ~τr- - 2(2년 + η - 2) hJ7]; 

Transvecting with ç' to (3 .4), we have 

(3.5) a = 2n , Rj;ç’ = 2n7]j 

Thus we have 

Lemma 3.1. On a contacl meμtric manifold M2n+I끼(야n>2야) ψwith van떠IS야hin 
contact coπ.Jorηma띠1 cunπ-va띠t1ωU1‘11π'e tensor βe리l뻐d’ if R <þ = <þR , then 

(3 .6) R j; = (숲 꽤 +(2n+1- 옳) 7]j 7]; 

Substituting (3.6) in Co = 0, we obtain 

RL"h 
kj’ 

), + 3 '-, ‘ ), - 1 ‘ ’ 
= ~(6~gj; - 67gj;) + ~(<þ찌 행h 

-2<Þkj야 - 야ηjη; + 6] '1k'1; - Çkçhgj; + 7] jçhgh ), 

where ), = 자숨ïj{s - n(3n + 1)}. 
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'vVe now prove that the scalar curvature s is constant under our as
sumptions. Denoting by ι Lie differentiation we define the operator h by 
h = ;C얘 (cf. [1]). The (1.1) tensor h is self-adjoint and satisfies 

(3.7) 'ï1/.; = q，~ + q,jh; , Tr h q, = 0, hq, = -q,h 

Thus we have 
(3 .8) 'ï1,ç' = 0 

On the other hand , differentiating (3.5) and using (3.6) , we can obtain 

and 

갚{'ï1;s - (염，s)η;} = 0 

ç''ï1,s = 2(2n + 1 츠)'ï1，ç'， 
ιn 

which together with (3.8) implies 'ï1 ;s = 0, that is, s is constant ‘ 

Thus we have 

Theorem 3.2. Every contact metric maniJold M2n+l(n > 2) w뻐 vanish
ing contact coη:formal curvature t ensor field and R q, = q, R is oJ constaπt 
q, -sectional curvatuπ {s - n(3π + 1)} In(n + 1), 뼈ere s is the scalar cur
vature 

Finally, we assume that M2n+l is a contact metr ic manifold with Rq, = 
q,R. 

It is well-known ([2]) that M 2n+l is Einstein if and only if M2n+l has 
parallel Ricci tensor with Rq, = q, R. On the other hand, it is clear that 
M2n+l has harmonic curvature tensor if M 2n+l has parallel Ricci tensor. 

Let M2n+l be a contact metric manifold with R q, = q,R and harmonic 
curvature. Then differentiating (3 .2) , we have 

(3.9) ('ï1 j R;,)Ç' + R‘,'ï1/.' = ('ï1 jCt)rJ; + Ct'ï1jη‘ 
Taking the skew-symmetric part with respect to the indices j and i, we 
have 

(3.10) R“?찌， - Rj,'ï1;Ç' = ('ï1j Ct)'1; - ('ï1;Ct)깨j + 2Ctq,j; 

Transvecting with (’ to (3.10) and using (2끽， (3 .7) , we have 

(3.11 ) 2Ctq,j; = 2R;，썩 +R;，썩h; Rjt썩h;. 
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Transvecting wi th 야 to (3.11) and using (2.1), we have 

(3 .12) R‘k = Otg;k 

Thus we have 

Theorem 3 .3. Let M 2n+I be a contact metric manifold ψith R tf> = tf>R. 

Then th e followings are equivalent to each other 

(1) M2n+l is an Einstein manifold 

(2) M2n+l has parallel Ricci tensor. 

(3) M2 n+l has harmonic cuπatuπ-

References 
(1] D.E. Blair, Contact man야Ids in Rìemannian Geomairy, Lecture notes in Math ., 

509, 5pringer-VerIag BerIin, (1976) 

[2] D.E. Blair and T. Koufogiorgos, Conformally βat contact metric manifolds, 
preprint 

[3] A. Derziñski , Compact Riema’‘’‘’an manifolds with harmonic curvature and non
parallel Ricci ten50r, Global Diffeπntial Geometry and Global AnalY5i5, Lecture 
notes in Math ., 5pringer-VerIag , Vol.838, 1979, pp.126-128 

[4] J .C. J eong, J .D. Lee, G.H. Oh and J .5. Pak , On the contact conformal curvatuπ 
ten5or, Bull . Korean Math. 50c. 27 (199이， No. 2, pp.133- 142 

{허 U.H. Ki and H. Nakagawa, Submanifolds with harmonic curvature, Tsukuba J . of 
Math . Vol.lι2 ， 1986 , pp .43- 50 

[6] M. Okumura, Some remarks on spa ce with a certain co ntact stru ctu re, Tôhoku 
Math . J . Vol. 14, 1962, pp.13[r-145 

[7] Z. Olszak , On contact metric m.nifold, Tôhoku Math. J . Vo131 , 1979, pp.247- 253 

[8] E.Omachi, Hypersurf.ces with h.rmonic curv.tuπ in a spa ce 01 constant curva
ture , Kodai Math. J . Vol. 9, 1986, pp.170-174 

[9] 5. Tanno, Some transform.tions on manifolds with .Imost co nta ct and contact 
metric stπctuπ II,Tôhoku Math. J . Vol. 15, 1963 , pp.322- 331. 

[10] 5. Tanno, Loc. lIy symmetric K -contact Riem.nni.n m.n~이olds ， Proc. Japan Acad 
Vol. 43, 1967, pp.581-583 ‘ 

[11] 5. Tanno, Ricci curv.tuπ of cont.ct Riem.nni.n m.nifolds, Tôhoku Math . J 
Vo1.40, 1988, pp .441- 448 



Contact man ifolds with rþR = Rrþ 567 

DEPARTMENT OF MATHEMATICS EOUCATION , KYUNGPOOK UNIVERSITY , TAEGU 

702-701 , KOREA 

Y EUNAM TECHNICAL COLLEGE , JINJU 660-300, KOREA 

DEPARTMENT OF MATREMATICS EOUCATION , KYUNGNAM UN IVERSITY , MA SAN 630-
701 , KOREA 


