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Dedicated to Professor Younki Chae on his sixtieth birthday 

1n th is paper we have shown that if u E C' , then the Cauchy problem 
앓 = F(t ,x ,u, Vu) ,u(O ,x) 0 has a unique C'-solution in a certain 
Banach space X where F is holomorphic with respect to x E Rn , u, V zu 
and continuous with respect to t E R. u can be either single valued or 
vector valued function. 

Consider the following nonlinear Cauchy problem ‘ 

(2) 

약 = F(t ,x ,u ,Vzu) 
8t 

u(O , x) = uo(x) 

끼
 
” ( 

where x (x" X2 ,' .. , xn) E Rn, F is holomorphic with respect to x , 
u, V zU = (uz" UZ 2>"" uzJ , and continuous with respect to t E R. u 
and F are either single or vector valued functions. Notice that Baouendi­
Goulaouic-Treves([1]) , Metivier ([4]) deal with single valued functions u 
and F , while Nirenberg([7]) , Ovsjannikov([10J , [11]) and Treves ([12]) treat 
u and F as vector valued functions. 1n [1 J, [4J F is extended to a vector 
valued function. 

Treves([12]) has shown that the Cauchy problem (1)-(2) has a unique 
analytic solution in the scale of Banach space provided F is analytic with 
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respect to t , holomorphic with respect to the rest of variables and the 
initial data uo( x) is also analytic. The scale of Banach space was intro­
duced by Ovsjannikov([10,11]) (see also Gelfand-Shilov ([3])) . Later on 
Baouendi-Goulaoujc-Treves ([1]) have introduced the generalized Hamil 
ton vector field M, and proved that any C2-s01ution of (1)-(2) is analytic 
and therefore unique if the system (1) is in involution, i.e., M，건 = Mj F;‘’ 
F = (FI> F2 ,''', Fm) , t ,] 1,2,' '' ,m and the injtial data UQ(x) is 
analytic. Furthermore if (1) is semil inear the above assertion holds for 
U ε Cl. Notice that the requirement u E C2 is necessary for the defìnition 
of the generaljzed Hamilton field M,. They have also given an approx­
imate C2-solution via the Gaussian kernel when the space dimensio I1 is 
1 and uo(x) E C2

• Later on Metivier ([4]) has extended the approxima 
tion formula of Baouendi.Goulauic. Treves to any space dimension n > 1 
by introducing more generalized Hamilton fields. He then showed that if 
there are two C2-solutions u and u' of (1 )-(2), then u = u'. Moreover he 
showed the unique C2.solution of (1)-(2) is approximated by a sequence of 
analytic functions via the Gaussian kernel for any space dimension n > 1 

Let u be holomorphic. Then Nirenberg ([7]) showed that the Cauchy 
problem (1)-(2) has a unique analytic solution (analytic in x E Rn , c∞on따1tμIn 
UOI아u뼈1S잉ly d이ifferen따띠ti퍼ab비le in t E R) in the Banach space X, under the following 
assumptions on F: 

For some numbers R > 0, T > 0, and every pair of numbers ' 8 ,8’ such 
that 0 :S; 8' < 8 < 1, (u , t) • F(u ,t)isa ∞ntinuous mapping of 

(3) {u E X, : Ilull , < R} x {t : Itl < T} into X,I. 

Secondly, for any positive 8 < 1 and every u E X , with lI ull, < R and for 
any t, Itl < T , there is a linear operator Au(t) mapping X , into X" with 

(4) IIvll 
IIAu( t)이1 ，' :s; C느좋 for every 0 :s; 8' < 8 

such that for any Ilvll < R, 

(5) 
IIv - ull!+5 

II F(ιt) - F(u,t) Au(t)(u - u)l! S C-J二「

This is to hold for every 8' < 8 and with fixed positive constants ð :s; 1 
and C independent of t, u , V , 8 or 8' 
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Finally: F(O , t) is a continuous function of t, Itl < T with values in X. 
for every s < 1 and satisfying with a fixed constant K , 

(6) 
K 

IIF(O, t) lI. :::; 1τ3 ’ O:::;s< 1. 

Remark. N빼ida ([9]) has slightly improved inequality (5) as follows: 

IIU - vll. 
IIF(μ ， t) -F(v,t)II.':::; Cτ- s' 

where C is a constant independent of t , u, v , s , s'. 
Let μ = (u" U2 , . .. , UN) be vector-valued holomorphic. Then (1) is 

easily transformed to a quasilinear equation 

".. N 
(7) 짧 = E￡(t， I ， u)UZ1 + b(t,z ,u) 

where a' is an N x N-matrix, U Xj and b(t,x,u) are N x 1-column vectors. 
Define 

IIUII. = sup lu(x)l , where D. = rr {Ixil < sR} 
ν 0<"<1 

Let X. be the Banaιh space endowed with the norm defined as above. 
Then Nirenberg ([7]) prov뼈 that equation (7) satisfies assumptions (4)­
(5) from which the e잉stence and uniqueness of the Cauchy problem (1 )-(2) 
follows in the Banach space X. (see [7: Theorem 1.1]). 

The natural question is: What is the minimum number of deriva­
tives required to have existence and uniqueness of solutions of the Cauchy 
problem (1)-(2)? ln this paper we tackle the above question. We use 
the following norm introduced by Ovsjannikov ([10, [l1J, see also [3]) for 
u E cm(l :::; m :::; ∞): 

.1,,1 
(8) Ilull. = sup 극， IID"ullo ， IID"ullo = sup ID"u l, s < 1. 

l"l~m U! D. 

where 0 = (o \, 02, ... , On) , 101 = 0 , +02+ .. . +On , O! = 0 ,’02! .. -O'n ’. Let 
X!m) be the Banach space of u E cm equipped with the norm defined by 
(8). Then X!m) c x!;n) for s’ :::; s and the natural injection x!m) • xi?) 
hasnorm 으 1. The differential operator ðx maps x!m) into x!;n) 잃 follows: 
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Lemma 1. Let u E x!m) Jor 1 으 m < ∞. Then 

(9) lI ull 
||&u |lsI s c;날I Jor each 0 :s 8' < 8 < 1 

Proof 

118xullν - p 꽉딘118앙H8xu llo 
1:<; 1"I:<;m ‘u ‘)! 

sup (1 01/8’)(s'/s)1미 ( s l"l/o!)118따 110 
o:<;I"I:<;m 

sup (sl"l / o!) 11뽕ullo SUp (lo l /s')(s'/s)1이 
O:<;I" I:<;m O:<; I"I:<;m 

< 

(10) = SUp (lol/s’)(씨s)I"l lI ull ， by (8) . 

Now 

sup lol(s’/ s) 1이 :s (1/e) (l/ln(8/8')) 

씨
 

( 
= (l/e)(l + E)(S’/(8 - 8')) ,0 :S f. :S (s - s') / s’ 

< c」」
8 -S‘ 

o bserve that ç • o when s' • s. When 8' • 0, both sides trivially go to 
zero 

In order words the constant C in inequality (11) is a bounded constant 
for given s and s' with s’ < s. Substitution of (11) into (10) completes 
the proof‘ 

Theorem 1. Suppose F sat생ifies the Nirenberg conditions (3) -(6) . Let 
u(x , .) and uo(x ) belong to X! l) (O :S s < 1니) uψ‘U싸’ 
uψ’，here C is the constant 9힌IV야en b때y (9) .’ Then the Cauchy prob“lem oJ the 
q야ua‘띠a따s잉i“파l“inear equation (η ψith the initial data uo( x) has a unique solution 
In xi1) 
Proof A careful analysis of Nirenberg’s proof (7: pp.566-571) shows that 
his proof also works for u E xj l) which asserts the existence of solutions 
in Xjl). To claim the uniqueness of solutions we must therefore show that 
cond띠ons (4) -(5) hold for u E Xjl). Since F(u ,t) is given by the right 
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hand side of (7) we get 

N 

(12) F(v ,t) = a'(t ,x ,u)Vx J + ε a~ ， (t ， x ， U)(Vi - U ‘ )VXJ + b(t , x , u) 
1=1 

N 

+ ε bμ， (t ， x ， U)(Vi - Ui) + O(lv - U12) + O(lv - UI2씩) 
‘=1 

The linear app roximation of F(v, t) - F(u , t) is thus majorized from (12) 
by 

(13) IF(ν ， t) - F(u ,t) - aJ(t ,x ,u)(VXj - Ux,)-
N 

ε(a~I (t， x , u)VXj + bu
‘
(t ,x ,U))(Vi - ui)1 

---c @ 

<-
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빼ich is the desi때 inequality (5) with the constant 2C1 and 8 = 1. The 
linear part Au(t)w according to (12) and (13) is majorized by 

N 

II Au (t )wllν = IlaJ(t ,x ,u)wXj + ε(a~.(t ， s ， U)UXJ + bu,(t,x ,u))wdl ,' 
1=1 

::; C2 UIψx lI，. + (11 1씨1 ，’ + 1)11ψ11ν } 

Ilwll , , " , " Ilu lI ::; C2 {C느공 + (1 + C;날)llwll ，} by Lemma 1 

C 2 
< C2(;τ; + ;=3;)||m||j by the assumption ||u || 5 5 

11ω 11 ， 
- C2(2 + C);τ강 

which is the desired inequality (4). Consequently F(u , t) satisfies all the 
Nirenberg conditions (3)-(6) . This compleste in view of Theorem 1. 1 of 
[7J the proo f. 
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Since we can always transform fully nonlinear equation (1) to a quasi­
linear equation (7) provided u E C 2 we obtain the following: 

Theorem 2. Suppose u(x , . . '), uo(x) ε X;2) (0 :::: s < 1) uψv삐) 
assuηmptμIOn’η's the same as Theorem 1. Then the Cauchy problem (1 )-(2) has 

a unique solution in X~2) 

R emarks. The works of Baouen이 Goulaouic-Treves ([1]) and Metivier ([4]) 
assert the uniqueness of soluti。따 of t he Cauchy problem (1 )-(2) under the 
assumption of integrability condition of generalized Hamilton field of F 
provided u E C2

• In particular if the quasilinear equation (7) becomes 
semilinear it it enough for u E Cl . However their works leave out the 
question of existence of solutions to (1)-(2). 

To est imate the norm of ôxu for u holomorphic, Nirenberg uses the 
Caucby inequality ([7; p.575]). However we cannot use the Cauchy in­
equality in our case as we requ ire tbat u has first order cont inuous deriva 
tives. This is the major dilfernence between Nirenberg’s ([7]) and ours 

Acknowledgement. 1 wou ld like to thank F. Treves for answering my 
fooli sh questions. 1 would also like to thank 1. Nirenberg who brought T 
Nishida’s work to my attention 
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