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1. I ntroduct ion a nd definit ions 

T he idea of dimension is fundamental in the study of fractals [2]. Var
ious definitions of dimension have been proposed , such as the Hausdorff 
dimension , the packing d imension and the modified lower and upper box 
dimensions etc. Unlike the Hausdorff and packing dimensions the modi 
fied lower and upper box dimensions are not defi ned in terms of measures 
However it is well-known that the modified upper box dimension is just 
the same as the packing dimension [2]. Accordingly we [4] recently have 
defined a new measure called the d-measure which determines t he modified 
lower box dimension. Together with several properties of this d-measure, 
we showed that the length of a rectifiable curve equals to its l-dimensional 
Hausdorff, packing measures and d-measure 

In this note we first show that l -dimensional packing, Hausdorff, Lebesgue 
measures and d-measure coincide on R . We also compare the s-dimensional 
d-measure with the s-dimensional packing and Hausdorff measures on R n 
Finally we show that the l-dimensional Hausdorff, packing and d-measures 
have same value for p-regular sets in Rn 

We begin by introd ucing the necessary deβnitions. 
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For 0 < s < ∞ the s-dimensional Hausdorff outer measure of E c Rn is 
given, in the usual way, by 

H'(E) = 얹 inf{ε |띠': Ec U응J u，‘’ 0< 1띠 < 이 

where 1 1 denotes the diameter of a set . A Ò-packing of E is a fam
ily of pairwise disjoint balls with centers in E and diameters less than 
or equal to Ò. The s-dimensional packing premeasure of E is P'(E) = 
limδ→osup{LIUd’ : {U;}얻J; a 8-packing of E} . The s-dimensional pack
ing outer measure of E is 

p'(E) = inf{ε P'(En): E C U풍JEn} 

Let N(E , 8) denote the smallest number of c10sed balls of diameter 8 that 
cover E. The s-dimensional d-premeasure [4] of a bounded set E in Rn is 

D'(E) = 셉inf N(E , 8)ò' 

The s-dimensio뼈 d-measure [4] of E C Rn is 

d'(E) = inf{ε D ’ (En) : E c U뚱JEn ， Eη are bounded} 

The Hausdorff dimension , packing dimension (modified upper box dimen
sion) , and modified lower box dimension can be defined by 

dimH(E) 

dimp(E) 

피mMB(E) 

= inf {s 즈 0: W(E) = O} = sup{s 즈 0: W(E) > O} 

inf{s ξ 0 : p'(E) = O} = sup{s 즈 0: p'(E) > O} 

inf{s 즈 O:d’ (E) = O} = s때 {s 즈 o : d'(E) > O} 

Also we define a rarefaction index, the lower box dimension of a bounded 
set E in Rn by 

며mB(E) = inf {s 즈 0: D'(E) = O} = sup{s ~ 0: D'(E) > O} 

Clearly dimB is monotone, but not a-stable in the sense of [이 As in [6], 
미mB is defined for any E c Rn by 

며mB(E) = inf{sup미mB(En ): E = U품JEn ， En are bounded in R n}. 
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Then 띠띠B is a-stable. 
If O< H1(E)< ∞， t hen E is ca\led a l-set. We define the lower and 

upper densities of a l-set E at a point x E R n as 

H I(E n B,(x)) 
I(E,z) = J밍 inf 2T 

and 
L_ • HI (EnB,(x)) 

D (EJ) = J냄 sup 2r 

respectively, where B,(x) is a ball of radius r with center x. For a l-set E , 
a point x at which DI(E ,x) = D1(E ,x) = 1 is called a regular point of E , 
otherwise x is an irregular poinL A l-set is termed regular if HI -almost 
all of its points are regular, and irregular if HI -almost all of its points are 
irregular 

We also define p- regularity and d-regularity for packing measure and 
d-measure respectively. 

We wrlte Al(E, I), E l (E, z) and d1(E, z), 믿 (E ， x) for the lower and 
upper densities of a l-set E at x E R n for packing measure and d-measure 
respecti vely. If li m,• opl(E n B , (x))j2r = 1 for l-dimensional packing 
measure almost all x E E , then the packing l-set E is called a p-regular 
set. Likewise a d-regular set can be defined. 

2 . Results 

Before we discuss our main results , we review some properties of d
measure [41 

Proposition A. d' is a Borel regular. That is, there exists a Borel set 
B C Rn 8uch that E C B aπd d' (E) = d' (B) for any 8et E C R n 

Proof Since N(F,r) = N(F ,r) ,D'(F) = D’ (F) . Hence 
dS(E) = inf{ L:뚱I DS(강): E C U뚱IE’‘ ， En are bounded sets in R n} . 
For any integer n ?: 1, there exists a sequence of bounded sets {En ，‘}뜸1 

맨ch that E C U얻 [En ，i and ε얻 I D'(En.i) < d’ (E)+~ . Let B = n응I U열1 
E ,‘’‘. Then E C B , and B C U얻IEn ‘ for every n. Therefore d’ (B ) ~ 
ε얻I D'(En ,;) for every n. Hence d'( B) < inμ ε얻 I D'(En,i) ~ d'(E) . 
But , d'(E) ~ d’ (B) . 

Proposition B . d' is a metric outer measure. 

Proof Plainly we have d'(A U B) ~ d'(A) + d'( B) by subaddi tivity of 
d'. Suppose that Dist (E, F) > 0 for bounded sets E , F. Then Dist 
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(E , F) > 2e: > 0 for some positive constant e: . Thus N(E U F, e:) = 
N(E ,e:) + N(F, 다. Hence D’ (E U F) 즈 D'(E) + D'(F). Hence, for A , B 
such that Dist(A , B) > 0, 

d' (A U B) = inf{I: D’ (En) : A U B = UEn, En are bounded } 

2 inf {ε D ’ (En n A) + ε D'(En nB): AuB = UEn, 
En are bounded } 

2 inf {ε D'(En n A) : A U B = UEn, En are bounded } 

+ inf{ε D ’ (En n B) : A U B = UEn, En are bounded } 

> d’ (A ) + d' (B ) 

Proposition C. d' is a regular outer measure 

Proof. It is immediate from Propositions A and B since the family of all 
measurable sets of a metric outer measure contains all Borel sets. 

Proposition D . D 1(f) = l(f) for a curve f , ψhere f( r) is the length of 
r 
Proof. By definition , H1(f ) ~ D1(r). Since H1(r) = f(r), f( r) ~ D1(r) 
Suppose that f( r) < ∞. Then we can dissect f into n-parts of same arc 
lengthj f 1, f 2, ‘ and f n' Let x ‘ be the mid-point of f i for length fo r 
each i = 1,2, " ' , n. Then each r. is contained in the closed ball of center 
Xi with radius f(f)j2n. T hus N( f , f( r) jn)f(f)jn ~ n(l( f )jn) = f( r). 
Therefore lim infn_∞ N( f , f( r) jn)f(f)jn ~ f(f) . Hence D'(f) ~ l(r) . 

Let ,[1 denote the 1-dimensional Lebesgue measure. It is easy to see 
that H ' , p' , and ,[1 have same value for any subset of R. It is natutal t。
ask whether the definitions of d1 and ,[1 coincide on R . 

The following theorem gives a positive answer for the above question. 
That is, the d-measure is a generalization of the Lebesgue measure on R. 

Lemma 1. Let r be a rectifiable curve. Th en H1 (r) = D1 (r) = d1 (r ) = 
p1 (r) = Length (r) 

Theorem 2. d' (E) = ,[l(E) for E c R 

Proof. Noling that D1 (a , bJ = ,[ ' (a , bJ = b- a, we have 

d'(E) = inf{ε Dl(En) : E C UEn, En are bounded} 

< inf{ε Dl(an ， bnJ : E C U(an, bn]} 
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= inf{ε l(an ， bnl : E C U(an , bn]} 

= .c1(E) 

where l(I ) denote the length of an interval l. Plainly H'(F) ~ D'(F) for 
any bounded subset F C R n. Let {E;} be any bounded cover of E C R n. 
Then H’ (E ) ~ L:응 I H' (E‘) ~ ε열I D'(E‘). Therefore H' (E) ~ d'(E) 
for any s. Since H1(E) = .c1(E) , we conclude that .c1(E) = dl(E). 

Corollary 3. dl(E) = .c1(E) = H1(E) = pl(E) for E C R. 

Next we compare the s-dimensional d-measure with the s-dimensional 
packing and Haudorff measures on R n. 

Let M(E , ó) denote the largest number of disjoint closed balls of di
ameter Ó with centres in E. 

Lemma 4. M(E , ó) 2 N(E ,2ó). 

Proof Let ’s suppose that M(E , ó) < ∞. Take B\, B2 ,.", BM(E껴) which 
are disjoint closed balls of diameter Ó with centres in E. Put B;(i 
1,2, ‘ , M(E , ó)) be the ball of the same center with B‘ and diameter 2ó. 
Then u셉EJ)B; D E. 

Theorem 5. H' (E) ~ d'(E) ~ 2'p’ (E) for E C Rn 

Proof In the proof Theorem 2, we showed that 

H' (E) ~ d'(E) for E C Rn. 

But, for bounded E C R n, 

Hence 

P ’ (E) 2 !i l1"! inf M (E , ó)ó' 
6-0 

> 씹 inf N(E , 2ó)ó’ 

- (5맴inf N(E , ó)ó' 

= (~)’D’(E) 
2 

p'(E) = inf{ε P'(En): uEn 그 E , En are bounded} 

> 한n마f{εε D'떠s끼(En폐): U삐En’'n :)그 E ’ En내1냐폐a값않re bOlωun찌l띠d 

= ψd'(E) 
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To investigate the relations of various dimensions we recall an old def
logN(E ,r) 

inition, a lower capacity, 약E(E) = lim infr~o --0 - ;~=-~. I for a bounded 
- • log r 

set E in Rn. 

Proposition E [4]. 미mB(E) = Cap(E) for anν bounded 8et E in Rn 

Proof 8uppose that Cap(E) > 띠mB(E) + 6 for some 6 > O. Then there 
e잉sts P > 0 such that for any r ~ p, logN(E,r) > logr-[쁘B(E)+ε 
N(E ， r)r쁘B(E)+e > 1. Hence D쁘B(E)+ε (E) 즈 1, which is a contradic 
tion. Therefore Cap(E) ~ 미mB(E) +6 for any 6> O. 8imilarly we obtain 
쁘E(E) > 빡B(E) - 6 for any 6 > 0 

Proposition F [4]. 미mB(E) = 피mMB(E) for any 8et E in Rn. 

Proof 8uppose that dimB(E) < 미mMB(E). Then there exists s E 

(미mB(E) ，미mMB(E)). 80 there is a sequence {En} of bounded subsets 
of E such that U뚱lEn = E and SUPn dimB(En) < 8. Thus D’ (En) = 0 
for any n , implying d'(E) O. It is a contradiction . Now, suppose 
띠mMB(E) < 파미B(E). Then there exist 8 such that dir낀μB(E) < s < 
dimB(E) . Thus d'(E) O. Therefore, there is a sequence {En} of 
bounded subsets of E such that E = u뚱lEn and D'(En) < ∞ for every 
n , hence dir끄B(En) < s for every n. Thus 파미B(E) ~ s. It is also a 
contradiction. 

Proposition G [4]. Cap(E) = 피띠MB(E) for a때 8et E in Rn. 

Proof 1t is immediate from Propositions E and F 

Corollary 6 

dimH(E) ~ 피핀MB(E) ~ dimμB(E) = dimp(E). 

Finally we will see that for what kind of subsets of Rn 1-dimensional 
packing, Hausdorff and d-measures have same value. 

Proposition 7. A reclifiable curve r is a d-regular l-set. 

Proof Let c(r) be the length of r. If r is rectifiable, c(r) < ∞， and 
since r has distinct end points p and q, we get c(r) 2': Ip - ql > O. 8ince 
C(r) = d1(r) , 0 < d1( r) < ∞， so r is a d-1-set . A point X of r that is 
not an end point, divides r into two part r p,x and r x ,g' If r is sufficiently 
small, then removing away from x along the curve r x ,g , we reach a first 
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point y on r w뻐 IX -yl = r . Then rx .• C Br(x) and 

r = Ix - yl::; e(r x .• ) = d1 (rx써) ::; d1(rX.9 n Br(x)). 

Si때larly， r::; d1(rp.xnBr(x)) , so, adding 2r::; d1(rnBr(x)) , ifr is small 
enough. Thus 

d1(r n Br(x)) 
리(r， z) = lirqinf---r--- 2 1. 

r • u ιT 

Since r n Br(X) is essentially the union of at most countable disjoint rec
tifiable curves, say U응l rn ， 
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Hence 맘(F， x) = El(F,z). But E1(r,z) 5 l pI measure almost all z in 

r (Lemmas 4.4 and 4.6[3]). Therefore fC (r, x) = 믿(r ， x) = 1 d1-measure 
a lmost all x in r. 

We remÌnd that a l -set is curve- like if it is contained in a countable 
union of rectifiable curves 

Proposition 8. A curve-like set (in d-measuπ sense) is a d-regular l-set. 
Proof If F is curve-like, then F C U얻1r. ， where the r. are rectifìable 
curves. For each i and d1-almost all x E F n r ‘’ we have, using Corollary 
2.6[1]. 

1 = D1
( r" x) = Dl(F n r., x) ::; fC(F n r. , x) ::; dl(F, x) 

and hence 1 ::; d' (F, x) for d1-almost all x E F. Clearly b, 1 (Fnu:'=1 r ‘’ x) ::; 
1 f。r all n = 1 , 2, ---and for p1-aImost all z e F , hence E1 (F, z) 5 1 for 
d'-almost all x E F. Hence 

al (F,z) lIm sup d" (F n Br(x )) 
;:=;ö--~ 2r 

limsuD(~I(F n (u열1 r.) n Br(x)h 
r_O “ 2r 
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/ dl(F n (U뜸lr;)nBr(x)) 、= limsuo(ljm - ,- "\~'-l-~/"- 1" \-IJ) 

r • O ι 、n→∞ ~r 

1" pl(F n (Ui=lr;) n Br(x)) 、limsuD( lim r ,- . '-'-1- 1/' --1"\-/1) 

r • O ‘ n→∞ Zr 

= l', l (F, x) :::: 1 for é - 따most 떠1 X E F. 

Theorem 9. H 1 (E) = d1(E) = pl(E) for p-regular 8et E in Rn 

Pψof Let E be a p- regualr set in Rn. Then E can be the union of the 
subset of a countable union of rectifiable curve and a set of pl-measure 
zero [3]. Say, E c U얻lr; U M. It follows from Theorem 5 that H 1 (M) = 
d1 (M) = pl (M) = O. And 

pl(E n U뜸1 r;) 

Therefore H 1 (E) = d1(E) = pl(E). 

p1(J많[E n Ui=lr;]) 

lig1 pl (E n uLlr,) 

llAn Hl (E n UL1 r ‘) 

li:,n d1 (E n U7=1 f;) 

d1(llp[E n ULlFi]) 

d1(E n U뜸1 r;) 

We state a characterization of H 1 and pl-regular sets. 

Proposition H [2]. A 1-8et i8 regular if and only íf it ís the union of a 
cuπJe-like 8et and a set of Hl-mea8ure zero. 

Proposition 1 [3]. A p-l-set i8 pl_πgμlar if a뼈 onlν if it is the unioη of 
a curve-líke 8et and a 8et of pl-mea8ure zero 

This two proposition leads us to ∞njecture if the similar characteriza
tion hold for d-measure. 
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