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1. Introduction 

Let U be the open unit disc in the complex plane. Let T be the 
boundary of U identified with [0 ， 2π]. We, in this note, are interested in 
the positive Borel measure μ satisfying 

샤
 

l ( 
μ(Sh ， O) ::; Ch1- p 

for some positive constant C (independent of h) , where 

Sh.O = {z = reit : 1 - h < r < 싸 tl < 2} 
P. Ahern and M. Jevtic characterized those measures satisfying (1.1) in 
terms of mean growth conditions of holomorphic fun ctions : 

Theorem A[AJ1. Theorem 1] . Let 0 < p < 1. Let Jl be a positive Borel 
measure on U . Then the followings are equivalent : 

(1) There is C = C(p) such that 

μ(Sh ， O) ::; Ch 1- p 

for a/l Sh ,O 
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(2) Thel'e is C = C(p ) such that 

fu IJ(z)IPdμ(z) ::; C fu 1J'(z)IP(1- lz l)P- 1dxdy 

Jo1' all holomorphic J with J u 1 J' (z W (1 - 1 Z 1)"-1 dxdy < ∞. 
(3) Th ere is C = C(p) such that 

fu I J(z)IPdμ (z) ::; C Ju ID1+p Jldxdν 

Jo1' all holom077Jhic J with Ju IDI+P J ldxdy < ∞. 

Here and after, DP J, 0 < p < ∞， denotes the fractional derivative of 
order p of J defi ned, for J (z) = Lakzk holomorphic in U, by 

DP J (z) = ε(k + l)Pakzk, z E U. 

Also, when 0 < p <: ∞， the classical Hardy space norm 
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of J holomorph ic in U wiU be denoted by IIJllp . It is well• known that 

if IIJl lp < ∞ then the non-langential maximal fun ction N J(O) (See [DU] 
or [GA]) sat is l1es JT (N J(O))" dO < ∞. For 0 < q < 1 and E c T , the 
q-dimensional Hausdorff measure (011 T) is defined by 

Jf9 (E) = inf {ε IJnlq : E C UJn, Jnare open arcs}. 

It is known [AD] tha t 

L∞ H 1 -P({NJ> t} ) dt ::; CII DPJ lh 

if p < 1 
By an inner function we mean a bounded holomorphic function J de­

I1ned on U for which 

li밍 IJ(r e’8)1=1 , a.e .OET 

Given a nonzero sequence {on} of complex numbe rs in U, with ε( 1 -
10n l) < ∞， a nd fo r a nonnegative in teger integer k , t he product 

k ∞ On - z 10’‘ | 
B (z) = z 묘r길파 z E U, 
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defines an inner function called the Blaschke product. When ~ < p < 1, 
there are a lot of irlteresting results related to the p-th mean growth of 
the derivatives of inner functions (See, for example, [AH], [AJ1 ], [AJ2)). 

2. Results 
Our result in this note is the following characterization of a measure 

satisfying (1. 1) in terms of tbe growth conditions on inner functions : 

Theorem. Let ~ < p < 1. Then the following (1), (2), and (3) aπ 
equivalent. 

(1) There is C = C(p) such that 

μ(Sh ， e) ~ Ch1
-

p 

for all Sh,e 
(2) There is C = C(p) sμch that 

fu If(z)ldμ (z) ~ CIIDP f lh 

for all holomorphic f with IIDP fl11 < ∞ 
(3) There is C = C(p) such thal 

fu IB(z)ldμ(z) ~ C (IIBII~ + IIB'I I ~) 

for all Blaschke producl B with IIB'llp < ∞ 

3. Proof of Theorem 

(1) =} (2): Suppose (1). Then by a result of Ahern and Jevtic(See 
[AJ1. Proof of Theorem 1)) 

μ({Ifl > t}) ~ CH 1-P({Nf > t}) 

Hence 
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(2) then follows from the strong Hausdorκ capacity estimates of D. Adams 
[AD] : 

l∞ H 1-P({Nf > t})dt ~ CIIDPfl11 
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(2) =추 (3) : Suppose (2). Then 

샤
 

。‘ u 
( J I Bldμ (z) :0:: GIIDP BI It 

for all Blaschke product B with IIDP Blll < ∞. Let 

g(z) = zB(z) , and f(z) = zB'(z) , z E U. 

Then 
(3.2) g'(z) = B(z) + f(z) , z E U, 
and 

쩌 DPB(z) = 돼든꾀1 g'(tZ) (펙) -P dt 

It follows from (3.2) and (3.3) that 

(3 .4) IDP B쐐< 균는싫 IB(tre‘8)l(logf) pdt 

+ r( 1는삶1lf(trei8)l (logf)-pdt 

Since IBI :0:: 1, 

(3 5) L2]l |B(tTe‘B) 1 (펙) -p dtd8 

< 2πr(l - p) II BI It :0:: 271-r(1- p)IIBI냉‘ 

On the other hand, since 

lπ If(tre;B)ld8 :0:: lπ If(te‘B)ld8 

if t < 1, we have 
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We now estimate the last quantity of (3.6) . Remind the Hardy-Stein 
ideni ty [ST] : 

d r21r 

(3.7) t二 I If(te‘B) I'd8 = l A(q, f , t) , 0 < t < 1, 
dtJo 
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where 

A(q,/, t) = J LIJ(z)IQ-2 IJ빠dy 

Since J (O) = 0, integrating q = 1 ca8e of (3.7) we obtain 

(3.8) fπ IJ (teiB) ldO = f A( l ， J， s)량 

By the Schwarz-Pick’8 Lemma [GA], 

IJ(z)1 = IzIIB'(z)1 ::; IZI(l -IZI)-l ::; (l-lzl)-l , Z E U, 

80 that we have 
(3.9) lf(z) I- 1 

::; IJ( z) IP-2(1 -IZI)P-l. 

From (3 .8) and (3.9), 

Hence 

(3 .10) 

Noting that 

< 

fπ IJ(te’9)ldO::; f A (p ， J， s)( l -픔rds 

l(펙) -P dl f~ IJ(tei9 )ldO 

l (펙)-p dt LtA(p ， f， s)t품ds 

l 0..=랜ds j I A(p , f , s) (log f) p dt 

[(펙) - P dl ::; [ (1 - tfP dt = 약품P 

we have from (3.10) , 

β떠씨찌11씨1) lμ1 (ω때펙g야페D깐r펴P띠펙d며쐐i냉f~’ IJ띠fμm싸J(te'따w쐐te'낭l 

Integrating (3 .7) once more with p in place of q, 

(3.12) p2 l A(p ，/， s)띈 = 셉 fτ IJ(peiBWdO 
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If we put (3.6) , (3.11) , and (3.12) together, we obtain 

(3 13) / f /1 |f(tTe‘8)| (log f) p dtd8 < -3E-||f||P Jo Jo \ t) _._. ~ p2 (1 _p) 

Now, it follows from (3 .4), (3.5), (3.13) , and the fact IIfllp = IIB’ IIp (See 
[DU] for example) that 

L d8 IDP B(rei9)1~~ :S IIBII~ + _2 T'1~ _\ I lf ll ~ 2f(2-p) 

:S c (IIBII~ + I IB' II~) 

for all r : 0 < r < 1. Therefore by (3.1) 

IIDP B lh :S C (IIBII~ + I IB’ II~) 

(3) =수 (1): Suppose (3) and denote Sh얘‘ 
μ씨(U띠) < ∞ b이y (3윈)， we may assume that h < !. Set p 1 - 2h and 
a = pe‘9. Let 

B(z) = 뜬옳 z E U 

Then for z E Sh we have 

11- δzl :S le‘9 _ p(l - h)e’(9+ h/2) 1 

so that 

(3.14) 

Also, for z E Sh , 
(3.15) 

= 11 - 2p(1 - h랬 + l(l - h)21'/2 

:S [1 - 2p(1 -싸 풍) + p2(l h)2] l/2 

f/n ól 1.. \2 (1-2h)(1-h) 1'/2 
= h 1(2 - 2h)' + ,- _.~'--' I 

< 냄7 

IB(z)1 ~숲 

2h 
IB(z)1 :S 1, - - ,:S 4h. 

11- azl 
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On the other hand, because ~ < p < 1, we have 

r r 1 - lal 2 Y Idzl 
IIB’ II~ sup L 11: ~-~121 h 111 - ãzl 2 1 2π 

(β3심뼈뼈16에6야) = (υ1-p에2)" [[띠때[~I치f끼11- pe'심e낭앤웬t얘8 
:::; C(l _ p)l-p :::; Ch1-p. 

515 

Now, (3.14) ,the hypothesis (3) , (3.15) , (3.16) , and the fact ~ < p , in this 

order, !eads us to 

μ(Sh) = lh dμ 5 으할 4h |B(Z)ldμ ( z) 
:::; C (IIBII~ + I IB' II~) 
:::; C(h P + h 1- p

) :::; Ch 1- p 
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