Kyungpook Mathematical Journal
Volume 32, Number 3, October, 1992.

A POSITIVE MEASURE CHARACTERIZED BY
AN INNER FUNCTION

Ern Gun Kwon

Dedicated to Professor Younki Chae on the occasion of his sixtieth birthday

1. Introduction

Let U be the open unit disc in the complex plane. Let T be the
boundary of U identified with [0,27]. We, in this note, are interested in
the positive Borel measure p satisfying

(1.1) #(Sh.ﬂ) < K

for some positive constant C' (independent of k), where
it h
Sre={z=re :1—h<r<1,]9—t|<§}.

P. Ahern and M. Jevtic characterized those measures satisfying (1.1) in
terms of mean growth conditions of holomorphic functions :

Theorem A[AJ1. Theorem 1|. Let 0 < p < 1. Let p be a positive Borel
measure on U. Then the followings are equivalent :

(1) There is C = C(p) such that
}L(Shtg) & Chl-?

Jor all ;4.
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(2) There is C = C(p) such that
L1 @Pdn) < € [ 17E)P0- |2y~ dady

for all holomorphic f with f; |f'(2)[P(1 — |z|)P~'dzdy < oo.
(3) There is C = C(p) such that

L 1@Pdutz) < ¢ [ 107 fldedy

for all holomorphic f with [ |D'*? f|dzdy < cc.

Here and after, D?f, 0 < p < oo, denotes the fractional derivative of
order p of f defined, for f(z) = Y a;z* holomorphic in U, by

DPf(z) =Y (k+1)Paz*, z€U.

Also, when 0 < p < oo, the classical Hardy space norm

oy p 0"
L (/T |/ (re®)] g)

of f holomorphic in U will be denoted by || f|,. It is well-known that
if ||fll, < oo then the non-tangential maximal function N f(#) (See [DU]
or [GA]) satisfies [; (N f(0))"d0 < oc. For 0 < ¢ < 1 and £ C T, the
g-dimensional Hausdorff measure (on T) is defined by

HYE) =inf{)_|I,|* : E C |J I, I.are open arcs}.
It is known [AD] that

|7 (NS > 1)) de < CD7 S
0
ifp <1.
By an inner function we mean a bounded holomorphic function f de-
fined on U for which
lim |f(re®)| =1, aefeT.

Given a nonzero sequence {a,} of complex numbers in U, with > (1 —
|am|) < o0, and for a nonnegative integer integer k , the product

k H B lanl € U:

l—anz a,,
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defines an inner function called the Blaschke product. When 1 < p < 1,

there are a lot of interesting results related to the p-th mean growth of
the derivatives of inner functions (See, for example, [AH], [AJ1], [AJ2]).

2. Results

Our result in this note is the following characterization of a measure
satisfying (1.1) in terms of the growth conditions on inner functions :

Theorem. Let 1 < p < 1. Then the following (1), (2), and (3) are
equivalent.

(1) There is C = C(p) such that
p#(She) < Ch—*

for all 5, 4.
(2) There is C = C(p) such that

[, @)duz) < D7)

Jor all holomorphic [ with ||D* f|; < oo.
(3) There is C = C(p) such that

| 1B@)dn(z) < ¢ (18I +1871)
Jor all Blaschke product B with | B'||, < co.

3. Proof of Theorem

(1) = (2): Suppose (1). Then by a result of Ahern and Jevtic(See
[AJ1. Proof of Theorem 1])

p({If| > t}) <CH"P({Nf > t}).
Hence

[l = [" a1 > e <o [T ns >

(2) then follows from the strong Hausdorff capacity estimates of D. Adams
[AD] :

[T (Ns > yde < 00
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(2) = (3): Suppose (2). Then
(3.1 [ 1Bldutz) < Cllp B
for all Blaschke product B with ||[D?B||; < oo. Let

g(z) =2B(2), and f(z)=2B'(z), z€Ul.

Then

(3.2) 9'(2) = B(2)+ f(2), z€U,

and

(3.3) D?B(z) = 1“(11— = fo ¢(t2) (log %) dt.

It follows from (3.2) and (3.3) that

(3.4) |DPB(re'?)| <

L Mg *’9)|(1 1)_pdt
T —p) Jo 1247 I 087

T 1"(11_ p) j: |f(tre"9)| (log l) 7 dt.

Since |B| <1,
2r 1N"P
(3.5) / ] | B(tre* (log —) dtdd
< 2rT(1—p)||Bl: < 27T(1 - p)|| B[}

On the other hand, since

f;'"| Flipe )|d9</ 1f(te)]d8

if £ < 1, we have

(3.6 /2/ |F (e (Iog ) " dido < ful (log%)—pdt f:ﬁ | (te)|dt.

We now estimate the last quantity of (3.6). Remind the Hardy-Stein
idenity [ST] :

2m =
a1t [T = #a f1, 0<t<,
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where

A, 1,0 = [ [ 1F@)I21f Pdady.
Since f(0) = 0, integrating ¢ = 1 case of (3.7) we obtain

27 i B t E
(38) [ 1relde = [ AL 1,93
By the Schwarz-Pick’s Lemma [GA],
1f(2)| = IB'(2) < |21 = |e))7" < (1= ]2, =z €U,

so that we have
(3.9) [F(2)™ < FE)P2L - J2])P
From (3.8) and (3.9),

(1-—s)P?

[Tt < [ . s.s) ds.

Hence

fol(o -) dt/ F(te®)]d6

(3.10) < /01 (log;) dt ju A(p,f,s)(i‘s—s)il-ds

'[ gds/al Ap, f,s) (10g %)—p =

Noting that

1 1\~P 1 _ (1_3)1—;0
- < — VP =T
/a(logt) dt__/s(l =

we have from (3.10),

(3.11) /D(log) dt/ F(te® ]d9<—/ (p, fs

Integrating (3.7) once more with p in place of g,

3.12 2 [* 4 % i [ (o) Pdb
(3.12) P (p,f,8)— =1lim | f(pe™)|Pdo.
0 S —1Jo
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If we put (3.6), (3.11), and (3.12) together, we obtain

(3.13) /h/ | f(tre? (log ) dtdf < p( =1,

p)

Now, it follows from (3.4), (3.5), (3.13), and the fact || f]|, = ||B||, (See
[DU] for example) that

df

/10:»3 (re®)s- < |1BlE+ —r( )

< c(IBlz+1B1?)

A1

for all r : 0 < r < 1. Therefore by (3.1)

1D7Bl, < C (IBI; + I18]}) -
(3) = (1): Suppose (3) and denote Sy 4 by S;, for simplicity. Since
u(U) < oo by (3), we may assume that A < 1. Set p = 1 — 2h and
a = pe'. Let
2 —«

z€eU.

Blz)= 1—az’

Then for z € S, we have
L—asl < | = p(1 = R)eiO+H/a)

h
= |1 —=2p(1 — h)cos§ 4 {1 — RYPPLE

2

1/2
< ll —2p(1 — R)(1 - %) +p°(1 - h);’]

= & l(Z _opyr 4 L2200 = h)]lﬁ

4

v

- 2
so that 5
3.14 B oo oy
@314 B:) 2
Also, for z € 5},

2h

(3.15) |B(z)| < < 4h.
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On the other hand, because % < p < 1, we have

1 —|af? ]p |dz|

1 —azl?| 2«

2 : dn
= P AY - . tf|—2p
(3.16) (1—#7) Uﬂ 11— pe”| —%]
< C(l-p)"? < Chl™.

1By = sup [

Now, (3.14),the hypothesis (3), (3.15), (3.16), and the fact < p , in this
order, leads us to

ws= [ dn < [ 1Bdnce
< (||Bn;;+nB'||p)
< C(R?+ 4177 < CR'2.
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