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1. Introduction 

In this paper we consider the system of conservation laws 

샤
 

1 ( 
Ut -Vx=O , Vt-a(u)x=O 

Here 17 is a smooth function that is monotonically increasing except in an 
interval [0찌. T his system consit utcs a model fo r phase t rans itions in a 
van der Waals gas [1,2,4,5,. • ',9) a nd in elast ic p lastic rods [3J. 

This system (1. 1) is hyperbolic in the regions 

D = {(u ,v)[u::; 0 or u 으 ß} 

and elliptic in t he region 

E = {(u ,v) [o < u < ß} 

Such a mixed type was studied by James [3], Hattori [1 J, [2J , Shea l'cr [5], 
[6J, [7J 뻐d Slemrod [8J, [9J. The study of possible criterion fo r the admi웅 
sibility of shock waves was begun by James and Slemrod [3], [8J. In [8J 
Slemord presented admissi bi 1ity criteria for weak solutioDs of the e끽uations 
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governing isothermal motion of a van der Waals fluid. He dicussed two ad 
missibility criteria: a standard viscosity criterion and a vicosity-capillarity 
criterion. The former is discarded: it rules out propagating shock waves 
near the equilibrium co-existence line. The latter allows for propagating 
shock waves to exists. In [7] Shearer characterizes those phase transitions 
satisfying the viscosity-capillarity admissibility criteria of Slemrod and ly­
ing near the Maxwellline. He stated the important of the condition (C) 
conjectured by Slemrod. We shall describe the condition (C) which is 
possible to analyze the Riemann problem completely. 

2. Preliminaries 

We consider the system of conservation laws 

끼
 

U 
/ 

α
 ι
 

( 
Ut - Vx = 0, Vt - a(μ )x = 0, 

where u : R • R is of class Gr(r 2: 2) and has the following property (P). 
(P) There exist numbers a < η < ß such that 

u'(u) 즈 for u rf. (a , ß) , u'(u) < 0 for u E (a , ß) 

sgnu"(u) = sgn(u- 깨) 

Define Î < a and ii > ß by uh) = σ(ß) and σ(a) = u(ii). Let m < M be 
given by u(m) = u(M) and 

f [u(u) - u(m)]du = O. 

If a state (Ul , Vl) may be joi야d to state (U2 , V2) by a shock wave x = x(t) 
with constant shock speed s i: (t) , then the Ra뼈.an따1 

con(찌1(피d이Ii tions [4] 

(2.2) 야 V, = -s = (U2 - u ,) 

(2.3) u( U2) - u( u,) = -s( V2 - ν1) 

hold. It follows from (2.2) and (2.3) that 

s2 - o(u2) - o(U1) -
U2 - u, (2 .4 ) 

holds. 
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A shock wave {( Ul , vd , (U2씨2)' s} is admissible according to the viscosity­
capillarity criterion [7] and [8] if there is a travelling wave solution 

(2 .5) (u ,v) = (u( Ç), ν (é，))， é, = (x - st)/ε 

of the system 

(2.6) u, νx = 0, νt - a( u)x = fVxx - Aε2U1rI 

(A constant, 0 < A ~ ~) 
with boundary conditions 

(2.7) (u ， ν)( -∞) 
(ux ’ vx )(土∞)

(μ1 ， V1)(U ， ν)(+∞)=(U2 ， V2) ， 

(0,0). 

From (2.6) it follows that (u , v) satisfies 

(2.8) 
du dv 

-‘ 。
dé， dé, ’ 

dv d. dν ~u 
s- = } (o(u) + A ) 

dé, dÇ"" dé, 
. 

dÇ2 

Integration of (2.8) from ∞ to é, and use of a subsitution show that a 
solution u of (2.6) , (2.7) musfsatisfy the second order ordinary differential 
equation 

(2.9) 、U μ
 

u ? ‘ n 

δ
 

、U u 이
 

사
 ω 

7 이
 

+ u 
-
ι
 
‘ 
、

1 Q 

「a 
• = 

” 
때
 -싼
 

A 

with boundary conditions 

(2.10) u(-∞) = μ1 ， u( +∞)= μ2 얀(土∞) = 0 
’ dé, 

We say that μl • U2 is a connection with speed s if there is a solution of 
(2.9) and (2.10) 

A shock wave is admissible if it is the limit of travelling wave solutions 
of (2.6). A piecewise smooth solution of (2.1) is admissible if all its shock 
waves are admissible. 

If Ul • U2 is a connection with speed s, then for any v" {(Ul' vd , (U2 , ν2) ， s} 
repr얹ents an adrrússible shock, where V2 is given by (2.2). Note that if 
Ul • U2 is a connection with speed s , then U2 • Ul is a connection with 
speed -s . 

Let μ1 < a and U2 > ß. With S2 given by (2.4), suppose that S2 < 
σ'(uk)(k = 1,2) , and take s 으 O. Then (uk ,O)(k = 1,2) are saddle points 
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A solu t ion of (2.9) , (2. 1이 consists of the unstable rnanifold of (u ] , 0) joined 
to the stable rnanifold of (U2'0). Let f1 (t시 ， U2) denote the connected 
c∞orr매onen따t 0이f the unstable rnanifold of (U1 , 0) in the upper half plane û = 
뿔 2': 0 and containing (U1 , 0) . Sirnilarly, the connected cornponent of the 
stable rnanifold of (U2 , 0) in the upper half plane, and containing (U2 , 0), 
will be denoted by f 2(u ], U2). Then Q > U1 • U2 > ß is saddle connection 
with speed 5 2': 0 given by (2.4) if and only if 52 < 1T'(Uk) , k = 1,2, and 
f 1 (U1씨2) = f 2( U1 , U2) . We rnay assurne that f 1 and f 2 are pararnetrized 
by U 뚫 = Wk(U) on fk(u] , U2) . Then (2.9) rnay be wri tten 

(2.11 ) 
dψk(U) 

ψk그J- = -sψk(U) + lT(u) - IT(UI) - 52(U - utl 

Lemma 2.1 ([9J , [10]) ‘ Let U] E [M ,ÒJ . Theπ exists one U2 = Û2( ud < U1 
such lhal U1 • U2 is a saddle-saddle connection with nonnegative speed 
The corresponding speed s(ud is positive for U1 > M. For each U1 E 
[M ,Ò], Û2(Ud > ^I and Û2 is of class Cr- 1 on (M,ò). 

Let U1 E [M, 이 be fixed and let U2 = U2(S) < Q be given by 

(2.12) s2 = o (U l) - o(U2) 
Ul - U2 

for each s, 0 :-::: s < 파꾀 Then (U1 ,0) and (U2 ,0) are saddle points 
The chord joining (U1 , IT (U 1)) to (따 ，0" (U2)) cuts t he graphs of 0" at a third 
points (uo ,O"(Uo)) , Moreover the trajectories f 1 and f 2 both cross the 
line U = UO. Set ψk(S) = Wk(UO(S)). Note that ψk(U) also depends on 5 
irnplicitly 

Lemma 2.2([7]). With the above notation 

옳[w’I(S) - ψ2(S)J < 0 

ifO < s < P꾀 

Theorem 2.1 ([7]). There exists 0 > 0 such that ν M < U1 < M + 0, 
then the corresponding U2 = Û2( U1) giving the saddle-saddle connection 
ψith speed S(U1) > 0 satisfies U2 > m. 
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In fad , for U1 E [M,ó] defìne U2(U tJ < a by 

l:l Io(깨)-tr(u tJ • 2(11 - u tJ ]d깨 = 0 

학(U1 - U2) = tr(U tJ- tr(U2) 

and let s-, = s-,( U1) > 0 be given by 

랙(U1 - ")') = tr(u tJ- tr(")'). 

Defìne Û2 = maX{U2''')' }, S = min{s,s-,}. Then Û2 and s satisfy the resu lt. 
Moreover Û2 is continuous up to M. 

Corollary 2.1([7]) 따(Ul ) • m U1 • M+. 

Let U1 E [M, 이 Write U2 = Û2(Ul) , so lhat Ul • U2 is a saddle-saddle 
conned ion with speed s = s( üd ~ O. Then r = r 1 (U1' U2) = r 2( U1 , Ü2) is 
the lrajedory joining (U I> O) lo (U2'0). Let f' = {ψ(U)IÜ2 ::; U ::; Ud 

3. Main Theorem 

In this section , we shall prove the monotonicity of Ú2. We need some 
Lemmas 

Lemma 3.1([7]). s(utl is slrictly monotonicaliy incl.easing on [M, ó]. 

Lemma 3.2. Suppose J;깅l ψ(u)du> 2SJ;갑 (U2 - u )du . Th en there exists 
μ > 0 such thal for U1 < U1 < Ü1 + μ ， r 1 (U1' Ü2) inlersects r. 
Proof Sel w = 뚫 and f(s ,u) = tr(u) - tr(U1) - S2(U - utl. From (2.9) we 
have 

(3.1) Aψ뚫 = -8ω +f(s ,u) 

Since ψ(U2) = 0, (3.1) implies 

u 」u 써
 

u u ’ ‘ s 、
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For U1 > UI> let r 1 (u ， 마) = {ωl(u)lu<ud 
It suffìces to show that if U1 > U1 is chosen enough lo U1, then there 

exisls u E [U2 , Ul] such that 

(3.3) ω1 (U) < ψ ( u) . 
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Suppose that W1(U)?: ψ(u) for all u E [fi2 ' fi1J. Then W1(U2) is defined 
and 

(3.4꺼밸파 끄i ψ1(빠 
where s > 5 depends on U1 lhrough (2 .4), with U2 = fi2. Substiluting 
(3.2) from (3 .4) leads to 

(s - 5) 피 [(s + 5)(U2 - u) - ψ(u)Jdu 

+s 갔 (ψ(u) - %1 (u))du + (s2 - s2) lrl (i2 - u)du 

+ 끄 [o- (u) - 0- (U2) - S2(U - U2) - sω1 (μ )Jdu 
(s - s) I + II + I II + I V. 

Since ψ(u) :s: W1(U) and w(u) < W1(U) near fiJ, it follows lhat II < O. 
Moreover IV < O. Therefore, 

A lωI (U2 )J2 _ -
2 

(3.5) 
、

니
 

u m 
허
 

QU < 
,‘ 
-써

 
-

-u 
-

이
 -2 ψ
 -

께
 -

where G( U1) = 펴J [(s + s)(fi2 - u) ψ(u)Jdu + (s + s) 폐，' (fi2 -U)du. 
Now G is continuous and 

G(il ) = L:l I2S(U2 - ul ) - ψ(u빠 < 0 

by assumption. Therefore there exists μ > 0 such that if U1 < Ul < U1 + μ， 

then G(U1) < O. From (3.5) and s = s(u t} > 5, the required contradiction 
is obtained and Wl(U) < ψ(u) for some u ε [U2 , utl. This completes the 
proof 

Lemma 3.3([6], [7]). If fi 1 • Ul is a saddle-saddle connection , then the 
corresponding trajectory r = {ψ(U)IU2 :S: u :S: u t} joining (U1' 이 to (fi2 , 이 
tS concave: 웹(u) < 0 for U2 :S: u :S: U1 

Lemma 3.4. o5 (utl • o if and 0πly if Ul • M+ 

Proof Let U1 E [M , 이 Theorem 2.1 shows that there exists exactly one 
U2 = Û2(1이 < Ul such that Ul • U2 is a saddle-saddle connection with 
non-negative speed o5 (Ul)' The defini띠on 0이f Û2 and s saμt i빼e얹s the following 
conditions 
(3.6) i :l [o(n) - o(Ul ) - S2(η - utlJd7J = 0 
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(3 .7) 강(μ1 - 싸) = a(ud - a(û2) 

If U1 • M+ , then û2(ud • m (by Corollary 2.1). Then the left hand 
side of (3.7) vanishes. Thus we obtain the desired result. Conversely, if 
s(ud • 0, then (3.5) and (3.6) irnply that 

l:1 [o(”) - σ(U1) ]d깨 =0 

and 
σ(U1 ) σ(Û2) = 0 

hold . Since μ1 i' Û2 , it follows from conditions of a that U1 • M+ and 
U2 -• m 

Theorem 3. 1. There exisls í! > 0 such that Û2 is a monotonically in­
creasing function of U1 E [M, M + !!). 
Proof The trajectories r = 다(111 ， Û2(U1))(k = 1,2) depend continuously 
upon 111 so does the shock speed :9 = s(ud. By Lemma 3.4, for μ1 = M , 
U2 = m , s = 0, we have 

훤(μ)du = LM 
2[빡껴민ladu > 0 

Therefore, there exists p > 0 such that 

(3 .8) J:1 [ψ(u) - 2:9(112 - u)]du > 0 

when 111 E [M, M + Il) ‘ But (3.8) is the hypothesis of Lemma 3.2. Conse 
quently, for each such 11 ], there exists μ > 0 such that r( Ul껴2) i따ersects 

r if 111 < U1 < 111 + μ Any intersection is locally isolated. In fact , it is 
easy to show it is transversal unless ψ(u) = - (s + :9)(U2 - u) (s > 0 is 
given by (2 .4) with U2 = 112), which occurrs at precisely one point on r , 
by the concavity of r (by Lemrna 3.3). Suppose r 1 (U1 ，따) does not cross 
the u-axis to the right of (따， 0) . Then (3.3) irnplies those exist at least 
two interactions of r 1 (U1 , 112) and with r. Since s > .5, it is easy to check 
that 펀펀 > 염관 if W1(112) = O. In any case ψ1(U) > ψ(u) for u > 112 
near U2 . As a result, there exist μ* < u** between 111 and 112 such that 
ψ1 (u.) = ψ( u*) , ψ1(U**) = ψ( u**), ψ1(U) < w(u) for u‘ < u < u'‘ and 
ψ1 ( U ) 으 ψ(μ) for U2 :::; u :::; u ’‘ This implies that 

(3.9) 양(u*) :::; 띤( u*) 
au au 
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and 

(3.10) 뽑(u") ::::: 짧(u") 
Note that ψ = W l satisfies 

씨
 

q 
j 
g 

( Aω양 = -8ψ + a(u) - a(U2) - 82(U - U2) 
au 

and ψ = ψ satisfìes (3.11) also, with 8 = S. Therefore, when ψ = ψ1> 

(3.12) 
d(ψl ψ) 

Aω-고J- = - (s - s)ψ - (82 - S2)(U - U2). 

Set F(u) = -(8 - s)ψ _ (82 _ 한)(u - U2). Then F(갑2) = 0 and 

dF 
김죠(U2) = -(8 - s)김;(i2) - (s2 - s2) > 0 

Slllce 

% --/ ) --2 
써
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0 μ
 

+ 
찌
 

-( 4s + : 
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-u 
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d 
-d 

< -23 - 2d(iz)a < -2(5 + s) 

Thus 

(3.13) F (u) < 0 for U2 < u near U2. 

From (3.9), (3 . 1이 and (3.12) , it follows that 

(3.14) F( u') ::::: 0 and F( u") 으 O 

(3.13) and (3.14) imply that there exist U3 ,U4 ,U' < U3 < u" < u4 < Ul 
such that 

뿔써 = - (8 + s) = 뚫(U4) 
whjch contradicts the concavity of r guaranted by Lemma 3.3. Hence 
r 1 (U l ,U2) must cross the u-axis to the right of (U2 ， 이 and r 2(Ul ,Ü2) lies 
above r 1(Ul 겨2) . By Lemma 2.2, r2(Ul ,ü2)lies above r 1 (Ul ,U2) for U2 > 
Ü2 so that û2(ud must be less than Ü2 = Ü2(Ul) . The proof is complete 
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