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In this paper we study the relationship between direct sum and the
systems of simultaneous equations in the predual of a dual algebra. Let 'H
be a separable, infinite dimensional, complex Hilbert space and let £L(H)
be the algebra of all bounded linear operators on H. It is well-known
that the weak*-topology coincides with the ultraweak operator topology
on L(H) (cf. [4]). A unital subalgebra A of £L({H) that is closed in the
ultraweak operator topology on £(H) is called a dual algebra. In the past
fourteen years several operator theorists have been studying the problem
of solving systems of simultaneous equations in the predual of dual op-
erator algebras and the results gained thereby have applied to invariant
subspaces, dilation theory, and reflexivity of single operator in L(H) (cf.
2).

Furthermore, the theory of dual algebras is closely related to properties
(A, ) which will be introduced in the following definition, where m and
n are any cardinal numbers such that 1 < m,n < Wy, In particular,
Apostol-Bercovici-Foias-Pearcy [1]| studied the relationship between dual
algebras and properties (A, ), which is the main tool of this work.

The notation and terminology employed herein agree with those in
[2]. The class C;(H) is the Banach space of trace-class operators on H

Received March 4, 1992,
*x The authors were partially supported by TGRC-KOSEF.

415



416 Il Bong Jung, Yong Chan Kim and Yong Kil Park

equipped with the trace norm. The dual algebra A can be identified with
the dual space of

(1) Qi =Ci(H)/"A,
where + A is the preannihilator in C;(H) of A, under the pairing
(2) <T,[Lja>=tr(TL), T € A,[L] € Q.

For a brief notation, we write [L] for [L]4 when there is no possibility of
confusion. If z and y are vectors in H, we denote a rank one operator

(z @ y)(u) = (u,y)z for all u in H.

Definition 1. Suppose m and n are cardinal numbers such that 1 <
m,n < Ry. A dual algebra A will be said to have property (A, ) if every
m X n system of simultaneous equations of the form

(3) [z; @ y;] = [Li],0 < i <m,0 < j < n,

where {[L;;]}o<i<m is an arbitrary m x n array from Q4, has a solution
0<i<n
{zi}ocicm {¥; }ocj<n consisting of a pair of sequence of vectors from H.
For a brief notation, we shall denote (A, ) by (A,).
For T € L(H), we denote by Ar the dual algebra generated by 7. N

is the set of all natural numbers. For k € N and T' € L(H), we denote

(4) HY =H@ - -9H anTH =T@---0T.

(k) (k)
Let 'H; be a separable, infinite dimensional, complex Hilbert space and
let A; C L(H;) be a dual algebra, : = 1,2,---,n. Suppose H = &, H,.
Then we denote the direct sum of dual algebras A;,: = 1,2,---,n, and
denote

()  A=oLA={oLTe LM e Ai=12,n}.
And we have the following lemma.

Lemma 2. Let 'H; be a separable, infinite dimensional, complex Hilbert
space. Suppose that A; C ,CQ{‘-) is a dual algebra, 1 = 1,2,---,n, with ils
predual Q4,. Then A C L(H) is a dual algebra with its predual G, Q 4,
under the duality

(6) < @;;111,', 6?—_-1 [Ll-].A: = Z = 7.ll'r[Lt] >

i=1
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and the norm on @ ,Q 4, is the norm that accures to it as a linear man-
ifold in A*. In particular, [(@®1_,2;) ® (®2,y:)] can be identified with
@?:1 [xi ®@ yi]A."

Proof. First we shall claim that A can be considered as a subspace of E(ﬁ)
under the weak*-topology on L(H). Namely, we shall claim the closedness
of A. To do so, let @, T;® be a net converging to an operator R € L(H)
under the weak*-topology on L(H H). Then

(7) S (@, TOF0, 50 E:RIW a®)

k=1

for any square summable sequences {¥("}2> and {a®}:2, in H. Let us

write
Rll Rl? e Rln
) e R:m R;n - -R:?n
Rnl Rn? T Rnn

relative to H. Let us denote

(9a) 0N ng) v ng)
and
(90) % =P @ ul®.

Now we take square summable sequences {mgk)};";l in ‘H; and {yg-k}}f’:l in
H;, 1 <1i,5 <n. Let us set

(n)
(10a) i =0p---a00ePa08---a0,
(i-1)

and

(10b) N =00---a0eyP woe---00,
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Substitute {z}22, and {yj, oo ; to (7), and we have
(11) > (@ 7)E0, 57)
k=1
Z Rl: EB Rz Ek) P B Rmmfk)v yg ))

for any 2,7 = 1,2,--- ,n. It is easy to show that

(12) R;; =0,i # .
Hence R = @], Ki;. Furthermore, we have that

(13) ST ® )

k=1

i (k} A <Li<n.

t’t
k=1

Since A; is weak*-closed, R;; € A;. So R € &7_, A;. Therefore A is a dual
algebra in L(H).

Now consider the direct sum

(14) EB:?':1 Q-Ae = {EB?:}[L:'].A.- | [Lz'].A.' € QA;'}

of Banach spaces Q4,, 1 <: < n, with the usual direct sum norm.
The following idea comes from the proof of [1, Lemma 1.2]. For
im11i € A and @1 [Li]a, € @72, Q7 we define

(15) <@L T oh s >= ) < T, [ Ela > -
=1

Then it is easy to show that < -, @7 [L;]4, > defines a bounded linear
functional on A, which we may define by ®% ,[L;]. We define || @, [L]||
to be the norm of this linear functional. Since & ,[L;] is ultraweakly
continuous on @} ,.A4;, by [3, Problem 15.J] @I ,[L;] corresponds to an
element of the predual Q~
On the other hand, if [L] € @z, we write

Lu L - L

Ly Ly -+ Loy 2
(16) e I RV (7))

Lnl Ln? Lnn
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Furthermore, since A C L',('ﬁ), we may define a linear functional on A
such that

(17) < @, Ay [L] >= tr(Asy, Ligi,)-

Letting i range over the set {1,---,n}, we obtain an element &7 ,[L;]
corresponding to [L] and

(18) <O An @ (L] >=) < Ay L] >

=1

Finally, for any @2, T; € A, we have

(19) <@L, Ti, [(02:) ® (B1yi)] > = (&L Tz, B y:)
= Z(T:l'uy:)

=1

= Y <T,[z:i @yl >

=1

= <@L, T:\,®% [z: Q@ uila > .

Hence [(B~,z;) ® (B ,yi)] can be identified with &, [z; ® y;]. The proof
1s complete.

The following lemma is a generalization of [2, Proposition 2.04].

Lemma 3. If A is any algebra with property (A, ) for some 1l < m,n <
Ro and B is any subalgebra of A, then B has the same property.
Proof. The proof is similar to [2, Proposition 2.04].

The following theorem should be compared with [1, Proposition 1.3]
and [2, Proposition 2.055].

Theorem 4. Suppose m,n € N. Let A; be a dual algebra, 1 < 1 < n.
Then A; has property (A,, ) for anyi = 1,---,n, if and only if ®7_ | A;
has property (A, ).

Proof. Let EBLI[LE;C]] € @r=1@4,. Then there exist mfk),yg-k) € Hi, 1 £

t <m, 1 <7 < n,such that
k k k
(20) (L4, = 2 @ 31,

Now let us set

(21a) T = :cgl) o m?) H---D :r,(-n]
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and
(21b) ¥ = zgl) & m‘(fz) H---B a:g-").

Then #; € H and Ui € H, 1< 2,7 < n. Furthermore according to Lemma
2 we have

(22) D7 [ = @poi [z @) = 3 @ g5

The converse implication follows from Lemma 3 and the proof is com-
plete.
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