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For À = 4m(n+m) , a function !(z) = (1-lzI2
)"‘g(z) with 9 E X.\ , the 

eigenspace of the invariant Laplacian 11 in the unit ball Bn of C n , satisfies 
an elliptic differential equation 11m! = O. We make a study of the operator 
11m as another way to study 11 - 4m(n + m). For example, if Zm denotes 
the class of all solutions ! in C2 (Bn) of 11m! = 0, we obtain an L2-growth 
cond ition for the projection of a function in Zm onto H(p , q) , the space 
of all harmonic homogeneous polynomials on C n of degree p in z and of 
degree q in ε ， to be 0 unless ei ther p ::; m or q ::; m. This corresponds 
and gives another way to obtain the L2-growth condition for a function in 
X À to be in the M-subspace Y4 of Xι Y., is the space of pluriharmonic 
functions in the case À = O. 

1. Introduction 

Let n be any positive integer. Throughout this thesis, Cn is the n

dimensional complex space with the inner product 

< z ， ψ >= ε Zj꾀 (z ， ω E Cn
) , 

and the associated norm 

|z| = < z,z > S (z E Cn
). 
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The inner product and the norm make c n an n-dimensional Hilbert space 
whose open unit ball is denoted by B. Thus B consists of all z E C n 

with Izl < 1. The boundary of B is denoted by 8B, the set of aH z E C’‘ 
with Izl = 1. The unique normalized rot.?-tion-invariant measure on 8B is 
denoted by (j. The invariant Laplacian t. is defined by 

82f (이)(z) = 4(1 - l z I 2 )짚 f E C2 (B) 

where ðjk is the Kronecker’s symbol. The term “ invariant" means that it 
commutes with the automorphisms of B 

t.(J o ψ)=(t.J) o <p 

for every f E C2 (B ) and <p E Aut(B) , the group of all automorphisms 
of B. For a À E C , we let X >. denote the space of all f E C2(B) that 
satisfy t. f = Àf. We only consider the case À = 4m(n + m) , where 
m is a nonnegative integer, since M -subspaces( = c1osed Möbius invariant 
subspaces) of X>. are trivial for other À’s. For a nonnegative integer m , we 
set f( z) = (1 -l zI2 )mg(z) with 9 E Xλ(À = 4m(n + m)). Then f sat때es 
a differential equation t.mf = 0, where 

82 f.;:.... 8 8 \ 
Anl = JEl(6jk Z1Ek)짧 +m \f; Zj려 + 찮) _m

2 

We denote by Zm the space of all solutions of t.mf = 0: 

Zm = {! E C2(B) : t.mf = o} 

T hen 9 E X>.(À = 4m(n + m)) if and only if f E Zm' 1n other words, the 
fact that 9 is a solution of the equat ion t.g = 4m(n + m)g is equ ivalent 
to the fact that f(z) = (1 - IzI2)'갱 (z) is a solution of t.πf = O. The 
operator t.m is easier to handle than t. is but unfortunately it is not 
invariant under the compositions of automorphisms of B. We make a 
study of the operator t.m as another way to study t. - 4m(n + m) and 
obtain the correspond ing versions on t.m of the results on t. - 4m( n + m) 
in [3]. 

2. Harmonic Homogeneous Polynomials 
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2.1 Hs • We denote by H, the space of all harmonic polynomials homoge 
neous on C n of order s: 

H, 르 {f: 6. f = 0 and f(tz) = t'f(z) for t > O}. 

Here 6. denotes the ordinary Laplacian. It is defined to be 

6. = 4ξ보느 
낌 8ZjaE3 

2.2 H(p, q) . H(p , q) denotes the space of all harmonic homogeneous 
polynomials on cn of degree p in z and degree q in z 

H(p,q) 三 {f E Hp+, : f(z) = ε |이=얘I=， CQβzQ영} 

where CQβ’s are complex constants. 

2.3 Projection πp， . For each (p , q) , the projection πp， : L2(ßB) • 
H(p , q) is given by the integral kernel 1(pq defined by 

7rpqf(11) = JB Kpq(q, 〈)f(〈)dσ( (), 

See[5,12.2.5]. 

J E L 2(ßB) 

2 .4. Some basic facts 
The following properties of the space H(p , q) are well known 

(a) H, = εp+q=' H(p , q) and H(p , q) ’s are pairwise orthogonal spaces 
[5, 12.2.2] 

(b) The linear span of U원o H, is dense in C(δB). [5 , 12.1.3] 
(c) L2 (ßB) = æH(p,q) , 0 으 p, q ::; ∞. [5 , 12.2.3] 

2.5 Hypergeometric functions . The second order linear differential 
equation 

t(1 - t)ν
11 + b - (Q + ß + 1 )t]y' - Qßy = 0 

n ” ( 

is called the Gauss hypergeometric equation, where Q , ß, i are constants 
The differenti aJ equation (1) has a regular singular point at t = 0 and has 
a unique solution y = y(t) with y(O) = 1. By [4] , the unique solution y(t) 
is given by the Gauss hypergeometric series 

∞ (Qh(ßh tk 

F(Q,ß,i;t) = ε 
~ h)k 
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where (a)k = r(a + k)jf(a). 

2.6. Radial derivative Ðβf . If f is real-analytic in B then f has a 
homogen∞us expans lOn 

f(z) = ε Pk(Z, ε) ， 

where Pk is a homogeneous polynomial in z and Z of total degree k. For 
ß > 0, we define the radial derivative 1Jß f of f of order ß is defined as 

pβf(z) = ε(k + l)ßPk(z ,z) . 

3. Operator b.m 

3. 1. Proposition. For f( z) = (1 - Iz I2)mg(z) , I':.g = 4m(n + m)g is 
equivalen t to I':.mf = O. 

Proof Since g( z ) = (1 -lzI2J-m f(z) , we have 

n여
 n@‘

-~
ι
 

2\-m-l_ r /~ 1'2\ m 8f 
= m(1 -lz「) Ejf + (l - lz 「) 원 

2\-m-l r '. 11 12 \m 8f = m(l -lzIT""-' zJf + (1 - Iz l' ),,' :.:: 
OZj 

82g 

8zj ãzk 
m(m + 1) (1 _lzI 2rm- 2작zd + m(l - I zl2rm- l씨kf 

'2 \-m-l δf. " ",, -m-l 8f +m(l - IzIT'''- 'Zj ;;,.:', + m(l - IzIT"'-' Zk ~J 
Uι k Uι1 

2 ,m 82 f 
(1 -Izlι) ---

8zj ãzk 

Therefore, after some algebraic manipulations, I':.g = 4m(n + m) is equiv
alent to 

ε (8jk - ZjZk)짧 +m j; ~z흰 E캘 -m
2
}f(z)=0 

{1 n a2 n / g 、

That is, I':.mf = 0 



On a partial differential operator 405 

We define a Poisson type kernel for the operator .ð.m 

F(n + m)2 (1 -lzI2t+ 2m 
Pm(z깨) = 1 ,z e B， η E 8B. 

r(n) f(n + 2m) 11- < z ,,., > 12n+2m 

For a function f E C(8B) , a solution of the Dirichlet problem for .ð.m is 
shown to be given by 

AIf](z) = @B A(z , n)f(q)dσ(깨 )， 

in the following proposition 

z E B , 

3.2. Proposition. (a) [f f E C(8B) and F(z) = Pm [J](z) , then 

.ð.mF = 0 (1) 

and 
li잉 F(r() = f(() (2) 

uniformlν for ( as r • 1. 

(b) [n parlicular, if f E H (p , q) , then 

F (p - m , q - m , p + q + n; r 2
) 

F(z) = ι 、 f(z) 
(p - m , q - m ,p + q + n; 1) 

Proof (a) We note that 

r(n + m)2 
Pm(z끼) = (1 |z|2)mP(z, η) 1+뚱 , 

r(n) f(n + 2m) 

where P(z , η) is the invariant Poisson kernel of f:. on B. Since pl+펀 e 
X4m(n+m) , Pm(z끼) E Zm for a fixed η E 8B , by Proposition 3.1. There 
fore, 

(.ð.mF)(z) = .ð.m (!aB 
Pm(z , η)f(η )dCT(η)) 

= 4 AmA(z， η)f(η )dCT(η) 

This proves (1). We note that 

a(n , m , r) 르 lB A(TC, η )dCT(η) 

r (n + m)2 R- - 2、 • 1 
f(n) f(n + 2m) 、

., 
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asr • 1 by Theorem 2.3 and Corollary 2.4 of [3] and (9.5 .3) of [4]. We 
also note that 

Pm [J](r() - f(() = Pm [J ](z) - a(n ,m,r)f(() + f((){a(n ,m,r) -1} 

= 1aB (J (TJ) - f(())Pm(띠)d<7 (TJ ) + f((){a(n ,m ,r) -1} 

= I+ II. 

For a given ε > 0, let 5 > 0 be such that If(깨) - f(()1 < dor ITJ- 이 < &; 
5 depends only on f and not on ( by the uniform continuity of f. We 
estimate(I) as a sum of two estimates 

I(띠메씨(I에씨1)재)1“|ιs인( j"-(녁(I >õ갑+ j"- (→( I <õ써싸댔〈강씨씨꾀õ)센센)1ν|νf(애에η이) - f(α띠c이뼈) 
The first integral of (3) is 

j"-(I>Óμ펴〉“씨꾀6아미|νf(셰n끼) - fμM찌(κ띠〈이()I P， 
:::; j"-(I“ (l f(TJ)1 + If(() 1) Pm(덴)d<7(η) 
< 2||f|| Ll> 6 A(rι TJ)d<7(η) 
< f (4) 

for r suffìciently close to 1, since Pm(rÇ, TJ) • o as r • 1 uniformly for 

ITJ 이 >5 
The second integral of (3) is 

j"-(I<Ó If(η) - f(()1 Pm(rÇ, 1J )d<7(1J) < f L-<|<6 A(Tη， 뼈깨) 
< a(n ,m ,r)f 
< 2f (5) 

for r sufficiently close to 1. For the estimate of (I1) , we have 

1(1/)1 으 IIfll.la(n,m,r) -11 
< f (6) 

for r sufficiently close to 1. Therefore (2) follows from (3) ,(4) ,(5) and (6) 
(b) Since every function in H(p , q) is a linear combination of unitary trans 
formations of zi혀 , we Jet f(z) = ziz~ and seek a solution of the form 
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F(z) = g(r2)Zr캔. A straightforward computation shows that 

and 

~ ô2 F E aEaE = Ir2g”(r2) + (n + p + q)gI(T2)]z댐， 

:、 ô2 F 
ε Zk "'V: = [r4g" (r2) + (p + q + l )r2g’e) + pqg(r2)]z댐， 
1낀1 OZjOzk 

~ ôF 
EZ1려 = [g'(r2)r2 + pg(r2 )]z껍， 

~ ôF 
ε εj ~: = [g'(r2)r2 + qg(r2 )] z껍 . . . . 

Hence 

{r2(1 - r2)g"(r2) + (n + p + q - (p - m + q - m + l)r2)g'(r2) 

(p - m)(q - m)g(r2 )}껴챙 = O. 

407 

Therefore, if /::;.mF = 0, 9 must satisfy the following ordinary differential 
equatíon 

t(1 - t)g잉) + (n + p + q - (p - m + q - m + 1 )t)g’(t) 
-(p - m)(q - m)g(t) = O. (7) 

But this is the hypergeometric equatíon with parameters a = p - m , ß = 
q - m , ì = n + p + q and the solutions are constant multiples of F(p 
m , q - m , n + p + q; t) ‘ Thus 

F(z) = CF(p - m , q - m , n + p + q; r2)f(z) 

and since F(r() • f(() as r • 1, C = F(p - m , q - n 

3.3. Operator Lp ,q,m . For f (z) = y(lzI2)h(z) with y E C2([0 ,1]) ,h E 
H(p , q) , /::;."J is seen in (7) to have the form 

(/::;.m J) (z) = (Lp ,q ,m)(lz I2)h(z) 

where 

(Lp ,q,my)(t) = t(l-t)y" +ψ+q+n-(p-m+q-m+ l)t]y' -(p-m)(q-m)y. 
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The differential equation Lp,q,mY 0 is the Gauss differential equation 
with parameters Q = P - m , ß = q - m and ì = n + p + q . Therefore it 
has a unique solution Y = R(p, q, m; t) with y(이 = 1 , where R(p, q, m; t) = 
F(p - m ,q - m ,p + q + n;t ). 
For a fun ction J in H(p ,q) , Pm [J ]( z) = C(p,q,m)R(p,q,m; Iz I2)J( Z) , 
where C(p,q,m) = F(p - m ,q-m ,p+q+n;l J- l by Proposition 3.2. 

We define H(p ,q,m) by 

H(p , q, m) = {!: J(z) = R(p, q, m; Iz I2)h(z) , h E H(p , q)} 

and define 유pqJ by 

(îépq J) (z) = (πpqJr)( Ç), 
where Jr( Ç) = J(rÇ) for 0 ::; r < 1 and for ( E 8B. Then ií"pq projects Zm 
onto H(p , q, m) . See [6]. 

The expansion of Pm( z , Ç) is given as follows. We follow the argument 
in [3] for the proof. 

3 .4, Proposition . IJ m is a nonnegative integer then 

Pm(z , Ç) = ε Gp,q,m (r )Kpq ( 71 , Ç), z= rη EB， (E8B， (1) 
p ,q=O 

ψhere Gp,q,m( r) = C(p, q, m)R(p, q, m; r2)rP+q. The series on the right oJ 
(1) converges absolutely and uniJormly Jor 깨 ， ( E 8 B and 0 ::; r ::; p Jor 
each p < 1. 

Proof Let z = rη E B. Then we obtain 

IGp,q,m(r) 1 = IC(p ,q, m)R(p, q, m; r2)lrp+q 

= C(p , q, m)F(p - m , q - m , n + p + q; r2)rP+q 

< F(p - m ,q - mn + p + q; 1t1F(p - m ,q - m ,n + p + q; l) rp+q 

= r p+q 

for p, q 2: m. On the other hand, Kpq(7J, Ç) is uniformly bounded by con 
stant times (p + q + 1 J2n by [2, p406-407]. Hence 

ε IGp，q끼 (r)Kpq(띠)1 ::; C(n) ε rp+ q(p + q + 1)2n 
p,q?:m p,q>N 

::; C(n) ε rk(k+1) 2n 
k >2N 
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where C(n) is a constant independent of p and q. Therefore the series (1) 
converges and uniformly for 7J , ( E 8B and r ::::: p < 1. Fix r < 1. Let 
f ε 1í •. Then f = εp+q=. fpq where fpq = πpqf E H(p , q). 

Pm [J](z) = kB뭘센A짜(떠T미찌떠쩨η￠μ찌，(씨〈이() f( 

= PEsLB A(rn,<)&(<)do(<)

By the remarks in 3.3, 

Pm [J)(z) = ε C(p, q, m)R(p, q, mj r2 )fpq(7J) 
1'+q=s 

= ε Gp.q.m(r)fpq(깨) . 
p+q=s 

(2) 

Since 

fpq = (πpq J)(η) = lB Kpq(μ)f( ()da( (), 

(2) has following form 

Pm [J)(z) = kB p잃s Gp q mK꽤 ()f(()da(() 

kB p훌。 Gp ， q ，m l(pq( 7J， ()f(()da(() (3) 

for f E 1í,. Since the linear spa.n of U풍。 1í， is dense C( 8B) , (3) is true 
for any f E C(8B). Hence we have tbe expansion in (1) 

4. Growth conditions 

Two growth conditions are given , one for the Poisson type in tegral 
representations and the other for the pro jection of a fu nction in Zm onto 
H(p , q) to be 0 un less either p ::::: m or q ::::: m. We follow the arguments 
in [3J for the proofs. 

4. 1. Proposition. f = Pm[F] for some F E U(8B) if and only if 
f E Zm and 

o딸1 ￡B |f(r<)l2d(<) < ∞ 
” ( 
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Proof Suppose f = Pm [FJ and F E [2 (8B). Then f E Zm' We use the 
continous form of Minkowski inequality to get 

LB |f(r<)l2do(<) = LB |4 F(η)Pm(r샤)da(깨 )1
2 

da(() 

< lB @B |F(”)|2A(r〈끼)da(η)da(() 

= lB |F(n) |2 @B A(4 η)da( ()da(ll) 

= Q(n ， m ， r)I[F II~ 
~ I[FII~. 

Suppose f E Zm and (1) holds. It follows from the remarks in 3.3 that 

(감pqJ)(z) = R(p, q, mj IzI 2)fpq(z) , Z E B 

for some fpq E H (p , q). Since f is real-analytic in B , f lies in the c10sed 
linear span of 7r pqf . Hence, 

f (z) = Ji띠- ε R(p,q,mj t)fpq(z) (2) 
ν v+q<N 

in the topology of uniform convergence on compact subsets of B. Define 
F by 

F(() = ε C( p, q, mt' fpq(() (( E 8B) 
p,q 

We wiU show thal F E L 2 (8B) . From (1) and (2) , we have 

∞ > C > @B |f(r<)|2do(C)

(3) 

- ε R(p， q ， m;r2)2r2(p+q) lI fpqll~. (4) 

On the other hand, 

R(p, q, mj r2
) = F(p - m , q - m , n + p + qj r2) 

which increases to 

F(p - m , q - m , n + p + q; 1) 三= C(p,q,mt' 

as r / 1. T herefo re if we lake Iimits as r / 1 in (4) we get 

ε C(p， q ， mt2 11 ιqll~ < ∞. (5) 
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(3) and (5) then imply F E U(8B). If we let 

FN (() = ε C(p , q, mt1 f p,(() 
p+，~N 

(( E 8B) (6) 

and fix z E B , FN • F in L2( 8B) , 80 that 

Jim Pm [FN](Z) = Pm[F](z). 
”→∞ 

(7) 

Therefore by (6) ,(7) and remark8 in 3.3, we have 

Pm[F](z) \im Pm [FN](Z) 
JV_OO 

Jirp Pm[ ε C(p , q, m t 1 fp ,](z) 
ν→∞ p+q~N 

Jjm ε C(p, q, mt1 Pm [Jpq](Z) 
p+q~N 

J있 ε C(p, q, mt1C(p, q, m)R(p, q, m; 1z 1
2 )Jpq(z) 

p+q<N 

f(z) 

4.2. Prop08ition . Let f E Zm' If 

@B |Pn+2mf(T<) |2do(<) = o(log2 남구) 

as r • 1 then 7r pq f = 0 unless either 0 :S; p :S; m or 0 :S; q :S; m. 

Proof Let h(z) = ])n+2m f(z). If we write 

n ” ( 

f(z) = ε Pdz , ε) ， 

then h(tz) = L뚱o(k + lt+2mtk Pk(z , .2) . We note that 

-上- / (log J)n+2m-lh(tz)dt 
r(n + 2m) Jo 

1 ξ(k+lt+2m 1. (펴r+2m- 1 t kdt 
r(n + 2m) t:'o' - , -, Jo 

- ε Pk(z ， ε) 

= f(z) 
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Therefore, if 

n ” 이
 

, d 
2 

-
샤
 

J 

J a 떼
 

t M 

、
」. m 。‘ 빠

 

n “ / -( 
l f 

l l ’ o 

/ 
l 
j 

、
-
-
、퍼

 

r 
l 
j (2) 

is bounded then 

@B |f (r <|2do(<)

is bounded. By Minkowski’s inequaüty, 

(2) ~ [l (1 - t썩냈B |h(tr〈뼈O} t dtf 
~ C(l ( 1-t썩 

uniformly on r by (1) where C is a constant. By Proposit ion 4.1 , t here 
exists an F E U (8B) such that f = Pm[F] . From 2.4 .(c) , 

F(O = ε Fpq(O 
p,q 

in L2 (8B) where Fpq E H(p,q). Let 

FN = ε Fpq 

P+' 7Óo N 

and let f N = Pm[FN]. Then 

f N(Z) = ε C( p, q, m )R(p, q, m; I z 1 2)감q(Z) 
P+q 7Óo N 

(Z E B) 

Since FN • F in U(δB) ， we know that 

1r+2m f(끼) - v n+2m f N(rT} ) 

= 
@B 

D n+2mA(rn, 
M-

• o as N - • ∞. (3) 

in L2( 8B) once r is fi xed. 
Hence, by t he orthogonality of 감q and by (3), we bave 

L B 
1p n+2mf (T<) |2do(<)

= ε IC(p， q ， mW II감Q Il ; [vn+2m(R(p ， q ， m;r2)rP+Q)f (4) 
p,q 
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We note that 

vn+2m (R(p , q, m; r 2)rP+') 

= vn+2m [F(p - m , q - m , n + p + q; r 2)rP+'] 

• (p - mh(q- m) k 1 ... 1. 1 \n+2m __ 2k+v+ = L , (2k + p + q + 1)n+ T +P+q- (5) 7' (n+p+q)야 

Thus if both p - m and q - m are a positive integer then 

( p-mh(q - m)k I 、 + 
(2k + p + q + 1t ... ,m 잉 

(n + p + q)냐， 、 l 

a5 k • ∞， 50 that (5) > C(n ,m , p,q) log ('~r) for 50me positive constant 

C(n , m , p, q) ‘ By (1) ,(4) and (5) , Fp, = 0 unless either p - m or q - m is 

nonpositive mteger. 

Therefore 7r pqf f p, P，η，[Fp，] 0 unless either p - m or q - m is 

nonpositlve mteger ‘ 

Rcmark. If m = 0, above theorem corresponds to U -growth condition for 

a function 9 in X.\ to be in the M一subspace Y4 of X.\. See [1 ,7] 
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