
Kyungpook Mat.hemat.ical Joun:aal 

Volume 32, Nwnw 3 , Octobe.-, 1992 

CONVERGENCE OF WEIGHTED AVERAGES 
OF MARTINGALE DIFFERENCE SEQUENCE 

Dug Hun Hong 

Dedicated to Professor Younki Chae on his 60th birthday 

Introduction 

Let (0 , F , P) be a probability space, and (Fn) an increasing se민Jence 

of sub-u-algebras of F. For X E L1(= V (P) ), we use En(X) to de
note E(XI.í타)， the conditional expectat ion of X given Fn. A sequence 
Xn E V (Fn) will be called a marlingale difference sequence if En(Xn+d = 
0, n E N (N is the set of positive integers) . Throughout this paper {Xd 
will be an idenlically distributed martingale difference sequence and {ψd 
a sequence of posilive numbers and write Sn = L:k=1 U’kXk. {Bn} is a 
monotone sequence of positive constants with Bn • ∞ asn • ∞. In 
this paper we shall be concerned with the questions of almost sure conver
gence and L1-convergence of B;;1 Sn , and integrabiljty of maximal fun ction 
of the average M(Lμ) = sUPn B;;II Sn (ω) 1. 

In the special case where ψk 1, all k, Elton [3) proved that if 
EIX11log+IXd < ∞， then Sn/n • o almost surely and EM < ∞. Also 
he showed that if EIXI < ∞ with EX = 0 but EIXllog+IXI = ∞， t here 
exists an identically distributed marlingale difference sequence {Xn } with 
X1 having the same distribution as X such that Sn/n diverses almost 
surely. In the case where the {Xd being independent and identically 
distr ibuted, many mathematicians have studied but this paper is related 
with Heyde [4) and Jamison, Orey, and Pruitt [5) . Our results provide a 
generalization of some work of Elton [3). 
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Results 

For a given sequence of positive weights {ψk} ， define for each x > 
o N(x) as the number of n such that Bn/ψn ~ x . The rate of growth of 
this fun ction is the critical factor in establishing almost sure convergence 
Let F be the distribution function of random variable X 1 

Theorem 1. 11 both f x펴Ixl 멜dydF(x) < ∞ and f Ixl fO:5 y :5 lxl 벨 
dydF(x) < ∞， then B;;l Sn • o almost surely as n • ∞. 

Proof Let Yk be X k t runcated at Bk/Wk and Tn = ε? tUkκ. Put Zk = 
X k - Yk and dk = Yk - Ek- 1 (κ). Write 

observ맨 

X n ζ + Zn = (ζ - En_1 ( ζ)) + En-1(Yn) + Zn 
dn + (Zn - En_1(Zn)) , 

E(I ε(wk/Bk)Xk l) ~ E(I ε(ψk/ Bk)dk l) + 2 ε(ψk/Bk)EIZkl 
k=1 k=1 k= 1 

~ (ε (따/ Bk )2 E(야)) 1 /2 + 2 ε(따/Bk)EIZk l ， 
k=1 k=1 

since the dk are orthogonal elements of L2
’ 

and Ek_1 is a contraction on 
L 1 

Next, Lemma 1 and 2, which follows, show that 

ε (ωn/ Bn)2 E(썩) < ∞ and ε(wn/Bn)EIZ시 < ∞， 
n= l n=l 

so B;;1 Sn • o almost surely as n • ∞ by Kronecker ’s lemma, and the 
proof is complete 

Lemma 1. 11 f x2 파| 빨dydF(x) < ∞， then 

ε(ψ~/ B~)E(야) < ∞· 

Proof First note that 1 - En-1 is a contraction on L>, so 

E(썩) = E((κ - En- 1 (κ)?) ~ E(안). 



Now 

and 
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온 mZEY2 
‘ - 홍 넓 ~XI< (B./ψk) z2 dF(Z) 

= J X 2 {k싫 
샅l Bg 

~ 야 [ dN( y) 
‘ ’ -

N(z) N( lx l) 
{k |11〈(&/싸 ):<;z} BZ Jlxl<y:<;z y2 Z2 X 2 

+ 2 ( N(y) 
lt xl<y:<;z 교「dy， 

while 
N(z) ~ n f 
.. ""' ~ 2 I N(y)Jy

3
dy • o as z • ∞， 

Z ‘ J z$.ν 

the integral converging sÎnce J x2 J꽉 Ix l 멜l dydF(x) < ∞， 50 that 

~ 야 ~ n f N(y) , 
{k #1〈jEk/ω.)} B~ ~ -파Ix l y3 -, 

and hence 

응ξ 야E(야) ~ n f 2 f N(y) 
L ~피r- 5 2 / z2 l -τ'-!.dydF(x) < ∞. 
투i 야 J ι 강 Ixl γ 

Lemma 2. Ij both J Ix싸Ix l 뿔 dνdF(x) < ∞ and J x2 Jy~ lx l 뿔 
dydF(x) < ∞， then 

Proof 

ε뜸1 (ωnJ Bn)E IZn l) < ∞ 

응 ψnEIZnl . 
꾀 Bn 흘 뚫 ~x l~ (Bn/ψn) 야 I dF(x ) 

= J Uxl , ，，~ ‘ 풍I dF(x) 
~n : lx l> (Jj n >wnJ . - .. 
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and 
~ W n N(lx l) N (z) , r N( y)"… -----… 

{n lt | 2(&/ωn)〉Z} Bn z z J t lk > z y2 -s , 
so that 

웅꽉펜효1 < j N(|Z|)dF(Z) + / |X| j S|1l 뿔때dF(x) 

= EN(Iι 1) + J Ixl f.~ IX I 떻dydF(x) < ∞， 
:; B n 

observing that if f X
2 fy~lx l !떻dydF(x) < ∞，then EN( IXd ) < ∞ 

The following theorem is a generalization of Theorem 2 [3] with ψk = 1, 
for all k and Bn = n for a ll n. 

Theorem 2. JJ E IX, Ilog+ IXd < ∞ and lim sup N(x )/x < ∞ as n • 
∞I then Sn/ Bn • o almost suπIy 

Proof Suppose that lim sup N(x)/x < ∞ so that N(x) < J( x for all 
x > O. Then 

J x2 f.~lx l캘l dydF(x) ~ J x2움dF(x) = I<E IX, I < ∞， 
and 

f lV(Y) .1 ,,,, ( \ ./ T/ [ 1 11 _ _ + 
IrliI (OSYSlz| -FdydF(x) S K j lz|log+1z| dF(x) 

= J( EIX,llog+IXd < ∞ 

80 the 8trong law applies by Theorem 1 

Theorem 3. Under the conditions oJ Theorem 1 we have M ε L'. 

Proof 'vVrite 
X n = dn + (Zn - En- ,(Zn)) ' 

Since for any sequence of real numbers {an } 

R-B 
l ( l /Bn) ε:=1 ψkakl = I ε:=I (1/Bk)mkak(1 - -R-즈) I 

~I ε(ωk/Bdakl + I ε;=1 (ψd Bk)ak(Bn - Bk)/ Bnl , 
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k=1 
< sgp(1/Bn) | ε:=1 따dk| + sgp(l/Bn) ε;=I 따IZk - E.μ (Zk) 1 

:S; SUp I ε(ψk/ Bk )dkl + sup I ε(ψk/ Bk)dk((Bn - Bk)/ Bn)1 

+ sup I ε(ψk/Bk)IZk - E• l (Zk)11 

+ SUp I ε(Wk/ Bk)IZk - Ek-1 (Zk)I(Bn - Bk)/ Bnl 
n k= l 

= 1 + II + III + l V. 

By an inequa li ty of B.Davis [2] tbere is a constant B < ∞ sucb that 

E(s얀 | ε:=l(ψk/ Bk )dkll :S; BE((εζ(야/ BDdZ) 1/2 ) 

:S; B( E(ε뚱1 (ψUBDd%))' /2 

< ∞， 

using Lemma 1 for the last step, an d hence the expecled values of 1 and 
11 is finite. And 

E(sgpε:=1(ωk/Bdl Zk - Ek_1(Zk )l) 

:S; 2Eε￡l(ψk/ Bk)EIZkl < ∞， 

us ing Lemma 2 for tbe last step, and bence the expected values of J 1 1 
and lV is finite. 

The following theorem is a generalization of Tbeorem 4 [3] and tbe 
proof is immediate from Tbeorem 3 using the same method as in Theorem 
2. 

Theorem 4. 1/ EIXdlog+IXd < ∞ and lim sup N(x)/x < ∞ as 
n • ∞， then M E L 1 

Theorem 5. Under the coπ ditions 0/ Theorem 1, ψe have E(15n/ Bnll 
• o as n • ∞-

Proof Write 
X n = dn + (Zn - En- 1(Zn)) 
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as in t he proof of Theorem L Then 

E(ISn/ B" I) :::; E(I (1/ B ,, ) ε Wkdk l) 

+(1/ B ,,) ε;=1 따E(IZkl + IEk-1 (Zk )i) 

:::; (( 1/ B~) ε 야E(야))1/2 + (2/ Bn) ε 따EIZkl. 
k=1 k=1 

By Lemma 1 and 2 , ε~l(ψUBf)Ed% and ε뚱I(Wk/ Bk )E IZk l are bounded. 

Thus by Kronecke r ’s le mma, E (l S"/B,,1} • O. 
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