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It is known that if a manifold with Kaehler-Bochner metric has con-
stant scalar curvature, then M is either a space of constant holomorphic
sectional curvature or a locally product space of two spaces of constant
holomorphic sectional curvature ¢ and —¢(> 0). This work is to prove that
the scalar curvature is constant if and only if the trace of S™ is constant
in a manifold with parallel Bochner curvature tensor, where S is the Ricci
operator.

This result is applied to the manifolds with Kaehler-Bochner metric
and we get generalized theorems of known facts.

1. Introduction

Let M be a Kaehlerian manifold of real dimension n with almost com-
plex structure J and Kaehler metric g.

Bochner [1] introduced the so called Bochner curvature tensor B on
M defined by

B(X,Y) = R(X,Y)- ——1—4{5..\’ AY + X ASY + SIX AJY
n
(1.1) +IX ASTY —2g(JX,SY)J — 2(J X, Y)SJ}

*
XAY +JXANJY —29(JX,Y)J
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for any vector fields X and Y, where R,S and r are the Riemannian
curvature tensor, the Ricci operator which is a symmetric (1,1) tensor and
the scalar curvature of M respectively. X AY denotes the endomorphism

XAY:Z - gY,2)X — g(X, Z)Y.

We say that ¢ is a Kaehler-Bochner metric if B vanishes on the Kaehlerian
manifold. Matsumoto and Tanno [3] proved -

Theorem A. Let M be a manifold with Kaehler-Bochner metric. If the
scalar curvature of M is constant, then M is either a space of constant
holomorphic sectional curvature or a locally product space of two spaces of
constant holomorphic sectional curvature ¢ and —c(> 0).

The purpose of this paper is to prove that the scalar curvature is
constant if and only if the trace of S™ is constant for an integer m > 1 in
a manifold with parallel Bochner curvature tensor, henceforth it holds in
a manifold with Kaehler-Bochner metric. By use of this result, we have
the following generalization of Theorem A.

Theorem. Let M be a manifold with Kaehler-Bochner metric and the
trace of S™ 1is constant for a positive integer m. Then M is a space of
constant holomorphic sectional curvature or a locally product space of two
spaces of constant holomorphic sectional curvature ¢ and —c(> 0).

2. Proof of the main theorem

In a Kaehlerian manifold with parallel Bochner curvature tensor, we

get 3]

(VXS)(Ya Z) =

m{g(X,Y)rz +9(X, Z)ry — J(X,Y)ryz

(2.1) —J(X, Z)rsy +29(Y,Z)rx},

where S(X,Y) = ¢(5X,Y),J(X,Y) = g(JX,Y) and ry = Vxr. From
(2.1), we can see that

(2.2) (n+2)(VxS8)(U,U) = 2rxg(U,U),

where U is a vector field given by ¢(U, X) = rx. Then we have

Lemma 2.1. If S(X,U) vanishes identically for any vector field X on
a Kaehlerian manifold with parallel Bochner curvature tensor, then the
scalar curvature is constant.
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Proof. 1f we differentiae SVr = 0 and make use of (2.2), then we get the
above result.

We define S, a(2) and §(2) by

s@ = ss,
(2.3) a(2) trace @,
B2) = g(s?Pu,0).

Then we can define inductively S, a(a) and B(a) for any positive integer
a. Obviously a(1) is the scalar curvature of M.
Since the Ricci operator S satisfies

(2.4) SJ = JS,

we see that S(@)J = JS(@), By use of (2.1) and (2.3), we get

(2.5) 2n + 2)(Vx ) (S@U,U) = 38(a)rx + A25@(X, 1),

where 5@ is defined by S©(X,Y) = g(S®X,Y) and A\? = g(U,U). From

the equation (2.1), we obtain

(2.6) 2(n + 2)(Vx8)(S@U, S®U)
= B(a)S®(X,U) + B(b)S(X,U) + 28(a + b)rx.

On the other hand, (2.1), (2.3) and (2.4) imply
(2.7) (n+2)(VxS)(Y,5@Y) = 25@(X,U) + a(a)rx.

By the definitions of a(a) and S®)(X,Y), we can see that

(2.8) a(a+1) = trace [S®S)].
and
(2.9) (VxS@)(Y,SY) = a(VxS)(Y,S®Y).

Therefore, by use (2.7), (2.8) and (2.9), we get
(2.10) (n+2)(Vxala+1) = (a+ 1){25@(X,U) + a(a)rx},

and that if the scalar curvature r is constant, then a(m) is constant for
all integer m > 1.
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Conversely, if we assume that a(m + 1) is constant for m > 1, then we
get

(2.11) 25MVr + a(m)Vr =0
and that
(2.12) 250U, U) + a(m)\? = 0.

For the case where m is even, since S(™(U,U/) > 0 and a(m) > 0, we
see that a(m)A? = 0, that is, a(m) = 0 or r is constant. Therefore, it is
sufficient to show that r is constant when a(m) is constant for m is even.
If we put m = 2a 4+ 2, then we obtain

(2.13) 25@a+)(X U) + a(2a + 2)rx =0

by virtue of (2.10). Differentiating (2.13) covariantly and taking account
of (2.13), we obtain

2V x SCHNNU,U) + XV xa(2a + 1) = 0,
which and (2.10) imply
(2.14R(n + 2)(Vx S U, U) + (2a + 1)A2{25%)rx + a(2a)ryx = 0,
Taking account of the definition of S?*+!)(X|Y), we can verify that

(VxS U, U) = 2(VxS)U,8U) + (Vx5)(S@U, S@U)
+2(Vx S){(SP*Ny, SU) + (5**~2U, SAU)
L (S(“H)U, S(“_I)U)}.

By use of (2.5) and (2.6), it turns out to be

(n+2)(VxSC*)(U,U) = 3S5Crx +2(a+1)B(2a)rx
+8(a)S@rx + B(1)S®*Vry + B(2a — 1)Srx
++o0 4 Bla — 1)5C* ey + fa + 1)5@Vry,

so (2.14) is reduced to

(2.15) @“TJFI),\'*a(za) +4(a + 1)A*B(2a) + B(a)?

2{p(1)B(2a — 1) + B(2)B(2a — 2) +--- + Ba — 1)B(a + 1)} = 0.
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By the definition of 3(a) and simple calculations, we can see that

(2.16) A?B(2a) + 26(s)B(2a — s) + B(2s)B(2a — 2s)
= 539(T,T) +a(2a — 25)9(Q, Q),

where we have put

T = A256U 4 ggl-ay, @ =850y - @U,

so the right hand side of (2.16) is non-negative. By use of (2.16), the left
hand side of (2.15) is divided into non-negative terms and consequently
A% = 0, that is, the scalar curvature is constant. Thus we have

Theorem 2.2. Let M be a Kaehlerian manifold with parallel Bochner
curvature tensor. Then the scalar curvature is constant if and only if Sim)
is constant on M for a positive integer m(# 2).

Moreover, Ki and Kwon [2] proved that a(2) is constant if and only if
r is constant for the case of an indefinite manifold with Kaehler-Bochner
metric. By the same method of this result, we can easily obtain

Lemma 2.3. «(2) is constant if and only if r is constant on the manifold
with Kaehler-Bochner metric.

Considering Theorem 2.2 and Lemma 2.3, we get

Theorem 2.4. The scalar curvature r is constant if and only if a(m), (m >
1) ts constant on the manifold with Kaehler-Bochner metric.

Consequently, combining Theorem A and Theorem 2.4, we obtain the
main theorem.
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