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WELL-CHAINED RELATOR SPACES

J. Kurdics and Arpad Széaz

Introduction

In this paper, we extend four basic characterizations of well-chained
uniformities of Levine [4] to those of well-chained relators.

And combining our present results with some former ones, we establish
some substantial generalizations of two relevant theorems of Gaal [1, pp.
101 and 142).

The necessary prerequisites concerning relators, which are possibly un-
familiar to the reader, will be briefly laid out in the next two preparatory
sections.

0. Terminology and notations

If R is a nonvoid family of reflexive relations R on a set X, the family
R is called a relator on X, and the ordered pair X(R) = (X, R) is called
a relator space.

If (z,) and (y,) are nets, A and B are sets, and z is a point in a relator
space X(R), then we write

(i) (ya) € Limg(za) ((ya) € Adhr(za)) if ((Za,ya)) is eventually
(frequently) in each R € R;

(ii) z € limp(z,)(z € adhr(z,)) if (z) € Limp(za) ((z) € Adhr(z.));

(i) B € Clg(A) (B € Intg(A) if R(B)N A # 0 (R(B) C A) for all
(some) R € R;

(iv) z € cln( )(z € intg(A)) if z € Clr(A) (z € Intr(A)).

If R is a relator on X, then the relators

R = {FCX*:3ReR: R &),

R' = {SCcX?®:VAcC X:3ReR:R(A) c S(4)},
R = {ScX*:Vze X:3ReR: R(z) C 5(z)},
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are called the uniform, proximal and topological refinements of R, respec-
tively.

Namely, if R is a relator on X, then R*,R! and R are the largest
relators on X such that Limg. = Limp(Adhgs = Adhg), Clgy = Clg
(Intgs = Intg) and limy = limg (adhy; = adhg) or cly = clg (inty; =
intg ), respectively.

Moreover, a subset A of a relator space X{R) is called

(i) proximally closed (open) if X\A & Clz(A)(A € Intr(A));

(ii) topologically closed (open) if clr(A) C A(A C intr(A));

(iii) proximally (topologically) clopen if it is both proximally (topolog-
ically) closed and open.

Clearly, a proximally closed (open) set is also topologically closed
(open), but the converse need not be true. Moreover, a set is proximally
(topologically) closed iff its complement is proximally (topologically) open.

On the other hand, a relator R on X, or a relator space X(R) is called
topologically compact if for each R € R there exists a finite set A C X
such that R(A) = X.

Namely, a relator space X(R) is topologically compact iff each interior
cover A of X(R) has a finite subcover B, or equivalently each directed net
(z4) in X(R) is adherent.

Finally, a relator R on X, or a relator space X(R), is called

(i) uniformly directed if for each R,S € R there exists a T € R such
that T C RN S;

(i1) strong]y proximally directed if for any A; C X and R; € R with
1,2,--+,n, there exists an R € R such that R(A;) C Ri(A;) for all
1,2;-

(111) topo]oglcally transitive if for each z € X and R € R there exist
S,T € R such that T(S(z)) C R(z);

(iv) proximally symmetric if for each A C X and R € R there exists
an S € R such that S(A) C R7!(A).

Clearly, a uniformly directed relator is also strongly proximally di-
rected, but the converse need not be true. On the other hand, a relator
R is proximally symmetric iff the relation Clz is symmetric.

” II

1. Some basic facts on connected relators

Definition 1.1. A relator R on X, or a relator space X(R) is called
connected if A2U (X\A)? € R for all proper nonvoid subset A of X.

Moreover, R or X(R) is called uniformly, proximally and topologically
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connected if the relators R*, R* and R are connected, respectively.
The appropriateness of this definition and the validity of the next the-
orems have been established in [3].

Theorem 1.2. A relator space X(R) is prozimally (topologically) con-
nected if no proper nonvoid subset A of X(R) is prozimally (topologically)
clopen.

Theorem 1.3. A prozimally symmetric relator space X(R) is prozimally
connected if no proper nonvoid subsel A of X(R) is prozimally open.

Theorem 1.4. A prozimally symmelric and topologically fine relator
space X(R) is topologically connected if and only if no proper nonvoid
subset A of X(R) is topologically open.

Theorem 1.5. A uniformly directed relator space X(R) is prozimally
connected if and only if it is uniformly connected.

To state a further relevant property of connected relators, we also need
to the following.

Definition 1.6. A relator R on X is called a Lebesgue relator, and a
relator space X(R) is called a Lebesgue relator space if for each S € R
there exists a function f from X into X such that So f € R.

The appropriateness of this definition and the validity of the next the-
orem have been established in [8].

Theorem 1.7. A strongly proximally directed, topologically transitive and
topologically compact relator space X (R) is a Lebesgue relator space.

Moreover, as a particular case of a more general result, we also have

Theorem 1.8. A Lebesgue relator space X (R) tis topologically connected
if and only if it is uniformly connected.

2. Preliminary characterizations of well-chained re-
lators

The origin of the following definition goes back to Cantor.(See Thron[9,
p-29].)

Definition 2.1. A relator R on X, or a relator space X(R), will be
called well-chained if for any =,y € X and R € R there exists a finite
family (z;), in X such that z¢o = 2, 2, = y and (z;-1,2;) € R for all
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i=0,1,-%,8

Moreover, R or X(R) will be called uniformly, proximally and topo-
logically well-chained if the relators R*,R* and R are well-chained, re-
spectively.

Remark 2.2. Because of the inclusions R C R* C R C R, it is clear
that ‘topologically well-chained’ = ‘proximally well-chained’ = ‘uniformly
well-chained’ = ‘well-chained’. .

In the sequel, we shall show that ‘uniformly well-chained’ and ‘proxi-
mally well-chained’ are actually equivalent to ‘well-chained’, but ‘topolog-
ically well-chained’ is not equivalent to ‘well-chained’.

For this, we shall first extend three basic characterizations of well-
chained uniformities of Levine [4] to those of well-chained relators.

Our first theorem is a straightforward extension of Levine’s [4, Corol-
lary 2.3].

Theorem 2.3. If X(R) is a relator space, then the following assertions
are equivalent:

(i) X(R) is well-chained;

(i) X2 =U2,R" forall Re R.
Proof. A simple reformulation of Definition 2.1 shows that (i) holds if
and only if for any z,y € X and IR € R there exists a positive integer n
such that (z,y) € R*. And hence, the equivalence of (i) and (ii) is quite
obvious.

While, our second theorem is a natural extension of Levine’s [4, The-
orem 2.2].

Theorem 2.4. If X(R) is a relator space, then the following assertions
are equivalent:

(1) X(R) is well-chained:

(ii) X2 is the only transitive member of R*.

Proof. If S € R*, then there exists an R € R such that R C S. Theorefore,
if (i) holds and S is transitive, then by Theorem 2.3 we clearly have

XS RrouR el

And thus (ii) also holds.
On the other hand, if R € R, then it is clear that

S =UZ,R"
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is a transitive relation on X such that R C S. Therefore, if (ii) holds,
then we necessarily have S = X?. Thus, again by Theorem 2.3, (i) also
holds.

Remark 2.5. Because of the reflexivity of the elements of R, hence we can
also state that X(R) is well-chained if and only if X? is the only preorder
in R*.

3. Main characterizations of well-chained relators

Now, having Theorem 2.3 and 2.4, we can also easily prove a natural
extension of Levine’s [4, Corollary 2.4].

Theorem 3.1. If X(R) is a relator space, then the following assertions
are equivalent:
(i) X(R) s well-chained;
(ii) no proper nonvoid subset A of X (R) is prozimally open.
Proof. 1f (ii) does not hold, then there exists a proper nonvoid subset A
of X such that R(A) C A for some 2 € R. Hence, it is clear that
(Unza B7)(A) = URZ, 1%(A) C A.

n=

And thus, by Theorem 2.3, (i) does not also hold. Consequently, (i) implies
(ii).

On the other hand, if (i) does not hold, then by Theorem 2.4, there
exists a transitive relation S on X such that 2 C S for some R € R, and
A = S(z) # X for some z € X. Hence, it is clear that

R(A) € S{4) = 5%z) = Slz)= A.
And thus (ii) does not also hold. Consequently, (ii) also implies (i).

Remark 3.2. Because of [6, Theorem 2.6], hence we can also state that a
relator space X(R) is well-chained if and only if no proper nonvoid subset
A of X(R) is proximally closed.

Remark 8.3. Moreover, by [6, Theorem 3.1], hence we can also state
that a relator space X(R) is well-chained if and only if for each proper
nonvoid subset A of X there exists a net ((2a,¥a)) in A x (X\A) such
that (z,) € Limg(ya). ((2a) € Adhr(ya)).

However, at the present, it is more interesting to point out that Theo-
rem 3.1 can also be used to easily prove the next two important theorems.
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Theorem 3.4. If X(R) is a relalor space, then the following assertions
are equivalent:

(i) X(R) is well-chained;

(i1) X(R) is uniformly well-chained;

(ii1)) X(R) is prozimally well-chained.
Proof. By [5, Corollary 5.9], it is clear that the proximally open subsets of
X(RY) and X(R*) coincide with those of X(R). And thus Theorem 3.1
can be applied to get the stated equivalences.

Theorem 3.5. If X(R) is a relator space, then the following assertions
are equivalent:

(1) X(R) is topologically well-chained;

(11) no proper nonvoid subset A of X(R) is topologically open.
Proof. By [5, Theorem 6.7], it is clear that the proximally open subsets
of X(R) coincide with the topologically open subsets of X(R). Thus,
Theorem 3.1 can again be applied to get the stated equivalence.

The fact that ‘topologically well-chained’ is not, in general, equivalent
to ‘well-chained’ can be at once seen {rom the next simple.

Example 3.6. If X = {1,2,3} and R; C X? for ¢ = 1,2, such that
Ri(1) = {1,2}, R(2)=1{2,3}, Ri(3)={3,1},
R2(l) = {112}1 R2(2) =X, R2(3) == {3,2},

then R = {R;}2, is a well-chained relator on X such that R is not

topologically well-chained.
To check this, note that #? = X2 for ¢ = 1,2. And moreover, if S C X?
such that

S ={1,2}, S5(2)={2,3}, SB)=1{3,2},
then S € R, but 1 ¢ S*(2) for all positive integer n.

4. A further characterization of well-chained relators

In addition to the above theorems, using Theorem 2.4 and 3.1, we can
also prove the following remarkable analogue of Levine’s [4, Corollary 2.5].

Theorem 4.1. If X(R) is a relalor space, then the following assertions
are equivalent:
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(i) X(R) is well-chained;
(i1) A2U(X\A) x X € R* for all proper nonvoid subset A of X.
Proof. If A is a proper nonvoid subset of X, then it is clear that

S = A2U (X\A4) x X

is a transitive relation on X such that § = X?2. Therefore, if (i) holds,
then by Theorem 2.4, we necessarily have S ¢ R*. And thus (ii) also
holds.

On the other hand, if (i) does not hold, then by Theorem 3.1, there
exists a proper nonvoid subset A of X such that R(A) C A for some
R € R. Hence, it is clear that

RC A’U (X\A) x X,

and thus (ii) does not also hold. Consequently, (ii) also implies (i).

By this theorem, it is clear that the Davis-Pervin relator [6, p.195]
cannot, in general, be well-chained. More precisely, using Theorem 4.1,
one can easily check the next striking

Example 4.2. If A is a nonvoid family of subsets of a set X and
Ra={A2U(X\A)x X : A€ A},

then the following assertions are equivalent:
(i) R4 is well-chained;
(i) Ac {0,X};
(iii) R = {X);
(iv) R4 is topologically well-chained.

Remark 4.3. Using Theorem 1.3, in [3] we have proved that (i) R4 is
proximally connected if and only if there is no proper nonvoid subset B
of X such that both B and X\ B are in A;

(i1) R4 is topologically connected if and only if there is no proper
nonvoid subset B of X such that both B and X\ B are unions of certain
members of A.

5. Relationships with connected relators

As an immediate consequence of Theorem 1.2 and Theorems 3.1, 3.4
and 3.5, we can at once state
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Theorem 5.1. A prozimally (topologically) well-chained relator space
X(R) is prozimally (topologically) connected.

Hence, by Theorem 1.8, it is clear that we also have the following
useful.

Theorem 5.2. A well-chained Lebesgue relator space X(R) is topologi-
cally connected. .

This latter theorem, together with Theorem 1.7, at once yields a sub-
stantial extension of the ‘if part’ of Theorem II1.3.9 of Gaal [1, p.142].

Theorem 5.3. A strongly proximally directed, topologically transitive and
topologically compact well-chained relator space X(R) is topologically con-
nected.

Remark 5.4. By example 4.2 and Remark 4.3, it is clear that even a

topologically connected relator space X(R) need not be well-chained.
However, combining Theorem 1.3 with Theorems 3.1 and 3.4, we can

still state an essential improvement of Theorem 11.7.3 of Gaal [1, p. 101].

Theorem 5.5. A prozimally symmelric relator space X(R) is prozimally
well-chained if and only if it is prozimally connected.

Hence, by Theorem 1.5 and Theorem 3.4, it is clear that we also have
the following extension of Levine’s [1, Corollary 2.5].

Theorem 5.6. A uniformly directed and prorimally symmetric relator
space X(R) is uniformly well-chained if and only if it is uniformly con-
nected.

Moreover, as an immediate consequence of Theorem 1.4 and Theorem
3.5, we can also state the following analogue of Levine’s [4, Corollary 4.2].

Theorem 5.7. A topologically [fine and prozimally symmetric relator
space X(R) is topologically well-chained if and only if it is topologically
connected.

Notes. Particular cases of Theorems 5.3 and 5.5 are also treated in Why-
burn and Duda [10, p.37].

Moreover, a slightly incorrect particular case of Theorem 5.6 can also
be found in James [2, p. 126].
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