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ON A CLASS OF MULTIVALENT FUNCTIONS
DEFINED BY FRACTIONAL INTEGRAL

Shiv Kumar Pal and K. K Dixit

We introduce a subclass, namely Wi ,(A, B, a) of the class Sk, of an-
alytic function defined by

f(z) = 2" = 3 lapsn|™" (P € N)
n=k

in the unit disc D). The object of the present paper is to determine sharp
coefficient estimate, distortion theorems, radius of convexity and closure
theorems for this class defined by fractional integral.

1. Introduction
Let Sk, denote the class of functions of the form
(1.1) f(z)=z”—Z|ap+,,]z”+",p€N=(1,2,3,~-),
n=k

which are analytic and p-valent in the unit disc D = {z : |2| < 1}. Let
Wi p(A, B) denote the class of those functions of Sy, which satisfy the

condition )
(1.2) |——j_(“l .
BLY) _pA

where -1 < A< B<1,0<B<1.
For the subclass Wi ,(A, B), we obtain the following result which will
be used in our further study.

|<1,z€D,
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Lemma 1. A function f(z) = 22 — 12, |apn|2Pt" is in Wi (A, B) if
and only if
3~ {n )1+ B)

1.3 Apin| < 1.
( ) e p(B = A) | r+ |
The proof of lemma is similar to that of Vinod Kumar [3], so we omit
the proof.
The function
(1.4) fe)=zp— 2B _pin > g

(n+p(1+B) '~
is an extremal function.
Corollary 1. If f € Wi ,(A, B), then

p(B — A)
otnl < G I+ B’

equality is only for functions of the form (1.4).

There are several definitions of fractional integral. In [4], Owa defined
the fractional integral as follows:

Definition. The fractional integra] of order a is defined by

f(E d¢

D F(Q‘) 1 a’

where 0 < a < 1, f(2) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z — £)*~! is
removed by requiring log(z — £) to be real when (z — &) > 0.

A function F' belongs to the class Wy (A, B, a) if it satisfies

MNa+p+1)
I'(p+1)
for some f belonging to W ,(A, B). After a simple computation we have

X T(n+p+1)I(at+p+1)
= P
FE&) =2~ L T prat DI+ D)
The subclasses S} (A, B,a) and Cy,(A, B a) of Sk, obtained by re-

placing f'(z)/zP~" with z- f'(2)/f(z) and [1 + 2 f'(z)] respectively in (1.2)
have been studied by the authors [1].

(1.5) F(z) = z7*D;% f(2)

|27+
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In the present paper, our aim is to obtain a necessary and sufficient
condition in terms of coefficients for a function F' to be in Wy (A, B, a)
and, consequently, we show that

Wi (A, B, a) C Wi (A, B).

Then we extend the above inclusion relationship.
Applying the result of coefficient estimates we obtain class preserving
integral operators of the form

G2} = j—;—p /Oz W F(u)du,y > —p, for Wy ,(A, B, ).

Conversely when G(z) € W; (A, B, @), radius of p-valence of F(z) has
been determined. Further we obtain sharp results concerning distortion
theorem and radius of convexity for the class Wi (A, B,a). It is also
shown that the class W; ,(A, B, @) is closed under “arithmetic mean” and
“convex linear combinations”. Also we obtain some distortion theorems
for the fractional integral of the elements of Wj (A, B).

Now we prove the following theorem which will be required in the next
section.

Theorem 1. A function F'(2) = 2P—3_2%, |bpyn|2Pt™ belongs to Wy ,(A, B, a)
if and only if

(1.6) iwwWﬂmﬂsL

where

T(na):[ p(B — A) .F(n+p+1)I‘(a+p+1)]
’ (n+p)(1+B) IF(n+p+a+)I(p+1)

Proof. By definition, F' € Wi ,(A, B, ) if it satisfies the relation (1.5) for
some f € Wy ,(A, B). Let

s o]

[(2) = 2 = 3 laggals™".

n=k

Then, from (1.5) we obtain

F(z) =27 = ) |bopn|2"t™.
n=k



186 Shiv Kumar Pal and K. K. Dixit

where
b I:1“(1'z+p+1)I‘(0z+p+1)|m |
T T(ntpta+ )I(p+1) 7"
or
I'n+p+a+1)'(p+1
|lapsn| = ( T )|b,,+,,|,n2k.

Fn+p+ 1)l (a+p+1)

With the help of (1.3), the required result follows.

The function
(1.7) F(z) = z* = T(n,a)z"*"

is an extremal function

Corollary 2. If F € W, ,(A, B,a), then
Ibp+n| < T(n1a)1
with equality only for the functions of the form (1.7).

2. Main results
Let F' € Wy (A, B,a). Then

F(z)=zf — Z Pin 2P,

where
I'n+p+ 1)l (a+p+1)

T(n+p+a+)T(p+1)

|bp+n| = |ap+n|-

Clearly

- < 1, for all @ > 0.

Fn+p+1)l(a+p+1) H p+J
[n+p+a+1)(p+1) ipta+)

Thus |bpyn| < |@ptnl|, for all n > k, and therefore

& (n+p)(1 + B) < (n+p)(1+ B)
Z p(B—A) IbP+ﬂ| < g p(B—A) IaP+ﬂ|

< 1, since f € Wk (A, B).

n=k

Hence F' € W »(A, B), and thus we get the inclusion relation

(2.1) Wip(A, B,a) C Wi (A, B).
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Since limg_o Wy ,(A, B, B) = Wi ,(A, B). The relation (2.1) is equivalent
to
Wk.p(A1 Bv a) i }i]_l?}) Wk.p(A-r B, /6)

The following theorem is an extension of the above relation.

Theorem 2. If0 < f < a, then

Wi (A, B,a) C Wi,(A, B, B).

Proof. Let F(z) = 2P — 302, |bp4n|2P™™ belongs to Wi (A, B,a). Then
from (1.6), we have
(22) Z Ibp+nI/T(nsa) S 1

n=k

Since f# < a, we have

In+p+B+1)I(p+1) ﬁp+ﬁ+1
F(n+p+1)I(B+p+1) i1 P+

Tpta+t)
<
11 pt+J
_ Ilnt+pta+)l(p+1)
Fn+p+1Dl(a+p+1)
Therefore . -
(2.3) > 1bpsnl/T(n, B) < Z: bpnl/T(n, ).

n=k n=k

Using (2.2) in (2.3) we obtain
2 |Bpinl/T(n, B) < 1
n=k

Hence F' € Wk (A, B, B).
Now we study class preserving integral operator for Wy (A, B, a).

Theorem 3. Let 7 be a real number such thaty > —p. If F € Wi ,(A, B,a),
then the function G defined by

_YEP e
(2.4) G(2) = = A w7 F(u)du

”
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is also an element of Wi ,(A, B, a).

Proof. Let F(z) = 2P =324 |bpsn|2Pt", then G(z) = 22—322 ;. |Copn|2?t™,
where
7+p

m|bp+n| < |bptnl-

|Cp+n| =

Therefore

|C +n| |b +n[
Z T(n a) ,‘?;:
Hence G € Wy ,(A, B, a).

Following theorem is the converse problem of the above theorem.

Theorem 4. Let v be a real number such that v > —p. If G(z) €
Wi n(A, B,a), then the function F defined in (2.4) is p-valent in |z| < R*,
where

. ¥+ip P 1 iym
R* = Inf, .
il e ]

The result is sharp.
Proof. Let G(z) = 27 — o2 s |bp4n]2?t™. Tt follows from (2.4) that

—~/Ytptn
F(z) =22 = Y (—"2)|bpyn| 2"
(z) Ey 7+p)|w|

In order to establish the required result it sufficies to prove that

FI
Iz( )—;p[<pfor|z|<R*
Now
F'(2) _ = T+ptn "
o B = I—g(n+P)(7—H)|bp+nlz|
S Y+p+n
< ———I)bpsnll2]"-
< Sty

Thus |z,l,_1 —pl<pif

— N+ +p+n
(—B) =2

2.5 b llz|® < 1.
(25) LRI, 1
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Since G € Wk ,(A, B, «), then
Z bptnl/T(n,a) <1
n=k

Therefore (2.5) will be satisfied if

n+p. y+tpt+n . :
(D bptallzl” < oyl T, ), for each n > k,

or if

p PP 1
< f hn> K.
2] _[(n+p)(,y+p+n)T(n,a)] , foreachn > K

Hence F' is p-valent in |z| < R*.
The result is sharp with extremal function

G(z) = 2 — T(n,a)2"*",n > k.

Theorem 5. If F € Wy ,(A, B, a), then F' is p-valently convez in the disc
|z| < R™, where

]1/1‘!.

Ruu — Infnak[(nip) T(T: O‘.’)

The result is sharp.
Proof. 1t sufficies to prove that

[l +2F"(2)/F'(2)] — p| < p for |z] < R™.

we have

" [ _ _ _z:o kn(n+p)lbp+n|zn
bGP ~p = |2 - +p)|bp+nlz"l
o en(n+ }D)|'!’p+n”"°"|71

P— Zn—k(n . 2 P)|bp+n”z|n

Thus |[1+zF,( )] pl<pif

(26) S (L Plbyallal < 1.
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Since F' € W, ,(A, B,a), then

5 Ibynl/T(n,0) < 1

n=k
Therefore (2.6) will be satisfied if
(n s p)2[bp+n|lzln < |bp4nl/T(n,a); for each n > k.
" |z < [( )? : ]/ for each n > k
~p -+- n’ T(n,a)" '’ - T

Hence F is p-Valently convex in |z| < R**.
The result is sharp with extremal function

Plz) = 2= T{n,a)*™n > k.

Theorem 6. Let a function f(z) = 2P — 322, |apsn|2Pt" be in the class
Wio(A, B,a), then we have

(P+1) pia ~a
&y el = Tna)] < 10721

IF(p+1)

Pte(1 4+ T .
o rarD I T

the bounds are sharp.
Proof. Let f(z) = zP — 302, |apsn|2P*". Then it follows from lemma 1,

(k+p) 1+B ZI aonl _i(n+?)(1+8)

lapsn| < 1.
( n=k n=k p(B - A) o
Therefore . (B— A)
p =

2.8 al = A

- L Il < T+ B)

Let us consider the function

Fptatl) o .n

_ z,_zl’(p+n+l)1"(a+P+1)

p+n
L Tptntat DTp+1) >
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Then, by using (2.8), we get

F(p+n+1)F(a+p+1)
F < P ) p+n
< rp-{—T(k,cx)rp"'k
and
Fz)| > - Z 'p+n+1)(a+p+ l)lap+n|rp+ﬂ

Zlp+n+a+1)I(p+1)

2 =Tk, a)r”“‘.

The required inequalities follows at once.
To establish the sharpness of the bounds in (2.7), we take

p(B = A) zp+k
(k+p)(1+B)"

f(e) = 2* -

In (2.7), the left hand side equality is obtained at z = r, whereas, the
right side equality is attained at z = re!™*. Hence the bounds are sharp.
This completes the proof of the theorem.

Theorem 7. If F € Wi ,(A, B,a) and |z| =r, then
(2.9) rP[1 — T(k,a)r*] < |F(2)| < rP[1 + T(k,e)r"]
and

(2.10)r" ' [p = (p + k) - T(k, a)r*] |F"(2)|

rP~p—(p+ k) - T(k, a)r"].

IA IA

All these inequalities are sharp.
Proof. Let F(z) = 27 — 32%,; |bp4n|2”™™. Then, in the view of theorem 1.

1 (e o] o0
Ty 2 bpanl £ 2 Ibpynl/T(n,0) <1,
Tihia) g el = 2 B

we have

E| pinl < T(k, ).
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Now
PG < 174 3 lbpale™™
< r”-l-“T:(';c,a)r’”'k

and

oo
2= 3 Iyl

n=k

r? — T(k,a)rPt*.

|F(2)]

v

v

Hence (2.9) follows. Further

(2.11) |F'(2)] < prP™' 4 ) |bpeal(p + n)rP*!
n=k
< prPt PN S (p 4 n)|bpanl
n=k
and
(2.12) |F'(2)] = prP™' = |bptal(p + n)rPt?
n=k
> pre7t — PN (p 4 n) byl
n=k
Since
1 o0 o ]
(P +n)|bpsnl < D bpnl/T(n, ) < 1.
G OTR ) 2P T lteenl £ 2 s
We have =
(2.13) (0 + 0)lbptal < (p+ B)T(k, ).

n=k
The inequalities in (2.10) follows by using (2.13) in (2.11) and (2.12).
Equalities are obtained in (2.9) and (2.10) by taking

F(z) = 2* — T(k,a)2"**.

We note that for the above defined function F, equalities on the left hand
side of (2.9) and (2.10) are obtained at z = r, whereas, the equality on
the right hand side is attained at z = re'™/k.
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Lastly we show that the class Wy ,(A, B, a) is closed under “arithmetic
mean” and “convex linear combination”.

Theorem 8. Let Fj(z) = Eﬂ_k @l inlz?t®, § = 1,2,---,m. If
F; € Wi (A, B, a) for each_y = 1 2,--+,m, then the functwn H( ) = 2P—
En___k | 220, where [epqn| = =Ty |ap+n| also belongs to Wi ,(A, B, a).

Proof. Since F; € Wi ,(A, B, a), then

3 |@lpnl/T(n,@) <1 for each j = 1,2,---,m

n=k

Therefore

I hg
3|~
EMH

5l i) =

n=k

|@pnl/T(n, )]

|a}4nl/T(n, )]

s
Ms

w
]
-
~ |
Il
Lol

[

IA
= 3l=i

Which implies that H(z) € Wy (4, B, ).

Theorem 9. Let F,(2) = 2P and F,un(2) = 2P — T(n,a)z"™, (n =
k,k+1,---). Then F € Wip(A, B,a) if and only if it can be expressed in
the form

(2.14) F(2) = ppFy(2) + 3 tiptnFpin(2),
n=k
where piprn 20 and py + 300, fippn = 1.
Proof. Suppose that F(z) can be expressed as in (2.14). Then

F(z) = ppFp(z) + i F‘p+an+n(z)

n=k
T P
n=k
Now - . -
T(n,a) - fipgn = ) piptn < 1.
2 T e = 2

Hence by Theorem 1, F' € Wy ,(A, B, a).
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Conversely, suppose that F' € Wy ,(A, B, a) and
(2.15) F(z) = 27 = ) |bpgalz™*"
n=k

Setting
biptn = [bpsal/T(n, @), (0 = K,k +1,-+2),

and

o0
Pp=1— Z Hptny
n=k

from (2.15) we have

F(z) = ppFp(2) + io: HptnFpin(2).

n=k
This completes the proof of theorem.

Remarks. It is worth mentioning here that

1. If we put @ = 0 and p = 1 in above theorems we obtain results of
Vinod Kumar [3].

2. f a=0and k =1 in above theorems we obtain the results of S.L.
Shukla and Dashrath [5].

3 fa=0,p=1,k=1,B=fand A=(2a—1)8 where0 < < 1,
0 < a < 1, in above theorems we get the the results of Gupta and Jain
[2].
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