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A MIXED PROBLEM FOR A SECOND ORDER 
STURM-LIOUVILLE EQUATION 

El-Sayed A. M. A. 

The Stμωu따urrπIrIT따r 

considered in several works with di fTerent kinds of the coe田cients a(t) , b(t) 
and f. For example see [3] and [4]. In [4] Ralph , Harris and Kwong 
studied the weighted means and oscillation conditions for th is equation 
with a(t) and b(t) are n x n real symmetric matrix where a(t) is positive 
defìnite with a-1 (t) is defìned and f = O. In [3] the asymptotic behaviour 
of the so lution of this equation is studied where a(t) is a positive and 
continuously different iable function and b(t) is a continuous one. Here we 
are concerned with a mixed problem of the Sturm-Liouville equation with 
operator coefficients. The existence and uniqueness of the solution are 
proved and some propert ies of the so lu t ion are investigated 

1. Introduction 

Let D be a bounded region in Rn 、w‘v…’
Consider now the mixed problem 

8 ( ",\ 8u(x , t) 
~.(A(t) - - ':，'-' + B( t)u(x ,t ) = O,x E D,O < t ~ T (1.1 ) 8t\"TI 8t 

u(x ,O) = uo(x) , x E D 

Ðu(x ,O) --,-,-, = 0. x E D 
8t ’ 
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ε bj,,(x , t )D"u(x , t) = 0, x E 8D, t E 1, 
1"19 

(1.4) 

j = 1,2,"',m 
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with the following assumptions 
(1) (B(t) , t E I) is a family of bounded linear operators defined on 

Lp(D) , strongly continuous in t E 1 and satisfies for f E Lp(D) 

IIB(t)fll ~ bll!lI, 

where b is a positive constant 
(2) The operator A(t) is strongly elliptic (uniforrnly in t) 

A(t) = A(x, t, d) = ε aa(x, t)Da 

lal9m 

(1.5) 

(1.6) 

where for each t E 1, the coefficients of the highest order derivatives are 
continuous in D , and the other coefficients are bounded and measurable 
in D. Also every coefficients is assumed to satisfy Holder ’s condition. 

(3) 아。(x ， t) E C2m
- i (âD) 

Our purpose here is to obtain results concerning exsitence, uniqueness 
and other properties of the solution of the mixed problem (1.1), (1.2), 
(1.3) and (1.4) under the above conditions. 

2. Existence and uniqueness 

Now from the properties of the operators A(t) and B(t) , and the results 
of [5J (Chap 5) we can prove the f，이lowing theorem. 

Theorem 2.1. lf Uo E w;m(D) , then there ex양ts one and only one 
solution 

âu(x ,t) 
u(x , t) E w;m(D) , and ~정~"I E w;m(D) 

ofthe mixed problem (1 .1) , (1.2), (1.3) and (1.,4). 
Proof Firstly consider the mixed problem for the equation. 

âu(x, t) 
A(t)--à~'-J = V(x ,t) ,x E D,O < t ~ T (2.1) 

with the initial and boundary data (1.2) and (1.4) , where V(x , t) is con
tinuous in t E 1 with values in the 8anach space Lp(D) , then from the 
properties of A(t) and the results of [5], (chap 5) , the solution of the mixed 
problem (2.1), (1.2) and (1.4) satisfies 

ßu(x ,t) A-l / .l.\f J'f _ ~ \ _ T1" T2 
--à~'-J = A-1(t)V(x ,t) E W:m(D) (2.2) 
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and is given by 

u(x , t) = Uo + l A-l(S)V(X, s)ds E 앙(D) (2.3) 

which can be written as 

u(x, t) = Uo + R(t)V(x, t) (2 .4) 

where A-1(t) is strongly continuously differentiable operator 

A-1(t) : Lp(D) • w;m(D) 

and 
IIK1(t)Jllw :::; allJ ll .J E Lp(D) (2.5) 

where lI u(x, t) lI w = ε1，，1~2m IID"u(x , t)11 is the norm of the Banach space 
w;m(D) , and a is a positive constant. 

Now for the existence of V(x , t) , substitute from (2.1) into (1. 1) and 
(1.3) to get the initial value problem 

av(x, t) 
-경;' -, = -B(t)uo - B(t)R(t)V(x , t) (2.6) 

V(x ,O) = O. (2.7) 

Since 

11- B(t)R(t)V(생)11 :::; b lllAκκA-1녁펴1 

) < a뼈bt 띤;쩔샌 IIVη(야z’J씨씨t샤씨) 1川11 (α2 . 8히 

l.e. 
111- B(t)R(t )V(x ,t)lll:::; abTIIIV(x,t)111 

where 11 1V(x, t)111 = maXtEIIIV(x, t) lI, it follows that, [2] , -B(t)R(t) is 
bounded in the Banach space C(Lp(D) , I) of continuous functions in t E 1, 
with values in Lp(D) , and hence the solution of the initial value problem 
(2.5) and (2.6) is given by 

V(x ,t) = -l B(s)uods -l B(s)R(s )V(x ,s)ds E Lp(D) (2.9) 

and continuous in t E 1, which completes the prove. 
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Corollary 2.1. If f(x , t) E C(Lp(D) ,I) and Uo E w;m(D), then theπ 
exists one and only one solution of the mixed problem of the equation. 

8 , A/,' 8u(x, t) 
:JA(t)--:'-') + B(t)u(x,t) = f(x ,t) , 
8t"-'-' 8t 

with the mixed data μ2)， μ.9) and (1 μ. 

3. Properties of the solution 

Here we will prove some energy inequalities for the solution of the 
mixed problem (1.1), (1.2), (1.3) and (1.4). 

Theorem 3.1. Let T 2 < ;b' If the solution ofμt싸he m짜l 
(1μ1.2잉~， (1μ1.9잉~ and (1μ1.4씨4μ) e강z앙t싫s’ then it satisfies 

lI u(x, t) 1Iω 

8u(x,t) 
II=-경r-||ω 
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(3.2) 

Proof. From (2.8) and (2.10), we have 

abt2 
IIV(x , t) 1I ~ btlluoll + τ:"'11 1V(x， t)111 

hence 
2bT 

11 1V(x, t)111 ~ 1<> --_-"m' lIuoll 
~ (2 - abT2) 

(3.3) 

provided that 

T2 < 흑. 
ao 

Now from (2.3) and (3.3), we have 

2bT 
lIu(x, t) lI w ~ lI uollw + aT (') ~~-~'1'2' lIuoll “-‘bT2) 

2abT2 
lIuollw + 1<> ---_~'m' lIuollw (2 - abT2) 

I.e. 
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Also from (2.2) and (2꾀 we get 

8u(x, t) 
11 ':'경~'") II w ~ II A- 1 (t )V(x , t ) lI w ~ a llV (x , t ) 11 

2abT 
IIIV(x , t)11 1 ~ 10 - --~，.，...，\ lIuoll 

~ (2 - abT2) 

2abT 
10 --":,.,...,\ Iluollw (2 - abT2) 

w hich completes the prove 
Equation (3 .1) proves that the solution of the mixed problem is con

tinuously depends on the initial data 
Now from the Sobolev’s Embedding theorem [1] and our resu lts here, 

we have 

Corollary 3.1. If2mp> n , T 2 < 융 ， and the conditions oftheorems (2.1) 
and (3.1) are satis，껴ed， then the solution of the mixed problem (1 .1), (1 잉， 

(1.3) and (1 .4) is equivalent to afunction ofC(D) and the derivative 약떻l 
exists in the usual sense 

Example. The previous results can be applied to the mixed problem of 
the integro-d ifferential equation 

8u(x , t) , f' 
A(t)갱「 + L B(s)μ (x ， s)ds = g(x , t) 

xED ， O<t~T 

with the mixed data (1.2) and (1.4) , where g(x , t) E Lp(D) and continuous 
in t E 1. 
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