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THE ASYMPTOTIC BEHAVIOR OF THE 
SRIVASTAVA HYPERGEOMETRIC SERIES Hc 

NEAR THE BOUNDARY OF ITS 
CONVERGENCE REGION 

Megumi Saigo and H. M. Srivastava 

In a series of papers by Saigo et al. ([2J to [14]) , there have appeared 
numerous properties exhibiting the behaviors of various hypergeometric 
functions near the boundaries of the regions of convergence of the series 
defining these functions. The present paper is concerned with the triple 
hypergeometric series 

(1) Hc(a ,ß ,ß';ö;x ,y ,z) 
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which was introduced by Srivastava (cf. [15]). The triple series (1) is 
expressed as a single series involving the Gauss series 

옹 (ß)m+n(a)m(ß')n 
(2) Hc = 、 1 F(a + 771,gl + n;6+ m + n,z);T;T· 

m깨~o (이m+n 

We investigate the behavior of the series H c near the side z = 1 of the 
unit cube defining its convergence region. This series near the other sides 
x = 1 and y = 1 can be treated similarly. By virtue of (2) and the relation 
[1J 

r(a + ß) ∞ f서 (ß) 
F(a,a; a + a; z) = ---ε ---쉰(1 - z)’‘ 

r(a)r(ß) ~ {“ J 
(3) .[2ψ(n + 1)- ψ(a + n)- ψ(β + n) -log(1 - z)J, 
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we have 

(4) Hc(a,b,b'ja + b'’ jx,y,l-p) 
면 (b)m+n(a)m(ν) 

= 걷。 (a +θ)m+n nF(a+ml+n;a+S+m+n;1-p)꾀파 

r(a+ ν) 풍 (a)m+k (b)m+n(κ)n+ - ε ~[2tþ(k + 1) 
r(a)r(θ)m 샤'=0 (a)m(θ)n (1h 

m yn pk 
-ψ(a+m+k)- ψ(κ +n + k) -l。gplRf꾀믿 

r(a +ν)， 、= - ~-， ' . ~ < {2S, - S? - S. - S.l ‘ v 
r(a)r(θ) “ ‘ ~ -"1)’ J 

Let us first consider the series S •. Dividing the series S. into two parts 
with k = 0 and k 즈 1, we obtain 

(5) S. = logp 증 (b)m+n던꽉 
m.n:;;;:O ’‘ ’‘’ 

옹 (a + l)m+k (b)m+n(b’ + l)n+k xm yn .k 
+ab'plog p ε 

m 샤=0 (a)m (b')n(2h(2h m! n! 

= (l-x-yt b logp+o(l) , (p • +0). 

To investigate the behavior of the series S \, we use the formula 

ψ(k + 1) = -7 + 효 츠， 
m=l ... 

where 7 is the Euler-Mascheroni constant, and we have 

(6) S) - 좋=o (a)7;많)지많n+k뜸짧( -7+ 칩 핍) 
= -7 (1 - x - ytb 

∞ ∞ (a)m+k (b)m+n (b' )n+k ~ (1), xm yn l 
+ ε ε ε---「 +o(1)
m~O t=; (a)m(θ)n (1h i:;; (2), m! n! ι 

= -7(1 - x - ytb + 0(1) , (p • +이. 

Similarly, the relation [2J 

ψ(z + k) = ψ(z) + 낌날김， (k = 1,2,3, ) 
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implies that 

(7) S2 = 서
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l m+k-1 (a)I Z’n yn pk 
. (ψ (a) +.: ε ---)--

a ~ (a + 1)1' m! n! 

∞ (a)m+k(b)m+n(b’)n+k xm yn pk - ψ(a) ε -----
m.~=O (a)m(θ)n (1 )k m’ n’ k! 

∞ m~-1 (a)m+k (b)m+n(ν)n+ k (a), x"‘ ν’‘ pk 
+ ε ε -

a ,M k=O t=o (a)m(θ)n(l)k (a + 1), m! n! k! 
m+k;lO 

= ψ(a) (1- X - ytb 

∞ ~ (b+ l)m 시 ∞ (b+ 1 + m)n 
+-x ε ε 남m ε -π「-yn + o(1) 
a-~O~ (2)m (a+l) , - ~ 

= ψ(a)(1 - x - ytb 

b 온 (b+ l)p+,(a ), -x r -----zP+1(l- y)-b-l-p-l + o(1) 
a 꾀:'0 (2)p+'( a + J), 

- ψ(a)(1 - x - ytb 

‘ 1 nl;2;lrb+ 1: a,1; 1; x x 
+-z(1 - y)-b-IR I’ | -- --| 

;UL 2: a+l;-;I-y ’ 1 - yJ 

+0(1) , (p • +이， 

where we have used the binornial expansion 

∞ (a)n 
낌τzn = (1 - z )-o (Izl < 1) , 

and the Kampé de Fériet series F꾀 is defined by 

(8) 짧 [; :쨌:;. x ,y] = 옳。 따7x}없far에n점필， 
which converges when max{lxl , Iy l} < 1 (cf. [15] for a detailed description 
of the Kampé de Fériet series). 

Similar arguments show that 

S3 = 
∞ (a)m+k(b)m+n (b' )n+k 1 . 1 "" • 1 n~1 (ν)， \ xm yn l ~(ψ(κ) + L. ε ---) --

m.~=O (a)m(θ)n(1)k θ ~(θ + 1),' m’ n! k! 
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(9) = ψ(b')(l - x - yt6 

∞ ::-- (b+ l) ,,(b')1 ∞ (b+ 1 +n)m 
강Y ε ε -----yn ε --;「-zm + o(1) 
~ ~ (/1 + 1M2)" J ';:-0 

= ψ(b’)(1-x-yt6 

b 옹 (b+ 1 )r+l( b'’ )1 -y r -----yr+l(l - x)-b 1 r」 + o(1) 
/l J r~O (/1 + 1)1(2)r+1 

- ψ(b’)(1-x-yt6 

6-1 ",102;1 rb + 1: b’, 1; 1; y y 1 +py(1 - z)---l까 i ,o | -- --j 
1 2: θ+ 1;-; 1- x ’ 1 - x J 

+0(1), (p • +0). 

Thus the relations (4) to (9) yield the following formula exhibiting the 
behavior of the Srivastava series near the side z = 1 of tbe unit cube 
defining its convergence region 

(10) H c(a , b, Ii’;a+b';x,y ,l-p) 

r(a + b') (,. . \-6 = -----{ (1 - x - y)-b[27 + ψ(a) + ψ(ν) + log p] 
r(a)r(θ) ‘ 

‘ ’ • ‘ ’ rb + 1 : a ‘ 1; 1; x x 1 +':'x(1 - yt.- 1터1j | ’ - --- --| 1 2: a + 1; -; 1 - y ’ 1 - yJ 

‘ 1 ~I ,2,1 r b + 1: b’, 1; 1; y y 11 + ;, y(1- x)• -1 Ft'패 | -- --| } 1 2: /I +l;-;1-x ’ 1-xJJ 

+0(1), (p • +이. 
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