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In this note, A and B are categories, the class of objects of A is denoted by obj(4) and the
class of morphisms of A is denoted by morph(4).

Definition 1. Let G : 4B be a functor and let B be an object in Obj(B). Then (u,A), where
€ Obj(A4) and for each f : B-»G(A’) there exists a unique morphism f : A->A”€ Morph(4) satisfying

the commutative diagram :

w0
B © l ()

f\- G(A)

Definition 2. Let E: A — B be an embedding functor,

(i) (ra, Ag) for B € Obj(B) is said to be A-reflection of B if (ry, Ap) 1s an E-universal
map for B([1},{3]).

(ii) A is said to be a reflective subcategory of B if for each objct B ¢ Obj(B) there exsts
a A-reflection (ra, Ag) of B ([11,[3]).

In this note we shall prove some properties with respect to universal maps (Example 3, Propositiion
4) and adjoint situation (Definition 5, Example 6). Moreover we shall prove the relation between
adjoint situations and reflective subcategories (Proposition 8 and Theorem 9).

Example 3. Let G: A—>B be a functor and B € Obj(B) be an initial object of l: Then the
following are equivalent.

(i) (uA) is a G-universal map for B where u: B—»G(A) in Morph(B).

{(ii) A is an initial object of A

Proof. (i) = (ii) Since (u,A) is a G-universal map for B we have the commutative diagram:
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u
B 4 s G(A) A

© JG(?) e 31

3
G(A") A

Since B is an initial object we have only one morphism f : B=»G(A’) and thus Hom(A,A")={f}.
That is A is an initial object.

(ii)=> (i) Let A be an initial object of 4. We shall prove that (uA) is a G-universal map
for B. Since there exists only one morphism f: A—A’€ Morph(A4)

G{f)ou: B>G(A) = G(A") ie, G(f)ou: B->G(A’) and we have the following commutative

G(A) ’ A
© [G(f)czazf

G(f)ou=f
G(A") A

We put f=G(f)- u then (u4,G(A)) is a G-universal map for B. / //

Proposition 4. Universal maps are essentially unique, That is, if (u,A) and (u’,A’) are G-universal
maps for B(G :A— B is a functor, A € Obj(4), B € Obj(B), and u: B->G(A) € Morph(B)
and etc.) then there is a unique isomorphism f : A=A’ such that the diagram

B G(A) A
© lo(f) & I
G(A") A

commutes,

Proof. We have unique morphisms f : A~>A”and g : A~ A in Morph(4) satisfying the commutative
diagram
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G(A)
u ()
©
B G(A") G(gof)
u
G(A)
On the other hand the diagram
u
B G(A)
i~ l 1G(A)
G(A)

is commutative, By the uniqueness we have 1p==gof. Similarly, we can prove that 1,=f.g Hence

f is an isomorphism. / / /

Definition 5. For the functors 4
G — 1, exist such that for A € Obj(A4)

B, if natural transformations 7: 15 = G<F and ¢:Fo

Glea o m6a) = lo(a)

and for each B € Obj(B)
erg) © Flms) = lpm)

then this is called anjunction or adjoint situation and is denoted by
(7€) : F— G or simply by F — G,

In this case, F is said to be a left adjint of G, G is said to be a right adjint, # is called the
unit of the adjunction and ¢ is called the colimit of the adjunction ([2]).

Example 6. Let H and K be groups which are considered as one-element categories, That is,
Obj(H)=={H}, Morph(H)=Hom(H,H)=the set of all endomorphism from H into itself, Obj(K)=
{K} and Morph(K)=Hom(K,K). Then a group epimorphism F : H-» K can be regraded as a functor,
It is clear that F(ly) =1k and for fg € Hom(HH) F(g.f) = F(g)-F(f), because of that F
is a group homomorphism, Then following are equivalent :

(i) F is an isomorphism
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(ii) F has a left adojoint
(iii) F has a right adjint.

Proof. (i) = (ii) Since F is an isomorphism we have the inverse F*: K -»H such that F?
F =1y and FF*=1x.
We have the following

Hom(HH) = Hom(H,F~K) = Horm(K,K)
= Hom(F™'H - K).

Thus F* is a left adjoint of F.

(i) = (i) Hom(K,K) = Hom(K F'H) = Hom(H,H)
= Hom(F"H, K).

Thus F? is a right adjoint of F.
In particular (ii) ¢ ( iii) is clear.
(ii) = (i) Since F(H)=K by (ii) we have a functor G : K - H such that G(K)=H. Since
Hom(H,G(K)) = Hom(F'HK)
18! i
Hom(H,H)

0
o
3
=~
z

we have an isomorphism F : H=K, s

Definition 7. A morphism f : A—»B € Morph(A4) is said to be a section if there exists a morphism
g : B—A such that gof==1,4.

Propusition 8, If (r,A) is an A—reflection for B (E : 4 - Bis an embedding functor) (see Definition
2).
The following are equivalent :

(i) ris an isomorphism

(i) r is a section

Proof. (i) = (ii) We assume that 4 is a fall subcategory of B. Since r : B—A is an isomorphism
we have the inverse r : A-B such that r'r=I1p and rr'==1,. By Definition 7 r is a section,
(ii) = (i) Let f: A—B be the left inverse of r, ie., for== Ig(since r is a section f exists),
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Then in the commutative diagram

r

BN\ ® Tf
lr

£

AN

©
N
we have for =1, by the uniqueness. Hence r is an isomorphism, / / /

Theorem 9. A is a reflective subcategory of B iff the embedding functor E ;: 4>B has a left
adjint F : B»>4 such that F— E (see Definition 5).

Pfoof. (i) We assume that 4 is a reflective subcategory of B Thus, for each B € Obj(B)
there exists an E-universal map (rp, Ag for B € Obj(B). Let (rg, Ag) (i==12) be E-universal
maps for B, and B, € Morph(B) respectively. Then, for each morphismf : B, - B, ¢ Morph (FB )
there exists a unique morphism f : Ag—>Ap, satisfying the commutative diagram

B, B E(Ap) Ag,
:{ © lE(f) & 31 l
B, B E(Ag) Age

([2]). We define a functor F : B-A4 such that for each B € Obj(B) F(B)=Ag and for each
f:B—B, € Morph(B) F(f) ={ By the uniqueness it is clear that F(13) =lay and if F is
a functor it is the unique one for which F(B)==Ap and each square above commutes, Moreover,
the commutative square above says that r: 1;»E«F is a natureal transformation. Thus we have
to prove that B8 B'8 B” in Morph(B) F(gof)=F(g)-F(f).

By the above reason we have a unique morphism X : Ag—>Ap” satisfying the commutative square

B B E(Ag) Ap
gof © E(X) & 31X
g~
B E(Ag”) Ayp”

But the above square factors as follows,
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B I8 E(Ag) Ag
f | © ey 3 |

B I E(Ap) & Agp
g 1 © lE(é) g l

B” i - E(Ag Ag

By the uniqueness X=g-f and thus F(gof)=F(g).F(f).
We shall prove that F —~ E, As above,

g : B — E-F(B)

is a natural transformation #7g where #: 15 — EoF. ie, rg=»g. Thus for each A € Obj(4)
(7ea), Fo(E(A))) is an E-universal map for E(A). Then we have a unique morphism ¢4 : F.
E(A) — A satisfying the commutative diagram

E(A)——ER) L E(F-E(A)) F-E(A)

1eca) © }E(‘?A) & 3!“1
E(A) A

We can prove that € : 1, — F<E is a natural transformation as follows,
Forf : A - A’e Morph(A) we have

E(foea)meay= E(f)oE(ea)omea) =E(f)olga)
=1ga)E(f)=E(€x )omp a-)°E(f)

Since 7 : 1z — EoF is a natural transformation we have
E(foea)omza) = E(ea)e((EeF)f)emga)

Therefore we have foep=epo(F-E)(f) ([1]) and thus € is a natural transformation,
For each B € Obj(B)

E(epg)oF(7p))> m3=E(ep(s))(E<F(np))-ns.
Since 7 is a natural transformation we have
E(ep(s)7E.r(B)78=E(1F(B)) 7B

By the property of 7z([1]) we have
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&) F () =lrw).

Similarly we can prove that for each A & Obj(4)

E(ep)onea) = lga)

Therefore E has F as a left functor such that F — E.

(ii) We want to prove that for each B € Obj(B} (s, F(B)) is an E-universal map for B
from the adjint situation (9¢) :F — E.

Suppose a morphism f : B>E(A). We shall prove that there exists a unique morphism f: F
(B) — A satisfying the commutative triangle

B 8 E-F(B) F(B)
w COREL: l
E(A) A

Put T=e,oF(f) (F(BYEEL F.E(A)-£A.A) then
E(f)ompg=E(epoF(f))ong
=E(ep)o(EoF(f))ong

Sine 7: 15 — E-F is a natural transformation and E(es)empa)=Iga) we have
E(ea)omg(a)of=lg(a) of=f

Hence f makes the above triange commute, because of that E(en)o(EcF)(f)omg =E(&4)omp(a)e
f=f,
To show uniqueness, For a morphism h : F(B)—»A € Morph(4) with f==E(h).zg. Since ¢ is

a natural transformation and &p(g)-F(7p)=Ipp) we have the commutative diagram :

F(B)\F( ) 1r(s) F(B)
8
© /
o
F(f) © TSFEERB
FoE(h)
(F-E)(A) -

Therefore h=¢,-F(f). /77
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