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As is well known, the heat equation is

ft-E- AE =¢ in ROH

where R is the set of all real numbers, ¢ is the Dirac distribution and

D= B= (Gl ()

In this note we shall prove that a fundamental solution of the heat equation is
- 12
E(x, t) = (2/at)"" H(t) exp(~-3- )

(Lemma 1), where H(t) is the Heaviside’s function and if we put

F(x) = §,E(x, t)dt

then we shall prove that
—~AF = ¢
(Theorem 3).
In other to find the fundamental solution ([1], [2]) of the equation

—”;tE— - AE =6 inR

we perform a Fourier transformation with respect to x as follows :

B #E

> ‘"2 e-—iEix‘.;;(? dx; = 4(t)
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as in [2], where E is a Fourier transformation of E.

Since
S € ""x'—;;?' dXi == S lfl € ‘f‘x‘x‘z— dx;
= 5fs e~ Edx;
= &E
we have
._?;% F BIZE s G(L) sereeererirseerrne et nne s s eraeeeaens

where [§? = & + - + &. A fundamental solution of (%) above is given by

E(¢ t) = H(t) exp( —tié%)

as in [1], [3] and [4].

Since t > 0 implies H(t) = 1 we take

E( t)

and the following lemma is proved,

exp( —t!g2)

Lemma 1. A fundamental solution of the heat equation is

E(x, t) = (2/xt) " H(t) exp( —Ix}/ dt).

Proof. As in the above if we take

E( t)
then

E(x, t)

exp(—ti€¥)  (t > 0)

(2r)7" fpoexp(i < x,& > — tig2)dé

(R o' pexp[—t(& ~ i55)%1dey

- exp(—-Ix{*/4t)

where < X, > = x§; + - + x4, .
Let z be the complex variable in the complex plane C! and consider the integral
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[ = {,exp(~tz?)dz

where y is any horizontal line Imz = Const = c.

By using the Caushy’s integral theorem we can compute as follows :

I = §7 exp(—t(Rez)?)d(Rez) = / T

([3]). Thus we have
E(x, t) = (2,/xt) "exp(—Ixi2/4t).

Therefore, for t % 0, the inverse Fourier transformation of Ff(&, t) with respect to x and £ 1s
given by

E(x, t) = (2/at ) " H(t) exp(—IxI? / 4t). /7!
Proposition 2. Let
E(x, t) = (2/xt) " H(t) exp(~|x[2/ 4t). /17
be a fundamental solution of

E
f’;t— - AE =6 .

(i) For t > 0 we regard E(x, t) as a distribution in the space variable, depending on the
parameter t,
Then t — 40 implies that E(x, t) — d(x).

(ii) For n == 2 and any test function ¢ € C§° (R%) (ie., ¢ is a C®~ function defined on
R3 with compact support)

#(0) = - {EMX (ZF ~ Ag)dxdt,

Proof. (i) If x = ( then the heat equation becomes as
dE /st =0 .
Thus
E(0, 0) = E(0) = frddt =1 = &0).
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Next, we assume that x = (X}, Xp, **, X,) * Q.
In this case,

E(x, t)2 = (2r) % "H(t)te /2
and since H(t) = 1 for t > 0 we have
E(x, t)? = (y)"'nt—ne%x:?/m )

We want to prove that

lim E(x,t) =0.
Since
ixi2
=+0 " e—.zT = O
because of that
. a2 on , t~n+'i
Mu t “e 2 = —Wl—aﬂ) eqxz/zt
= ()
we have
lim E(x,t) = 0.

o)

Therefore, we get the following :

lim E(x, t) = d(x) .

40

(ii) Since

we have the following
(&~ DJEXp=08x%p,
where E ¥ ¢ is the convolution of E and ¢ .
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In this case, we have the following :
(& - &E % 9= <E - (& - Age >
= - {wEx (& - Agpdxdt
and

S ¥ o= <o,¢>=<-§;{~H(x).¢(x)>

= < H(x), -0

dx
= -~ { ¢ (x)dx
= [—-px)Iy
= @(0)
where —dd;-H(x) = &(x) ([1]). Therefore we have
#0) = ~fwEx O(ZF - Adpdxdt.  ///

Theorem 3. For n 2 3 and
E(x, t) = (2/71)""H(t) exp(~"*/4t)
we put
F(x) = §,E(x, t)dt.
Then
—AF = @,
Proof. From the given expression

AF = [TAE(x, t)dt.

Since
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we have
AE = N\E = %—‘E— - &,
Therefore
- (~(2E
OF = [/(ZF ~ &)t
= [E(x, )]F -~ §,4(x, t)dt
= —d(x)
because of that
lim E(x,t) = ¢(x) =0 (x * 0) (by proposition 2)
and

lm E(x, t) = lim (2,/at) " "H(t) exp(~**/4t)

o0 (23

= {,
Therefore we have

—AF = d(x) = ¢, i
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