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ASYMPTOTIC PROPERTIES OF
THE ONE-STEP M-ESTIMATORS IN
NONLINEAR REGRESSION MODEL

IN HwaN CuHuncg AND KYEONG HEE KIM

1. Introduction

The class of M-estimators was suggested by Huber (1964), who then
studied their properties in a series of papers; the results may be also
found in Huber’s monograph (1981).

In the estimation of location, the M-estimator § = é(Xl, e, X)) is
defined as a solution of the equation

n

Yo v(X. -6 =0,

=1
where X,,.--,X, is a random sample from the population with the
distribution function F(a — 6) which is symmetric about 0. If F has
a density f which is smooth and if f is known, then the maximum
likelihood estimators are obtained by taking v = —f'/f.

In the general estimation problem, suppose we have a random sample

X1, VX, from a distribution F, the well-known maximum likelihood
estimator 1s defined as the value T,, = T(X1,- -+, X,) which minimizes

n

(1.1) > —Inf(X:i,Tw),

=1

where F has a density f which is smooth. (1.1) may be generalized to

> (X, Th),
=1
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where p(z,t) is some function. Suppose that p has a derivative ¢(z,t) =
-gt-p(:c, t), then the estimator satisfies the implicit equation

(1.2) Zz/:(X,-,T,,) =0.

Any estimator T;, defined by (1.2) is called an M-estimator.

In this paper we consider M-estimators for nonlinear regression mod-
els. Definitions of the model and the estimators are to be found in Section
2. Statements and proofs of the asymptotic behavior of the one-step M-
estimators are given in Section 3. Finally asymptotic confidence region
and test procedure for the nonlinear regression parameter are given in
Section 4.

2. M-estimators for nonlinear model

The class of M-estimators can be extened to the regression model. We
consider the following nonlinear regression model,

(21) yj=g($j79)+€j7 j=1a"' s I3y

where z; € Z C ®™ denotes the j-th fixed known input vector, § € R?
is the parameter vector from a parameter space ©® and g : = x © — R!
is a known measurable function on = for each 8§ € ©. The random

€rrors €;, - , €, are independent identically distributed (i.i.d) random
variables which have a distribution function F. We shall write g(z;,0)
by g;(8).

The problem of interest is making inference about 6 in some optimal
way, on the basis of observations on yj and z;, j =1,--- ,n.
Let

Sa(8) = ply; — g;(6))

i=1

and consider the problem of finding 8, which minimizes S,(6) when p is
convex and differentiable. After taking derivatives, we have

(22 YO rei@ =0 i=1-,p,
j=1 !
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with ¥ = p’. Since p is convex, the two approaches are essentially equiv-
alent; otherwise (2.2) may have more than one solutions (see [9]).

Let
Rj(t) =yj —g;(t) if t=(t1, - ,tp).

Then the errors are given by

Rj(e)zyj'—g](o)ﬂ .7211 \ 1,

if 6 1s true.
An M-estimator for the model (2.1) is defined quite naturally as a
solution 8 = (,,-- - ,9p) of the system of equations
(23) S 2 bur@n =0 i=1.p
e 00; ’

When F has density f and ¢ = —f'/f, these are the likelihood equa-
tions, and if ¥(¢) = ¢, § is the least squares estimator. Many authors
have provided conditions which insure the existence, consistency and as-
ymptotic normality of the nonlinear least squares estimator. Jennrich
(1969), Malinvaud (1970) and Wu (1981) proved asymptotic normality
or consistency of the nonlinear least squares estimator when the errors
are 1.1.d. random variables. When the errors are dependent, some results
connected with the rate of convergence of a least squares estimator are
given by Prakasa Rao (1984).

Let 8* = 8} e a sequence in R”, then we shall say that § is a one-step
M-estimator of Type 1 if 1 is absolutely continuous with derivative v’
and 4 satisfies the equation

Za%gj( “Y(R;(6 )—Z(ol. %) Zaimgj(e*)‘g{%;gj(ﬁ*)w’(Rj(G*)>

for all i = 1,---,p, with * = (6},---,6%) and 6 = (by,---,6,). This
system of equations is an approximation to the system (2.3) if we use *
as an initial sequence.
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In the situations we are interested, ¥'(R;(6")) is well approximated
by its asymptotic expectation

(2.4) Ay, F) = / $'(t) dF (t).

In the next section, we shall use a slightly more general definition of
A(%, F) in the condition C2.

If fi(d), F) is a consistent estimator of A(y, F), we therefore define a
one-step M-estimator of T'ype 2 as the solution 8 of the equations

n o . . L . n 5 ] P o
2 7 3O IR = 30k =000 3 5 05(0) .01 Al )

for all i = 1,... | p, or equivalently, in matrix notation,
[$(R1(6%)), -+, (Ru(6)ID(8*)T = (6 — 6*)D(6*)D(6")T A(%, F),
where D(#) is the p X n matrix

0 ) .
{5—9—91(9) z=1,"'1p .7‘:1"","'}’

and T denotes transpose.
We shall give some asymptotic properties of one-steps. This clearly

requires some conditions on the model (2.1). We define, following Jen-
nrich (1969), a tail product:

DEFINITION 2.3. We shall say that the sequence {h;}$2, where
hj = [hj1, - hjz]: © = RF

has a finite tail product if

=3 hy@)Ths(8)
i=1
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converges uniformly in (a, 8) € © x © as n — oo. The limit is called the
tail product of {h;}$2,.

We use the notation

0 0
ng(O) = [59—;91(0)7 Y '55;91'(9)],

then

7

Y (Dg;(6))T (Dyg;(8)) = D(6)D()T.

y=1

This notation will be used to give the condition on the model (2.1).

3. Asymptotic behavior of the one-step M-estimators

This section deals with the asymptotic properties of the one-step es-
timators under some regularity conditions.

In the definitions and arguments which follow we shall assume that
all probabilities and expectations are calculated under the assumption
that 8y = (o1, - ,00p) is the true parameter unless the contrary is
specifically indicated. And for any t = (t1,--- ,tp) € RP, we use [t] to
denote the maximum of the absolute values of the coordinates of ¢.

First, the required conditions on the model (2.1) are given.

Condition A.

Al. The parameter space O is a compact subset of %7 and 6, is an
interior point of O.

A2 %gj(ﬂ),i = 1,--.,p are continuous on ©, where 6, is the i-th
element of § = (6,,--- ,6,).

A3. {Dg;(8)};2, has a finite tail product and

£(00) = lim —" (Dy;(60))" (Dg;(60)
Jj=1

is positive definite. We shall denote ¥(6;) by Z.
A4

i gyt + 60) - 95(60) =,
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where t, is a sequence in R? such that |t,| = O(1//n).

We shall also need some conditions on .
Condition B.

Bl. Ep(y(u))=0.

B2. 0 < Er(¥*(u)) < co.

Condition C.
Cl. [(Y(z + h)—¢(x))*dF(z)=0o(1) ash — 0.
C2. There exists A(4, F') such that

/ (¥(z + h) — ¥(z)) dF(z) = hA(%, F).

If ¢ is differentiable, A(y, F') is given as in (2.4).
Finally we require a condition on the initial sequence 6*.
Condition D.
0* — 8y = 0O(1/ /7).

Now we make some comment on the conditions:

REMARK. The conditions Al, A2 and A3 were also used for the as-
ymptotic normality of the nonlinear least squares estimator (see [8]). For
the linear model, Bickel (1975) showed the asymptotic normality of the
one-step M-estimators. In his paper, O(1) was used instead of o(1) in

the condition C1, and that he used more conditions on % in addition to
the conditions B and C (see [2]).

Let M be a constant and define
Tt“lna'G' Ri(t) — E(YR;(t
n( )——W;@:gj( N¥R;(t) — E(¥R;(1)),

where t = (t1,--- ,%p).
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LEMMA 3.1. If A3, A4 and C1 hold, then |Tp(tn + 60) — Tn(60)|
converges in probability to 0 where |t,| < M/\/n.

Proof. Observe that
E[Tn(t +00) - T, (90)]2

= Z ( g,(6%) ) Var[yR;(tn + 80) — ¥ R;(60)]
< —Z ( 5 9;(6%) ) E[$Rj(tn + 60) — ¥ R;(60))?

<23 (Zeast@) sl [wia - vte)? arta) -
=1
Ihl < max |g;(ta + 60) — 9;(60)l}
converges to 0 as n — oo by A3, A4, C1 and D. By the Chebyshev’s

inequality, the result follows.

LEMMA 3.2. Let {X;} be independent random vectors in R* with
means {;}, covariance matrices {X;} and distribution functions {Fj;}.
Suppose that

St 4 S) — Y, no oo,
and that

Z / lle — ;]| dF(z)
||l£=p;i|>ev/n

converges to 0 as n — oo for each € > 0, where ||.|| denotes the Euclidean
norm. Then

% Z(X,— — #5)
i=1

converges in distribution to the multivariate normal with mean 0 and
covariance matrix V.

Proof. See [10].
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LEMMA 3.3. If A3, A4, C1 and C2 hold, then
1 &9 .
75 2 35 910 B Ri(tnt00) =Y Ry (60)+(g5(tn+60) = 9;(60) AV, F)}
=1

converges in probability to 0 where |t,| < M//n.
Proof. Observe that

To(tn + 60)  Ta(00)
- ._\% ,Z:; _a.g;gj(e*){gmj(t,, +60) — $R;(65)}

(3.3.1)
; :}_—-2___: o956 HEWR;(60)) ~ EGHR; (ta +60)

By C2, the last term in (3.3.1) is expressed by
L3 2 005t + 60) — 150 A, P
Jn £ 96,9 illn J )

By Lemma 3.1, the result follows.

LEMMA 3.4. If the sequence A = (a,) in R¥ converges to a, then
the sequence S = (s,,) defined by

n
1
Sn = '7‘; E a;
=1

also converges to a.

Proof. See [1].
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THEOREM 3.5. Assume that all the conditions A, B, C, D hold and
6 is one step of Type 2, then under the model (2.1), the distribution of

V(8 — 8,) tends to a multivariate normal with mean 0 and covariance
matrix K(, F)X™!, where

K(,F) = Erp(¥%(u))/ Ay, F)2

Proof. In Lemma 3.3, substitute 8* — 8 for t,, 3%9,-(9) for ’8%,‘91‘(9)’
then

(3.5.1)
1 i a * *
7-5[; 5, 9O YR — 9 Ri(60))

+ 3 2593 55(6%) - 9;(00)} (Y, F)
1=1

converges in probability to 0 for any 8* such that |§* — 6| < M/\/n for
all k =1,..- ,p. By the definition of the one step of type 2,

n a . .
j;b—é;gjw JWR;(67)
——pé- o; 0 (092 (0%)A(2, F)
- ;( Tt T z); 89,g]( )aokgj( ( ) .

By A1, there exists a neighborhood N C © centered at 8, which con-
tains 8* for all sufficiently large n, where |§* — 6] < M//n. By the

multivariate version of the Taylor’s theorem,
p a .
9i(6") — g(6o) = Z 25, 9i ()67 — bos),

where 8 lies in the interior of the line segment joining 8 and 6* in N.
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Then (3.5.1) reduces to
1 5 0 .0 .
ﬁ[;wi — 6:) (Jz::l ‘3—9';91'(9 )a—ekgjw )) Ay, F)
"\ 9
- 5‘5;91(9*)1/’1‘31(90)
Jj=1

+370607 - 00) (Z ;,,%;g,-w);‘,—;g,-w*)) A F)

14

IR (sz %gj(o*)%gj(e*)) A, P

=1

By A3, D and by the fact that
A(p, F) — A9, F) in probabelity,

IZ(""* bo:) (Z 57930 5y-05(6) ) A%, F)

i=1

- Z(e* o) ( g] 9*) 91(9*)) A(¢vF)]

converges in probability to 0, for all £ = 1,-..,p. Hence, in matrix
notation,
(3.5.2)

1

\/—{(9 60)D(8")D(6*)T A(%, F) ~ [$R1(60),- -~ , ¥ Ra(80)}D(67)"}

converges in probability to 0, where |8* — 6y| < M/ /n.
Observe (3.5.2) is equal to

* T
=0 A2

A($, F) - 71—;;['/)}31(90), - bR,(80)D(6%)T.
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and

%{:;»Rl(eo), e RA(0)1D(67)T
(3.5.3)

- —-[Zw )59 (8"), Z¢ ) 5390
Let

0 0
X;= [1/)(61');99—191(9*),--- ,d’(fj)gg;gj(o*)]

and let Fj and V; be the distribution function and the covariance matrix

of X;, respectively, for each j = 1,.-. ,n. By the condition B,
D(6*)D(8*)T
1 ZI — Ep(4?(u)) ( )z( )

Thus, by A3,

(3.5.4) lim = ZV Er($*(u))E,

n—eo 1

where |6* — 6o| < M/ \/n. By Al, A2, B2 and Lemma 3.4,

Z / 2124 E;
lel|> e/

converges to 0 as n — oc for any € > 0. Hence by Lemma 3.2, (3.5.3)
converges in distribution to the multivariate normal with mean 0 and
the covariance matrix (3.5.4). Moreover, on the set

{16 — 6o| < M//n},

V(6—8y) (D(6*)D(6*)T /n) A(%, F) and (3.5.3) are asymptotically equiv-
alent. By A3, D and by the fact that

Ay, F) — A(y, F) in  probability,
the result follows.

Consistency is easily obtained by the following result given by Cramer-
Wold.
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LEMMA 3.6. Let Xy, = (Xn1, ", Xnp) and ¥ = (Y,.--,Y,) be
random vectors, then

X,—Y in  distribution
if and only if
X AT ——vaT in distribution
for each A = (Aq,---,,) € RP.
Proof. See [10].
THEOREM 3.7. Under the conditions of Theorem 3.5,
6 — 6, in probability
where 8 is one step of Type 2.
Proof. By Theorem 3.5 and Lemma 3.6,
VRd— AT
VE(p, F)AXT-INT

in distribution,

for any A = (Ay,---,A,) € RP, where Z is the standard normal random
variable. By the Slutsky’s theorem,
(3.7.1) (0 —0)AT — 0 tn probability.

If we choose M such that

1, =i,
Aj = { =

0, otherwise,
for j =1,--.,p. Then by (3.7.1),

é; — Bo; in probability,

where § = (91, —_ ,ép) and 6y = (6o1,- - ,00p). Since the choice of i was
arbitrary, the result follows.

For example, consider the following nonlinear model g;(6) = 6,e%%i
where 6 = (0;,02) ranges over the unit rectangle @ = [0,1] x [0,1]
and z1,22,--- 1s a bounded sequence of real numbers whose sample
distribution function is G, which converges to a distribution function
G weakly. Assume that the true parameter 6y = (a1, @) is an interior
point of © and that G is not degenerate. Then the condition A is clearly
satisfied (see [7]).
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4. Large sample inferences

In this section we shall consider tests of hypotheses and confidence
region for the parameter 6 in the model (2.1) when the sample size
is large. All large sample inferences about 8 are based on a chi-sqare
distribution. The asymptotic normality of \/n(6—8,) derived in Theorem
3.5 under the required conditions suggests the use of the quantity of the
quadratic form

Qn(8) = n(6 - 05)T (8 — 8)T

where %, = £,(d) is the p x p matrix with (i,k)th element
1~ @ 20 0 A, 1
- ,Z;: 55;9;(9)5‘9';91(9)—’\(¢,F)

where K(9, F) = Ep(4%(t))/ A(%, F)2.
The following theorem gives the large sample distribution of Q,(8).

THEOREM 4.1. Under the conditions of Theorem 3.5, Qu(#) has
asymptotically central chi-sqare distribution with p degrees of freedom.

Proof. The result follows immediately from Theorem 3.5.

By reference to the null limiting distribution of Qa(#), the proba-
blity of Qn(é) < x2(a) is approximately 1 — a where xf,(a) is the upper
(100a)th percentile of a chi-square distribution with p degrees of free-
dom. When n — p is large, the hypothesis Hy : 8 = 8y is rejected in favor
of Hy : 6 # 6y at a level of significance approximately « if

n(f — 00)Tn(8 — 6)T > x;‘;(a)-
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