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ON THE INTEGRABILITY OF A

1]K-CONFORMAL KILLING EQUATION

IN COSYMPLECTIC MANIFOLDS

IN-BAE KIM, UN-Kyu KIM AND JAE-BoK JUN

1. Introdllction

Let M n be an n-dimensional Riemannian manifold. Denote respec
tively by gab, Railed, Ruil = R rab

r and R = Rabg
ub the metric, the cur

vature tensor, the Ricci tensor, and the scalar curvature of Riemannian
manifold in terms oflocal coordinates {XU}, where Latin indices run over
the range {I, 2, ... , 11} .

In 1I1't, a p-form u(p 2:: 1) is said to be Killing ([5], [6]) if it satisfies

which is called the Killing-Yano's equation. \7 denotes the operator of
covariant differentiation.

The following theorem is well known.

THEOREM A ([2]' [8]). A necessary and sufficient condition in or
der that the Killillg-1'ano's equation is completely integrable is that the
R.iemallllian manifold Al tl

( n > 2) is a space of constant curvature.

In a Sasakian manifold ]v!n, a I-form 'It is called D-Killing of type a
[9] if it satisfies the following equation

where a is constant. 'Ve call this is the D-Killing equation of type a.
Then the following theorem is ,vell known.
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THEOREM B ([9]). A necessary and sufficient condition in order that
the D-Killing equation of type 0' is completely integrable is that the
Sasakian manifold Mn(n > 3) is a space of constant cj>-holomorphic
sectional curvature with H = 1 - 40'.

The purpose of this paper is to consider the analogy of Theorem A
and B in cosymplectic manifold. That is, we will prove the followings.

THEOREM 3.1. If there exists (locally) a horizontal 7]K-confonnal
Killing 2-form u with its associated I-form p satisfying u(X, Y)(P) =
C(X, }T) f()r any vector fields X anclY perpendlcular to 7]andpoint P of
a cosymplectic manifold Mn(n > 5) and any skew symmetric constants
C, then M n is a space of constant </J-holomorphic sectional curvature.

THEOREM 4.1. A necessary and sufficient condition in order that the
horizontal 'l}K-conformal Killing equation of Theorem 3.1 is completely
integrable is that the cosympleetic manifold M n

( n > 5) is a space of
constant cj>-holomorphic sectional curvature.

In section 2, we give some fundamental formulas in cosymplectic man
ifolds to fL'C our notations and introduce some operators and the proof
of Theorem 3.1 will be given in section 3.

Moreover, we denote ourselves to prove the integrability condition of
the 'l}K-confonnal Killing equation in section 4.

2. Preliminaries

We represent tensors by their components with respect to the natural
basis and use the summation convention. For a differential p-form

~

1
u = -,u al "'a dx al

/\ ... /\ dx ap
p. p

with skew symmetric coefficients u al "' ap ' the coefficients of its exterior
differential du and the exterior codifferential liu are given respectively
by

pH

(dU)al ... ap+l = :L)-l)i+lVa;Ual ...a; ...ap+p

i=l

(liu)a2 ...ap = -vrUra2 ..·ap,
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(2.1)

where \7r = grs\7 s, and aj means aj to be deleted.
A cosymplectic manifold Ma with metric 9 is that Ma admitting a

parallel tensor field 4Ja b and a parallel vector field ea such that

4Ja rcPrb = -Dab + 'r/a eh, cParea = 0,

77acPb = 0, 77aea = 1,

where we put 4Jab = cPa r grb.
By the Ricci's identity, the followings are well known in a cosymplectic

manifold.

(2.2)

(2.3)

Moreover, we know the following equations in a cosympleetic mani
fold.

R C' r R "A. cabr <Ptl = abel 'f'r ,

R ar 4Jb
r

= -Rrabs4J rs ,

R ar 4>b r = -RbrcPa r = ~Rabrs4Jr8,

where we put RUr</>b r = Sba = -Sab'
In the sequel, we consider a cosymplectic manifold MR and assume

that n > 2.
Now we want to recall some operators for differential forms in M n

.

Denote by FP the set of all p-form8 on AJn
. The operators r : FP ---+

FP+!, <!I : FP ---+ FP and the inner product i(77) : FP ---+ FP-l of I-form
77 are defined respectively by

P

(ru)uo···a p = L(-I)icPa;r\7ruao ...Q.; ••• al"
j=O

P

(<!ILl)a I···U,. = L cPa; r tta!···r...ap '

i=l

(i(I/)tt)Cl2"'{lp = 77'·U ra2 ···a,.

for any 1>-form u(p ~ 1). For O-form Uo, we define <Ptto = 0 and i(77)UO =
O.
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If i(1])u vanishes identically, then a p-form U is said to be horizontal.
In the present paper, we put tab = gab -1]a1]b. It is well known in [10]

that tab is positive definite for any vector X a
=1= (1]rxr)1]a.

If the Ricci tensor of M n is of the form Rab = atab for some function
a, then M n is called a cosymplectic 7]-Einstein manifold [4]. By contrac-

tion, we have a = ~, where R is the scalar curvature of M n
• Thus

n-1

a cosymplectic 1]-Einstien manifold is characterized by Rab = -.!!:.-ltab '
n-

A cosymplectic..ma.ui£old,is called Q£ constant t/J-holomorphic Jjfletional
curvature if the curvatll,re tensor satisfies the following equation:

(2.4)
R r R ( r r A. A. r

abe = (n -l)(n + 1) tbeta - taetb + 'l'be'Va

- cPaccPb r - 2cPab4>e
r
).

A 2-form U is said to be 1]K-conformal Killing, if there exists a asso
ciated I-form P such that

(2.5) \1bu ed + \1cubd = 2Pdtbc - Pb'Ycd - Petbd + 3(iJbcPcd + PecPbd),

where, we put

Pa = _1_[2(iP)1]a - (bu)a],
n+1

Pa = 4>a rpr = (4)P)a and ip = i(1])p = 1]a pa .

On the other hand, we proved the following [4].

THEOREM C. Let 111 be a cosymp1ectic manifold of dimension n ad
mitting a 1]K-collformal Killing 2-form u. If u is horizontal, then the
associated 1-fm"m P of u is also horizontal.

Thus, here and in the sequel, we assume that

(2.6) i(1])u = iu = O.

(2.7)

Then, it is easy to see from tranvecting (2.5) with 4>a e that

cPa r\1rUbd + \1a(4)U)bd = (fU)abd - 2pa1>bd - Pb1>ad

+ PdcPab - Pb'Yad + Pdtab'
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where we used theorem C.
By interchanging alternatively indices as a -+ b -+ d at (2.7) and

adding all together, we find

(2.8) dCPu = 2ru.

3. A sufficient condition for M to be a space of constant
<p-holomorphic sectional curvature

Hereafter, we deal wit.h a. 1]K-conforma.l Killing 2-form Uab of (2.6).
At first, we ha.ve the following equation ([4]) :

(3.1)

where

(3.2)

and

RbcdrUar + RadcrUbr + RdabrUcr + RcbarUdr

= - O'bd'Yca + O'dc'Yba + O'ab'Ycd - O'ac'Ybd

+ aab<Pcd + aca<Pbd + acd<Pab + adb<Pac

+ 2( a da<Pbc + 2acb<Pad),

O'ab = Pab + Pba = \7aPb + \7bPa

(n _ 3)~n + 3) [n(Ra"Ubr + Rbru ar )

- 3(RcrUdr + RdrUcr)<Pad<Pb
c

],

Gab = Pab - Pba = 'VaPb + \7bPa = (dcpP)ab

n+2 r ere
(3.3) - (n +1)(n +3) (Rb <Pr U ae - Ra <Pr Ube)

(n + 1)1(n + 3) (<PbrRa e - <ParRbe)Ure.
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By virtue of (3.2) and (3.3), the equation (3.1) is rewritten as
(3.4)

RbedrUar + R ade r'Ubr + R dab r 'U er + R eba r Udr

= (11. _ 3;(11. + 3) [n(RarUbr + RbrUarhed

- 3( cPa rSbS + <Pb r Sa S)Urs'Yed - n(Rar Uer + Reruarhbd

+ 3(cPa
rS/ + cPerS(/)Urs'Ybd + n(RdTUeT + RerUdrhab

- 3(cPerSds + cPdrSeS)Urs'Yab - n(RbrUdr + RdrUbTh~e
, " ",,1'1 I ''',' " " ,"" ,'I, "I' ", "I

+ 3( cPb r Sd s + cPdrSb S)urs"Yacl

+ (11. + j)l(n + 3) [(11. +2)(S{uar - S(/Ubr)cPed

- (<Pa r RcS - <Pc r Ra S }Urs<Pbd + (n +2)(SdrUcr - Se r Udr )<Pab

+ (<Per Rd s - <PdrR/)UTs<Pab - (n + 2)(SdTUbT - SbrUdT)cPae

- (<Pb
r
R ds - <PdTRbS)UrscPae + 2(11. + 2)(S;UeT - SerUbr)cPad

+ 2( cPerRbS - <Pb rRcS)Urs<Pad - 2(11. + 2)(SdrUar - Sa rUdr )<Pbe

- 2( <Pa r R d
s - cPd rRa S)UrscPbe].

Under the assumption of Theorem 3.1, the skew symmetric part of
coefficients of U rs in (3.4) vanish, so we have from (2.6) and (3.4)

Rbedr"la S+ Rader"Yb S+ Rda{"Ye S+ RebaTId B

- Rbcds'Ya r - Radcs"Ybr - Rdabs"Yer - Rcbas"Ydr

1- -:---:-----:-
(11.-3)(11.+3)

(3.5) [n(RaT"Yb B+ Rbr"Ya S - Ra B'Ybr - RbB"YaThed

+ 3(cParSbs + cP6 rSa s - cPasSbr - cPbllSarhcd

- n(Rar "Ye S + R e
r'"fa 11 - Ra s"Yer - Rc B'"fa r)-Ybd

- 3(cParSes + <PerSaB - cPasSer - cPesSarhbd

+ n(Rer'Yds + Rdr"Y/ - Res"Ydr - Rds"Ye rha6
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+3(<p/SdB+ <Pd rS/ - <p/Sdr - <PdBSerhab

(R r s + R r s R s r R S r)- n b Id d Ib - b Id - d Ib lac
- 3(<pbrSdB+ <PdrSbs - <PbsSdr - <PdBSbrhae]

1

(n + j)(n +3)
[(n + 2)(Sa r "Yb B- Sb r;a S - SIJ.,{ + Sb·;ar)<Ped

+ (tPa r Rb· - <Pb r Ra· - <Pa'R{ + <Pb S Rar)<Ped

- (n +2)(Sar;/ - S/"Ya' - Sas;er +Se·;ar)<Pbd

- (tP4 rRc' + <Pc rRa • - <Po. sRcr + <Pc S Ra r)<pbd

+ (n +2)(SCr'ds - Sdr"Y/ - S/;dT+ Sd·;er)<Pab

+ (<PeTRdB - <PdrRe· - <P/RdT+ <PdBRer)<po.b

- (n +2)(Sbr;d· - Sdr,bB- Sbs;d r + Sds;br)<Pac

- (4)b r Rds - 4>drRb S - <Pb S Rdr - <PdsRbr)<Pae

+ 2(n +2)(SCr'b~ - Sbr;cs - S/"Ybr + Sbs;cr)<Pad

+ 2(<p/Rb 8 - <Pb r R/ - <Pc sRb r + <Pb 8 R/)</Jad

- 2(n + 2)(Sa r,ds - Sdr;a· - Sa s;dr + Sd';a r)</Jbc

- 2(<ParRl- <PdTRas - tPasRdr + <PdsRar)</Jbe).

Contracting (3.5) on s and d and making use of the first Bianchi's
identity, (2.2) and (2.3) we obtain

(n - 2)Rebar
= (n + 1)~n2 _ 9)

[(n3 _n2 -5n+9)(")'abR/ -;acRbT + Rab'Yer -Rae"Ybr)

(3.6) +4n(</J/Sba + tPbrSae + 2tPa rSbc)

+ (n 3
- 3n2

- 9n + 15)(<PbaS/ + <PacSbr + 2<PbcSar)

+ (n - 3)R(<Pba<Per + tPac4>b r + 24>be<Pa r)

+ n(n + 1)R(Tael{ - 'Yabler»).
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Again, transvecting (3.6) with t/>e ct/>t b we have

( ?)R T _ 1
n - ~ cba - (n + 1)(n2 _ 9)

[(n 3
- n 2

- 5n + 9)(t/>baScT - t/>caS,/ + Sba4>cT- Scat/>bT)

(3.7) + 4n(RbalcT - RcalbT + 2Scb t/>a T)

+ (n3
- 3n2

- 9n + 15)(-rbaR/ -lcaR{ - 2t/>cbSaT
)

+ (n - 3)R(Ja~lliT -lcal'/ - ~t/>Cb,t/>~T)

+ n(n + l)R(t/>cat/>bT- t/>bat/>eT)].

where we used (2.3). Thus, it follows from (3.6) and (3.7) that

(3.8)

(n 3
_ n2

_ 5n + 9)(TbaRe' - TcaRb· + Rba"Yc' - Rcalb B

- t/>baSc' + t/>caSb' - Sbat/>c' + Scat/>b')

+ (n 3
- 3n2

- 9n + 15)(t/>baSc' - t/>caSb' - 2tPcbSa' - 'YbaRc'

+ IcaRb' + 2t/>cbSaS)

+ 4n(Sbat/>c S _ Sca<Pb' - 2Scb<Pa' - Rbalc' + Rcalb' + 2Scb4>a')

- n(n + l)R(lbalc' - TcaTb' - t/>bat/>c' + t/>cat/>b')

+ (n - 3)R(t/>ba4>c' - t/>cat/>b' - 2t/>cbt/>a' -Ibale' +Tca'Yb·

+ 24>cbtPa ') = O.

By contraction (3.8) with {jS c, we can obtain

(3.9)
R

Rab = --1Tab(n > 5),
n-

which means that the cosymplectic manifold Mn(n > 5) is 7]-Einsteinnian.
Substituting (3.9) into (3.6), we can easily find that the curvature tensor
is the form of (2.4). This means that Mn(n > 5) is a space of constant
t/>-holomorphic sectional curvature. Consequently, we complete the proof
of Theorem 3.1.
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4. Integrability of a '1K-conformal Killing equation l )

The pupose of this section is to prove Theorem 4.1, that is, we will
show that the converse of Theorem 3.1 is true. In this section, we assume
that (2.6) holds good. F'irst of all, we will prepare the followings.

THEOREM D([4]). If a cosymplectic manifold Mn(n > 3) is an '1
Einstein manifold, then the non-parallel horizontal associated 1-form Po.
of '1I< -conformal Killing 2-form is Killing, that is,

Vo.Pb + VbPo. = O.

Moreover, by virtue of (3.3) we have the following.

LEMMA 4.1. If a cosymplectic manifold M is an '1-Einstein manifold,
then we have for the horizontal associated 1-fonn P of horizontal '1K
conformal Killing 2-form U

R
d4!p = (n _ l)(n +1) 4!u,

hence, 4!u is closed 2-form if R =J o.

In a cosymplectic manifold M n we consider the '1K-conformal Killing
equation as a system of partial differential equations of unknown func
tion Uab' This system is equivalent to the following system of unknown
functions Uab(= -Uba) and Uabc(= -Uacb) :

(4.1)

(4.2)

Ubcd + Ucbd = 2Pd'Ybc - Pb'Ycd - Pc'Ybd

+ 3(ih4>cd + Pc4>bd),

l)In this section, we assume that M and all quantities are real analytic.
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V'aUbcd =~(RdcaTUbT + RbdaTucT +RcbaTudr)

1 1
+ '2(Pbd - Pdbhca + '2(PCb - Pbchad

1
(4.3) + '2(PdC - Pcdhab - Pac'"'tbd + Pad'Ybc

1(_ ';)'" 1(_ -).J.+ iPbc - Pc~ 'f'ad +2 Pcd - Pdc .'Yab

+ ~(Pdb - Pbd)4>ac + ~(Pda - Pad)4>bc

+ (Pac - Pca)4>bd + (2pab + Pba)4>cd.

From now on, we will show the above system is completely integrable
if Mn(n > 5) is a space of constant 4>-holomorphic sectional curvature.

From our assumption, the equation (4.3) is rewritten as

R
\7aUbcd = (71, _ 1)(71, + 1) babUdc + '"'taeUbd + '"'tadUeb

+ 4>ab( CPu )cd + 4>ac( CPu )db + 4>ad(CPu )be

(4.4) - 4>cd(4JU)ab - 4>db(CPU)ac - 4>bc(CPU)ad

- (4)cbudr + 4>bducr + 4>dcu br )4>a r]
+ "{baP de + "{caPbd + "(dapcb + '"'tbdPca

+ '"'tbcpad + 34>cdPab,

where we used Theorem D, Lemma 4.1 and (2.6).
The equation obtained from (4.1) by differentiation:

8aUbcd + 8aUcbd = 8a[2pd'"'tbc - Pb'Ycd - Pc'"'tbd

+3(Pb4>cd + Pc4>bd)]

is satisfied identically by (4.1), (4.2) and (4.4).
Next, we will discuss the integrability condition of (4.2).
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Taking account that !vI" is a space of constant 4>-holomorphic sec
tional curvature, we find from (2.4)

R ,. R r R [
- abe It''d - abd llcr =( )( laetlbd -,be'tlad + ladtleb -,bduea

n-1 n+1)

+ 4>b
T

(<Pae tl Td + <PadUeT) - <PaT(</Jbcurd + <PbdUCT)

+ 24>ab(4)U)cd]'

On the other hand, by virtue of (4.2), (4.4) and Lemma 4.1, the left
hand side of (4.5) is equal to the right hand side of the above equation.
Thus (4.5) holus good.

Finally, we will discuss the integrability condition of (4.4) as

Since, .M Il is Cl space of constant 4>-holomorphic sectional curvature,
we can obtain f1"Om (2.4)

(4.7)

R
(11 _ 1)(11 + 1) [rebU"cd -"'y"b'Uccd + lec'tlbad - rac'tlbed

+ ~I(dllbca -,adUbce + (4)eb u rcd + 4>ec ubrd + 4>ed'tlbcT)<Pa
T

- (<PabU"cd + <PacUbTd + rPadUbcT )<Pe T

+ 2(iflb"U rc d + r/>cTUbrd + <PdrUbcT)<Pea],

where we used (2.6).

On the other hand, operating 'V e to (4.4) and making use of (4.1),
(4.2) and Theorem C we obtain
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R
V e VaUbcd = (n _ l)(n + 1) [-l'abUecd -l'acUbed -l'adUbee

+ l'ac(2Pdl'be - Pbled - Pel'bd + 3iJb<Ped)

- l'ad(2Pcl'be - Pblec - Pel'be + 3iJb<Pee)

+ Ve( <Pab( <flu )cd +Pac( <flu )db + <Pad(<flu he)
- V e( cPcd( <fI1£ )ab + cPdb(<flu )ae + <Pbe(<flu )ad)

+ (<PbcUred + cPdbUrec + <PcdUreb)<Pa r

+ <Pbc(3pacPed - 2PdcPae + PecPad - Pal'ed)

+ cPdl>(3Pa<Pec - 2Pc<Pae + Pe<Pac + Pal'ec)

+ <Pcd(3PacPeb - 2PbcPae + Pe4>ab + Pal'd + 3pe"Yab)J

+V e ( "YbaPde + I'caP6d +"YdaPcb +"Y6dPea + I'bcPad)

+ 3cPcdVePab.

By interchanging the indices e and a in the above equation, subtract
ing it from the original one and owing to Theorem C, (2.7), (2.8), (4.1),
(4.2), Theorem D, Lemma 4.1 and the Ricci's identity, we can find that
VeVaUbcd - V aVeUbed is reduced to the right hand side of (4.7). There
fore (4.6) holds good. Consequently, we complete the proof of Theorem
4.1.
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