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M-HOMOTOPY EXTENSION PROPERTY

AND M-HOMOTOPY GROUPS

KEE YOUNG LEE

1. Introduction

In [4], R. Jerrad introduced m-functions as generalization of contin
uous function between topological spaces. m-functions are. weighted,
finitely valued functions with a property corresponding that of usual
continuity. In [6], R. Jerrad and M.D.Meyerson defined the m-homotopy
and m-homotopy groups and showed that the n-th m-homotopy group
has a natural definition as m( 11'n(Y)) = horn (sn, Y) in a cetrain cat
egory of m-functions, which is an R-module under the addition of m
functions for a ring R with identity without zero divisors. They also
showed that m-homotopy theory is a homology theory by proving it
satisfies the Eilenberg-steenrod axioms.

In this paper we generalize the pasting lemma on continuous functions
to that on m-functions and show that for a triangulable pair (X, A), A
has certain extension property in X for m-functions similar to absolute
homotopy extension property. By using those facts, we prove that the
m-fundamental group acts on n-th m-homotopy group as a group auto
morphism for n ~ 1.

2. m-function and rn-hornotopy group

'VVe introduce some definitions and m-holl10topy groups in [4], [5].
Suppose that 1: X x Y -+ R is a (standard) function, where X and Y
are T2-spaces and R is a ring with identity and without zero divisors.
Then we define a multiple-valued function over the ring R f' : X -+ Y
by its graph f' = c1{(x,Y)I/(x,y) i= O}, which satisfies the following
condition;

Received December 28, 1991.
This research was supported by KOSEF.



242 Kee Young Lee

(1) for all x E X,!,(x) = {y E Y/(x,y) E!'} is a finite or empty subset
ofY.

(2) if j'(x') = {Ylo· .. ,Yn}, there exist disjoint neighborhoods "Ci(Yi) such
that for any neighborhood Vi(Yi) C Vi there is a neighborhood U(x')
satisfying;

(a) L /(x,y) = /(x',Yi)for x E U,i = 1"" ,n
yE\!;

n

(b) !(x,y) = 0 for x E U and Y E [Y - UVi]
, "'", '" " , , ,,' ,'" " ,"'"',}, '"'''' ","

(3) if f'(x') = 4>, there exists a neighborhood U(x') such that J(x, y) = 0
for all x E U, Y E Y

DEFINITION 2.1. Under the condition above, we define the multiple
valued function f : X ~ Y x R given by

f = {(x, (Y, r) )y, E f' (x) and f( x, y) = r}

At this time, f is called an m-function from X to Y defined by the
defining function f( the ring R is usually fixed and dropped from the
notation) and R is called weighting factor of f determined by the defining
function !.

The multiplicity of f is mU) = 2: /(x, y) ; it is indendpent of x
yEY

if X is connected. The empty function, denoted by 4> is defined by
(p : X x Y ~ O. Any continuous function can be regarded as an m
functions by assigning it multipicity one.

The composition of two m-functions f : X ~ Y and 9 : Y ~ Z is
defined by 90 f(x, y) = L lex, y)g(x, y), so Hausdorff spaces and m-

yEY
functions over R form a categroy R - T2 , with T2 as a subcategory. Any
two m-functions may he added: f +9 defined f + 9 =!+g. Also, if a E
R we define the a· f by ti . f = a· f. Then hom(X, Y) is an R-module and
there are functors hom( -, Z) and home Z, -) : R -·T2 ~ (R - modules).
The restriction of f: X ~ Y to a subset A C X is defined by flA = f oi
when i is the inclusion i : A ~ X. An m-function on pairs of Hausdorff
spaces is defined as follows: h : (X, A) ~ (Y, B) is an m-function on
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pairs if h'(A) C B. We say that I is m-homotopic to 9 relative to
X'(f ""m 9 reI X') if there exists an m-function F: (X, A) x I -+ (Y, B)
with F(x,O) = I(x), F(x, 1) = g(x) and F\x'x{t} = Ilx' = glx' for
t E [0,1]. An m-function on pointed pairs I : (X, A, xo) -+ (Y, B, Yo)
must satisfiy IIA : A -+ B and Ilxo : Xo -+ Yo.

LEMMA 2.2. In the catgory Ro - phT2 of pointed pairs of Hausdorlf
spaces and m-homotopy classes of m-functions over R of multiplicity
zero, the condition for all m-function to be pointed is equivalent to flxo =
</J: also,for I: X -+ Y, I: (X,A,xo) -+ (Y,Yo,yo)ifandonlyif/I A = <p.
[6J.

For any pair (X, A) = (X, A, cP) and integer n ~ 1, the n-th m
homotopy group m7r n (X, .4) is defined to have as underlying set, the set
of m-homotopy classes of m-functions(of multiplicity zero) I : (In, or, 0)
-+ (X, A) where In is n-cube, &r is its boundary and °is {(O,'" ,On.
For n ~ 1 the product of I and 9 in Ro - phT2 , I· 9 : r -+ X is defined
by

_ {J(b,2t+l,X),
I · g(b t x) =

, , g(b,2t - 1,x)
o ~ t ~ !
t ~ t ~ 1,

where (b,t,x) E r- l x I x X. Especially, m7rl(X) is called the m
fundamental group of X.

THEOREM 2.3. Ig "'m 1+ 9 (wbere I and 9 represent elements of
m7rn(X,A) for n ~ 1) [6].

THEOREM 2.4. For n ~ 1, the homotopy group m7l"n(X, A) is the R
module bom((In, &In, 0), (X, A)), Litting A = cP, m7rn (X) = bom[(In, &In

,

0), (X)] [6].

3. A generalization of the pasting lemma

In this section, we prove the following theorem as a generalization of
the pasting lemma on continuous functions. Here we let X be a Hausdorff
space and R a ring with identity without zero divisors.

THEOREM 3.1. Let Xl and X 2 be closed subspaces of X such that
X = Xl U X 2 , I : Xl -+ Y and 9 : X 2 --t Y m-functions with their
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defining functions J, y respectively such that J(x, y) = y( x, y) for every
x E Xl n X 2. If h : X x Y -7 R is defined by

-( { J(x, V), for (x, y) E Xl X Y,
h x,y) =

g(x, V), for (x, y) E X 2 X Y,

then h : X -+ Y defined by h is an m-function.

All we have to do to prove the Theorem 3.1 is to show that h satisfies
the conditions (1), (2) and (3) mentioned in the Definition 2.1. Let's
show those facts at following lemmas

LEMMA 3.2. Under the same hypothesis as the Theorem 3.1, h'(x) is
finite, for all x EX.

Proof. Since f'(x) and g'(x) are finite and if h' = !' Ug', h'(x) =
!,(x) U g'(x), it is sufficient to show that h' = !' U g'.

h' = cl{(x, y)lh(~" y) f. D}

= cl{(x, y)lh(x, y) f. D} n (Xl x Y U X 2 X Y)

= [({(x, Y)lh(x, y) f. D} n Xl x Y) U ({(x, y)lh(x, y) f. D} n X 2 X Y)]

= [({(x, Y)IJ(x,y) f. D} n Xl X Y) U ({(x, y)lg(x, y) =F O} n X2 X Y)]

C (cl{(x, y)lJ(x, y) =F D} n Xl X Y) U (cl{(x, Y)lg(x, y) f. O} n X 2 X Y)

= clxl xy{(x, y )!J(x, y) =F D} U clx2 xY{(x, Y)Ig(x, y) =F D}

=!' U g'

On the other hand,

f' = clX1 xy{(x, y) E Xl X YI/(x, y) =F O}

= cl{(x, y) E Xl X YI!(x, y) =1= D} n Xl x Y

= cl{(x , y) E Xl X Ylh(x, y) f. D} n Xl X Y

C cl{(x, y) E X X Ylh(x, y) =F D} n Xl X Y

= h' n Xl X Y c h'

Similarly, 9' c hi, Thus f' U g' Ch'. Consequently, h' = !' U g'.
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LEMMA 3.3. Under the same condition as the Theorem 3.1, ifh'(x') =

{YI' Y2, . " , Yn}, then there exist disjoint neighborhoods Vi(Yi) such that
for any neighborhood Vi(Yi) C Vi there is a neighborhood U(x') satisfy
ing;

(a) L h(x,y)::::: h(x',Yi) for x E U, i:::: 1,2, ... ,no
yE\!;

n

(b) h(x, y) = 0 for x E Uand Y E [Y - UVi]'
i=l

Proof. In order to prove the lemma, we consider three cases; (1)
x' E Xl - X 2 (2) x' E X 2 - Xl (3) x' E Xl n X 2
The case (1) ; x' E Xl - X 2. Then g'(x') ::::: <p, h'(x') :::: !'(x') ::::
{YI, Y2,'" ,Yn}' But f is an m-function with defining function I. Thus
by definition, there exist disjoint neighborhoods 'Vi(Yi) such that for any
neighborhoods Vi(yd C Vi(Yi), there is a neighborhood U'(x') in Xl
satisfying ;

(a) L /(x,y) = j(X",Yi) for x E U', i:::: 1,2,· .. ,no
yEVj

n

(b) j(x,y) = 0 for ;1:' E U'and Y E (Y - UVi]
i=l

Since U' is open in Xl, there is an open UI/(x') in X such that U' =
U" n Xl. Let U = U" - X 2 . Then U is open in X and contains x'. But

U C U' C Xl. Thus L hex, y) = L j(x, y) :::: lex', Yi) = hex', Yi) for
yEVj yEll;

n

x E U and h(;z:,y) = .f(.l·,y) = 0 for x E U C U' and Y E (Y - UVi).
i=l

The proof of the case (2) is similar to that of the case (1).

The case (3) ; Let x' E Xl n X 2 and we note h'(x') = !'(x') U g'(x').
First, assume !'(x') or g'(x') is empty. Without loss of generality we
may assume f'(x') = <p. So we can let h'(x') = g'(x' ) = {YI,'" ,Yn}.
Since 9 is an m-function, there exist neighborhoods l%(Yi) such that for
every neighborhoods Vi(Yi) C Vi(yd there is a neighborhood UX2 (x') of
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x' which is open in X 2 satisfying ;

L g(x,y) = g(X',Yi) for x E U'(x'), i = 1,2"" ,no
yE\Ii

and

n

g(x, y) = 0 for x' E U'(x'), yE [Y - UVi).
i=l

But since J'(x') = cj>, there exist a neighborhood U~l(X') of x' which
is open in Xl such that /(:r, y) = 0 for x E U~l (x'). Let U(x') =
U'(x')nul/(x'), where U' and U" are open in X such that UX1 = u'nx1

and U';;2 = U" n X 2 respectively. Then L hex, y) = L g(x, y) =
yE V; yE\Ii

g(x', yd = hex', yd for x E U n X 2 and L hex, y) = L f(x, y) =
yEV; yE\Ii

/(x', Yi) = hex', Yi) for x E un Xl' Furthermore, if for x E U and
n

yE [Y - UVi],
i=l

- { g( X, y) = 0 for x E U n X 2
hex, y) = _

f( x, y) = 0 for x E U n Xl

On the other hand, let's assume that J'(x') and g'(x') are not empty.
Let f'(x') = {y{" .. ,y!} and g'(x') = {Yf,"· ,y~} for n, m ~ 1. Since
f(and g) is a m-function, there are disjoint neighborhoods Vi(y{)(and
l%(yf» such that for any neighborhoods l%(y!) c "Ci(y{)(and "Vi(yf) c
l%(y!» there is a neighborhood U~\'"l (x') in Xl (and UX2 (x') in X 2 ) sat-



m-homotopy extension property and m-homotopy groups 247

isfying ;

(a) L f(x,y) = f(x',y{) for x E UXt , i = 1",' ,n
yE\!;

(and L::g(x,y)=g(x',ynfor XEUxz ' i=1,··· ,m)
yE\!;

n

(b)f(x,y) = 0 for x' E UXl and yE [Y - UVi]
i=l

m

«and g(x,y) = 0 for x' E UX2 and yE [Y - UVi]).
i=l

Without loss of generality, we can take

y{ = y~,,,. ,YI = y:, 0::; k:5 min {m,n},

" " ~ ~ fwhere we mean f (x ) n 9 (x ) = ~ by k = O. Let's take Vi = Vi(Yi) n
Vi(yf), Vk+j = Vk+j(Y{) and Vk+l = hatVk+l(yf) for i = 1,··· , k, j =
1,··· , n - k~, 1= 1,· .. , m - k. Let

{

Y! = y!! for i = 1 ... k
I , , "

Yi = Ykf . for i = k + 1 '" n J' = 1 ... n - k'+J' , " "
Y:+l' for i = n + 1, . " , n + m - k, 1= 1, ... , m - k

Then h'(x') = I'(x') u 9'(X') = {Yl,'" ,Ym+n-d and "Cj's are disjoint.
If Vj(Yd C Vj(Yj), there exists a neighborhood UXt (x') (open in Xd
and U.~2(;r') (open in )[2) sa.tisfying; L f(x,y) = J(x',Yj) for x E

yE"j
n

UXt ' i = 1,···,n and f(x,y) = 0 for x E U'xt, Y E [Y - UVj].
j=l

L g(x,y) = g(x',Yj) for x E UX2 , j = 1,··· ,k, n+ 1"" ,n+m+ k
yE"j

k n+m-k
and g(x, y) = 0 for x E UX2 and Y E Y - [( UVj) U ( U Vj)]. Take

j=l j=n+l
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u = UXl nuX2' where UXl and UX 2 are open in X such that UXl nX1 =
UXl' U~2 n X 2 = U~2 respectively. Then if 1:$ i :$ k,

L h(x,y) = L J(x,y) = J(x',y;) = h(X',Yi) for x E U nXll

yE\!; yE\!;

L h(x,y) = L g(x,y) = g(X',Yi) = h(x',Yi) for x E U nX2

yE\!; yE\!;

and if k + 1 :$ i ~ n,

L hex, y) = L g(x,y) = 0 = g(X',Yi) = h(x',Yi) for x E Un x 2 ,

yEVi yE\!;

L hex, y) = L g(x, y) = 0 = g(x', Yi) = hex', Yi) for x E un X 2 ,

yEVi yE\!;

k

[Y - (U Vi U
i=li=l

k n+m-k

because yE Y - [( UVj)U( U Vj)]. Similarly, for i = n+ 1,," ,m+
j=l j=n+l

n+m-k

n-k'L hex, y) = hex', Yi)). If x E U and yE [Y - U Vi], hex, y) =
yE\!; ~l

n+m-k n

O. In fact, since y E [Y - U Vi] C [Y - UVi], hex, y) = J(x, y) =
i=l i=l

n+m-k

o for x E U n Xl and since Y E [Y - U Vi], C

n+m-k

U Vi)], hex, y) = g(x, y) = 0 for x E Un x2 ·

i=n+l

LEMMA 3.4. Under the same hypothesis as the Theorem 3.1, ilh'(x') =
</J then there exists a neighborhood U(x') such that hex, y) = 0 for all
x E U, yE Y.

Proof. Assume x' E Xl - X 2 . Then h'(x') = f'ex') = <p. So there
exists a neighborhood U~I(X') in Xl such that J(x,y) = 0 for all x E
UXll Y E Y. Take U = UXI - X 2 , where UXl is open in X such that
U~l = UX t nx1 • Then h(x,y) = f(x,y) = 0 for x E U, yE Y.



m-homotopy extension property and m-homotopy groups 249

We can prove in case x' E X 2 - Xl similarly. Assume x' E Xl n
X 2• Then since h'(x') :) I'(x') and h'(x') :) g'(x') and h'(x') = q, by
hypothesis, f' (x') = q, and g'(x') = 4>. So there exist UX1 and Ux, such
that !(x,y) = 0 for x E UX1 , Y E Y and g(x,y) = 0 for x E Ux, and
yE Y. Let U = UX1 nux" where UXl and UX2 are open in X such that
UXl = UX1 n Xl and Ux,= Ux, n X 2 respectively. Then h(x,y) = 0
for x E U and y E Y.

After all, we have completed the proof of Theorem 3.1 by Lemma 3.2,
Lemma 3.3 and Lemma 3.4.

COROLLARY 3.5. Under the same hypothesis as the Theorem 3.1 if
I and g are continuous function, then m-function h is continuous

Prool. Vve recall that any continuous function I from X to Y has the
defining function J :X x Y -. R defined by

j(x,y) = {O ~f y =f I(x),
1 If y = j(x).

Since h' = f' U g' and f' and g' are single valued and I'(x) = g'(x) for
x E Xl n X 2 , h' is single valued. Thus m-function h : X -+ Y defined
by hex) = h'(J.~). Let hex') = y E Y and V(y) be an neighborhood of
Y. By the definition of m-function, there- is a neighborhood V(y) such
that for any neighborhood V C V(y) there exists a nbd U(x') satisfying;

L h(x,y) = h.(x',y) = 1 for x E U(x'). Let V = V(y) n \I(y). Then
yEV

h(x,y') =f 0 for some y'E V. So (x,y') E h'. But since h' is single
valued, hex) = h'(x) = y' EVe V(y). Thus h(U(x'» C V(y). We
conclude that h is a continuous function.

4. Proof of the main theorem

In this section, we prove the main theorem that the m-fundamental
group acts on m-homotopy group as a group automorphism. In order to
do that we introudce some definitons, and lemmas.
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DEFINITION 4.1. A subspace A of a space X is said to have the abso
lute m-homotopy extension property (AMHEP) iffor every m-homotopy
h : A x 1---+ Y of an arbitrary m-function f : X ---+ Y, there exists an
m-homotopy 9 : X x 1---+ Y such that glxxo = f and glAxI = h.

REMARK. A has the AMHEP in X if and only if for every defining
function h : A x I x Y ---+ Rand J : X x Y ---+ R such that h(a, 0, y) =
J(a, y) for (a, y) E A x Y, there exists a defining function 9 : A X I x
Y ---+ R such that g(a,t,y) = h(a,t,y) for (a,t,y) E A X I X Y and
9(X,O,Y)~!(x,y).

LEMMA 4.2. If(X, A) is a (finitely) triangulable pair, then A has the
AMHEP in X.

Proof. Let f be a given m·function with its defining function J :
X x Y ---+ Rand h : .4 x I ---+ Y a given m-homotopy of f with its
defining function h : A X I x Y ---+ R, that is, h(a, 0, y) = J(a, y) for
a E A, y E Y. Consider the product space M = X x I and its closed
subspace L = X x 0 U A x I Define a m-function H : L ---+ Y by its
defining function defined by

_( ) {J(X,y) for (x,O,y) E X x °x Y
H x,O,y = -

h(a,t,y) for (a,t,y) E A x I x Y

We define F : X x I x Y ---+ R by F(x, t, y) = H(r(x, t), y), where
r: XxI ---+ XxOU.4.xIis a retraction. Then F(x,O,y) = H(r(x,O),y) =
!(x,y) and F(a,t,y) = fI(r(a,t),y) = h(a,t,y). Hence m-function F:
X x 1---+ Y defined by F is an extension of h such that Flxxo = f.

THEOREM 4.3. Let p : (1, BI) ~ (X, xo) be an m-function with
multiplicity O. Then p iIlduces a transformation pn : m1l"n(X, xo) ---!'

m1l"n(X, xo) which depends only on the m-homotopy of the m-function
p.

Proof.. Let f : (]'I, Br) ---!' (X, xo) be an m-function with multi
plicity zero. Define r.{Jp : BIn X I x X ---+ R by r.{Jp(u, t, x) = p(l - t, x),
where p is the defining function of p. Then CPp defines an m-function
'Pp: BIn X I ~ X. Define F' : ((In X 0) U (8In

X I») x X -+ R by

_, {!(U,x) if(u,t,x)EInxOxX
F(u,t,x)=

<pp(u, t, x) if (u, t, x) E BIn X I x X.
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Then P' is a defining function by Theorem 3.1. So P' defines an m
function F' ; In X OUar X I -+ X such that F'll" xO = f and F'IMn xl =
'Pp' By the Lemma 4.2, ar has the AMHEP in In. Thus there exists an
m-function F : In X I -+ X sucht that F!In xO = f and Flaln xl = 'Pp.

From now on, we shall call such F m-funtion of f along p.
Let Flln xl = ft· Then mUd = mU) = °and /(v,x) = F(v, l,x) =

p(l - 1, x) = 0 for v E aIn, where P is a defining function of F. Define
Pn ; m7l"n(X, xo) -+ m7l"n(X, xo) by Pn[j] =' rh]. Let's show that Pn
is well-defined. Let f "'m g(reI8In

) and P "'m q(re18I) and H and G
m-homotopies of f along p and 9 along q respectively. It is sufficient to
show that ft "'m 9I(relOIn

). Since FI I " xO = f, Glln xO = g, and f ""m

g(re18In), there exists an m-homotopy HI ; In X 0 X I -+ X such that
HIIln xoxO = FII" xo, and HIlln xoxl = Glln xo, and HI!81nxoxt = </>.

Furthermore, since P "'m q(relOI), there is an m-function h ; I X I -+ X
with its defining function h ; I X I x X -+ R such that h(t,O,x) =
p(t, x), h(t, 1, x) = q(t, x), and h({O, I} X s X x) = 0, where p and q are the
defining functions ofP and q respectively. Define H2 : Br xIxIxX -+ R
by H2(v,t,s,x) = h(l- t,s,x), then

H2(v,t,0,;r) = h(l- t,O,x) = p(l- t,x) = cpp(v,t,x),

H2(v, t, l,x) = h(l- t, l,x) = q(l- t,x) =CPq(v,t,x),

and
j{2(v x {O, I} x s x x) = 0.

Thus Eh defines an m-homotopy H2 ; aIn x I x I -+ X between
FlalnxI(= 'Pp) and GlaI"xI(= 'Pq) relartive to aIn x OuaIn x 1. Let
A = In X 0 u ar x I. Define H: A x I -+ X by

HI I" xoxI = HI and Hlaln xlxI = H2 •

Then H is well-defined m-function, because H IloIn xOxt = </> = H2 1aln xOxt.

Since HIAXO = FIA' HIAxI = GIA, and Hlaln xOxtualn xl xt = </>, H is
an m-homotopy between FIA and GIA relative to BIn xO xtuBIn X 1 x t.
Thus by the AMHEP, there is an m-homotopy H' : In X I x I -+ X such
that H'IAxI = H, H'IIn xlxO = F, H'IAXI = GIA, and H'laInxl xt = </>

for all t E I. Let T = H'IIn xIx I : In X I -+ X. Then Tlln xO = 9,



252 Kee Young Lee

TlaI" xl = <pq. So T is an m-homotopy of 9 along q. Let TI I" xl =
hI. Then fI is homotopic to hI relative to 81ft by the m-homotopy
H'II" xl xl·

Now, Let's prove that 91 and hI are m-homotopic relative to 8In
•

Define an m-function M : In X I -+ X by its defining function M :
In X I X X -+ R defined by

_ {G(U,1-2,x) (u E In,O:5 s:5!)
M{u,s,x) = - 1

T(u,2s -1,x) (u E In, "2 :5 s :5 1)

Thenror each vell!''', wehav~ M(~,s,x) .~ M(~, 1 - s, x). Th~refore
we may define a m-homotopy N : (8[R X I U In X 81) X I -+ X by the
defining function N : (8In

X I U r X 81) x I x X -+ R defined by

{

M(u,s,x) (u E In,s E 81)

N(u,s,t,x)= M(u,s-ts,x) (uE8In,05s5!)

M(u,(1-s)(1-t),x) (uEoln,!:5s51)

Since 8In x IUIn x 81 has the AMHEP in In X I, the m-homotopy N has
an extension m-homotopy L: In X I X I -+ X such that L/I" xlxo = M.
Let 0= LII" xIxl. Then 0\1" xO = L11" xoxI = Nil" xOxl = M!In xO =
GII" xl = 9I, 01/" xl = TI/" xl = hI, and Ola/" xs = 4> for every s E I.
This implies that 91 and hI are m-homotopic relative to (JIn

•

So we have constructed a transformation Pn : mll"n(X) -+ mll"n(X)
which depends only on the m-homotopy of the m-function P : (1,01) -+

(X,xo).

THEOREM 4.4. mll"l(X) acts on m7l'"n(X) as a group automorphism,
n;:::l.

Proof. It is sufficient to show that Pn constructed at the Theorem 4.3
is isomorphism.

Let a,p be arbitrary elememts of mll"n(X) represented by the m
functions with multiplicity zero f,9 : (1n,8In) -+ (X,xo). Let F,G :
In X I -4 X be m-homotopiesalong P of f,9 respeetively. Then It =
FI/"xI represents Pn(a) and 91 == GI/"XI represents Pn{fJ). Let"'jj':?J:
]"-1 X I X I x X -+ R be the defining function defined by

- 1
"i'5-r;' ) {F(U,2s,t,X) 05 8 5"2
F'l.r(u,s,t,x == - 1

G(u,2s -l,t,x) 2' =5 s =5 1.
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Then F . G defines an m-function F . G : In X I -+ X. But

__ { F(u,2s,0,x)
F· G(u, s, 0, x) = - 1

G(u,2s -1,0,xh ~ s ~ 1
- 1

{
f(u,2s,x) °~ s ~ 2"

g(u,2s -1,x) ! ~ s ~ 1,

where f, 9 are defining functions of f, 9 respectively. So F·GIIn xO = f·g .
On the other hand, for (tt,s) E o(In-I x I) = 8In- I x IUIn- I x {a, I},
F· G(u, s, t, x) = p(1 - t, x), where p is a defining function of p. So
Pn[f· g] = [F· GIIn Xl] = [h· g1]. Since fg "'m f +g(re18In) by Theorem
2.2

Pn[f + g] = Pn(f . g] = [It . gI] = [It + gtJ = [It] + [gtJ = Pn(f] + Pn[g].

Consequently, Pn is a homomorphism.
Finally, let us prove that the homomorphism Pn is an isomorphism.

First we show that the composition of Pn 0 qn = (p + q)n' where P, q :
(1,oI) -+ (X, xo) are m-functions with multiplicity zero. Let qn[f] = [fI]
and Pn[h] = [12]· Then there are m-homotopies FI, F2 of f, It along
P, q respectively. This means that there are defining functions FI , F2 :

In X I x X -+ R such that FI(u,O,x) = J(u,x),F't(v,t,x) = q(1- t,x)
for v E ()[n, and .F"t(u,1,x) = fI(U,X), and F2(v,t,x) = p(1- t,x) for
v E BIn, F2(u, 0, x) = 11 (u, x), F2(u, 1, x) = 12(u, x). Define the defining
function F : In X I X X -+ R by taking

- 1
- {FI(U,2t,X) O~t~2

F(u,t,x) = 1
F2(u,2t-1,x) 2"~t~l.

_ _ _ { q(1 - 2t, x) 0 ~ t ::::; !
Then F(u,O,x) = f(u,x), F(v,t,x) = _. 1

_ p(~ - 2t, x) 2" ~ t ~ l.
Furthermore, F( u, 1, x) = h(u, x). So F defines a m-homotopy F :

r X I -+ X such that FIn xO = f, FIIn xl = 12, and FlaIR xl = 'PPT

This means (p. q)n[f] = [12]. Since p. q "'m P + q(re18I) by Theorem
2.2, (p. q)n = (p + q)n by Theorem 4.3. Thus
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Let 0 E m1r1 (X) be the O-element. Then On[/] = [f] for every [I] E
m1rn(X). In fact, if F : In X I ~ X is a m-homotopy of 1 along 0, then
Fl1n xO = I, Flln xl = h, and Flaln xl = 'Po = 4>. So! ""m h(re18In).
Since

Pn is an epimophism. Moreover, since (-Pn)(Pn[!J) = (-p + P)n =
On[f] = [fj,Pn is a monomorphism. We conclude Pn is an isomorphism.
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