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INTEGRODIFFERENTIAL EQUATIONS
WITH TIME DELAY IN HILBERT SPACE

DoNG GUN PARK AND SEON YU KIM

1. Introduction

In this paper we consider two types of integro-differential equations
containing time delay in a complex Hilbert space H. One is an equation
of Volterra type

dt
(1.2)  w(0) = z.

(1.1) iu(t) + Au(t) + /ta(t — s)Bu(s)ds = f(t), 0<t<T,
0

The other is the following retarded functional differential equation

0
(1.3)%u(t) + Au(t) + Aju(t — h)+ /_h a(—s)Aqu(t + s)ds = f(t),

0<t<T,
(1.4)u(0) = 2, u(s) =y(s), s€[~h,0).

Here, A is the operator associated with a sesquilinear form a(u, v) defined
in V xV and satisfying Garding’s inequality and (2.2) of Section 2 where
V is another Hilbert space such that V ¢ H C V*. B, A,, A, are
bounded linear operators from V to V* such that BA™!, A;A71, A, A7}
map H into itself boundedly. The function a in (1.1), is a numerical
valued function of bounded variation in the interval [0, T), and that in
(1.3) is a similar function in [, 0]. The right member f is some function
with values in H.

We try to solve (1.1) and (1.2) for an arbitrary x € H and f which does
not necessarily belong to L'(0,T; H), assuming some other conditions
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(F.i) and (F.ii) of Section 2 instead. An example of such a function
f ¢ LY0,T; H) is given in the appendix.

Following the method in M. G. Crandall and J. A. Nohel [5] we can
reduce (1.1) to the equation

(1.5) % + Au = G(u)

where letting R be the solution of
aBA™' 4+ R+aBA™ +R=0

G(u) is defined by

(1.6) G(u)= f+ Rxf— R(0)u+ Rz — R+u.

The function R is of bounded variation with values in B(H) as well as
in B(V*), and G(u) will be considered as a function with values in H
and also in V* for u € C([0,T); H). Since f is not assumed to belong
to L}(0,T; H), R * f in the right side of (1.6) is defined as an improper
integral

(R*f)(t)= ‘[H) R(t — s)f(s)ds = sl_i_)n_{}m/ R(t — s)f(s)ds,

when it is considered as a function taking values in H. Then (1.5) and
(1.2) can be solved by successive approximation, which establish the
existence and uniqueness of a solution u of (1.1) and (1.2) such that

u € L*0,T; VyncC([o,T); H)
u', Au € L*0,T; H, tdt).
The third term of the left side of (1.1) exists as a Bocher integral in V'*,

but it should be understood in the improper sense when it is considered
as an integral in H:

/ a(t — s)Bu(s)ds = el_i_gl() /:a(t — s)Bu(s)ds.

+0
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Next, we apply this result to the second equation (1.3) under the same
assumption for f as above. Assuming

x € H. ye L*—h,0;V)Nn L*=h,0;D(A), (s + h)ds)

0

/ Ay(s)ds € H,
—h40

we can solve (1.3) and (1.4) step by step in [nh,(n + 1)h AT] for n =

0,1,..., and show the existence and uniqueness of the solution u such

that

u € C([nh,(n+ DAAT);, HYN LA nh,(n+ D)RAT;V),

u', Au € L¥(nh,(n+ 1)AAT; H,(t — nh)dt),

(n+1)RAT
/ Au(t)dt € H,
nh+0

for any integer n such that nh < T. The integral in the left side of (1.3)
should be understood in the improper sense

nh—t

0
{ +/ ba(—s)Aqu(t + s)ds
nh—~t+0

—h
when it 1s considered as an integral in H.

The author wishes to express the deepest appreciation to Professor
H. Tanabe of Osaka University for his valuable suggestions and encour-
agement.

2. Assumption and main theorems

Let H and V' be complex Hilbert spaces such that V is a dense sub-
space of H and the embedding of V' to H is continuous. The norms of
H and V are denoted by | | and || ||, respectively. Identifying H with
its antidual we may consider V' C¢ H C V*. The norm of V* is de-
noted by || |l«. For a couple of Hilbert spaces X and Y the notation
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B(X,Y) denotes the totality of bounded linear operators from X to Y,
and B(X) = B(X, X).

Let a(u,v) be a sesquilinear form defined in V' x V. Suppose that
there exists positive constants Cy, ¢, ¢; such that

(2.1) la(u, v)| < Cillu] [v]|
(2.2) Rea(u,u) > cfju}|® = c1jul?

for any u, ve V.
Let A be the operator associated with the sesquilinear form a(u,v):

(2.3) a(u,v) = (Au,v), u,ve V.

The operator 4 belongs to B(V,V*). The realization of A in H which
is the restriction of A to

DA)={ueV: :Auec H}
is also denoted by the same letter A. It is known that —A generates an

analytic semigroup in both of V* and H.
We assume that there exist a positive constant C, such that

(2.4) la(u,v) — a*(u,v)] < Callul||v].

The operator A* associated with a*(u,v) is the adjoint of A. From (2.4)
it follows that (4 — A*)u € H for any u € V and

(2.5) (4 - 4%l < Colull.
Let B, A;, A, be operators belonging to B(V,V*). We assume that
their restrictions to D(A) all belong to B(D(A), H), where D(A) is a

Hilbert space with the graph norm of A.
As for the inhomogeneous term f we assume

(F.J) f e L*0,T;V*)n L*0,T; H, tdt)
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where f € L%(0,T;H,tdt) means that f is a strongly measurable
function with values in H in (0,T) and foT |f(#)]?tdt < oo,
(Fiii) [7, f(t)dt = limeeyo [ f(t)dt exists in H.
Concerning the function a and the initial value ¢ we assume that for
the problem (1.1), (1.2)
(Li) ais a complex valued function of bounded variation in [0,T],
(Lil) z € H;
and for the problem (1.3), (1.4)
(ILi) h is some fixed positive number,
(ILii) a is a complex valued function of bounded varivation in [0, A],
(Il.ii) z € H,
(ILiv) y € L?(=h,0; V)N L*(—h,0; D(A),(s + h)ds)
where y € L2(—h,0; D(A), (s + h)ds) means that y is a strongly mea-
surable function with values in D(A) in (-h,0) and

0
/_ (AP + (o)) e + R)ds < o

(ILv) [°, .0 Ay(s)ds = lim,_4q [, Ay(s)ds exists in H.

DEFINITION 2.1. A strong solution u of (1.1), (1.2) is a function u €
L*(0,T; V) NC([0, T); H) such that u(0) = z, u is absolutely continuous
as a function taking values in H in [§,T) for any é > 0, u(t) € D(A) a.e
in [0, 7] and Aw € L*(6,T; H) for any 6 > 0, the improper integral

t t
(2.6) [g-o a(t — s)Bu(s)ds = el-i-g-lo/g a(t — s)Bu(s)ds

exists in H for any t € (0,T), and (1.1) holds a.e in {0,7T], where the
integral in the left side of (1.1) is understood as the improper integral
(2.6).

DEFINITION 2.2. A strong solution u of (1.3), (1.4) is a function
u € L*(=h,T; VYN C([0,T); H) such that u(0) = z, u(s) = y(s) a.e.
in [—h,0), u is absolutely continuous in [nh + 6,(n + 1)h A T] for each
n=0,1,...,[T/h] and 6§ > 0 as a function with valuesin H, u(t) € D(A)
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a.e. in [0,T] and Au € L*(nh+6,(n+ 1)hAT; H) forn =0,1,...,[T/h]
and 6 > 0, the improper integral
(2.7)

/0 a(—s)Aqu(t + s)ds = hm (/ \/::t—t-i-z)a(—S)AQU(t + 8)ds

~h

exists in H for t € (nh,(n+1)hAT),n =0, 1,...,[T/h], and (1.3) holds
a.e. in [0, T], where the integral in the left side of (1.3) is understood as
the improper integral (2.7).

THEOREM 1. A strong solution u of (1.1), (1.2) exists and is unique,
and we have u', Au € L%(0,T; h, tdt).

THEOREM 2. A strong solution u of (1.3) and (1.4) exists and is
unique, and we have

u', Au € L¥(nh,(n + V)L AT; H,(t — nh)dt)

for any nonnegative integer n such that nh < 7.

3. Proof of Theorem 1

Since the solution u we are seeking belongs to L%(0, T; V)NC([0,T); H)
and f € L*(0,T;V*) by the assumption (F.i), the function a * Bu and
G(u) both belong to L2(0, T;V*). Hence, u', Au € L*(0,T;V*) in view
of J. L. Lions ([7]:Theorem 1.1). Thus, in the proof of the equivalence of
(1.1) and (1.5) we can argue in the space V* so that all integrals which
appear are ones in Bocher’s sense. Hence,

(R+ f)(t) = / R(t - )f(s)ds

+0

exists as an improper integral in H, and is bounded:

(3.1) (R * £))] < [R(O)| /+ fo)io

V(R;[0,4]) sup | [ f(o)dol,
0<s<t J+40
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LEMMA 3.1. Let u be the solution of

(3.2) u'(t) + Au(t) = ¢(2), 0<t<T,
(3.3) u(0) = =z,

where r € H and g € L?(0,T;V*). Then
t 1 [t
64)  hutoP e [ u)Pds <l + ¢ [ o)l
0 0

If g € L*(0,T; H,tdt) in addition, then

2
2

5. Dl |
1 3 2 2
v 204 S [looas 2 [ oo

¢
(3.5) / fu'(t)|%sds <
0

Proof. The inequality (3.4) is well known (see J. L. Lions [7], Theorem
1.1). The second inequality (3.5) is also rather well known, and we only
sketch the proof. Assuming that «(¢) is a nice function we make formal
calculations which are easily justified by approximating z and f(¢) by
sequences of nice elements Taking inner product of both sides of (3.2)
and u(t), and using (2.2) (¢; = 0), we get

1d
”clt

'2‘“||J(t)|| +-|llt(t I1® §§||J M2+ 5 Recl(u(lf) (t)),

u(t)|* + Rea(u(t), u(t)) = Re(g(t), u(t))

from which we readily obtain
d 2 2
E{u W+ Rea(u(t),u(t)) < ——Hg(t)”

Integrating this inequality from 0 to ¢, we have

. t .1 [t
(36) o + [ Reatuts).u(s)ds < o + 7 [ lgto)l2ds,
0 0
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and we also get
u'(8)” + —~a( (t), u(t))
=Re(g(t),u'(t)) + §(u’(t), (A" = Au(t)).

Multiplying both sides of this equality by ¢ and integrating from 0 to ¢
we get after an integration by parts

t
1
[ o) Psds + Satu®),u(e)
0
=%/0 a(u(s),u(s))ds-l—Re/O (9(s),u'(s))sds
t
+ -;—/; (v'(s),(A* — A)u(s))sds.
We obtain
1 t
(3.7) 5/0 lu'(s)|2sds
<Las lCZt)/tRea(u(s) u(s))ds+/tl (s)[2sds
..2 2C 2 0 ) o g N
From (3.6) and (3.7) we conclude
é— /0 lu'(s)2sds
1 1 ., 1t !
<5+ 50300l + 2 [ Nato)lds) + [ late)sas

which completes the proof.

Set uo(t) = x. Let u; be the solution of the following initial value
problem

——u(t) + Aui(t) = G(uo)(%),
u1(0) ==.
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Since ug € C([0,T] : H) and G maps C([0,T); H) to L*(0,T;V*),
G(ug) € L%(0,T : V*). Hence, by the above mentioned result of J.L.
Lions [7], the solution u,(t) exists.

Since u;i(t) € C([0,T);H), G(u1) € L*(0,T;V*). Hence, we can
define u,(t) as the solution of

d

aUz(t) + AUz(t) = G(ul)(t),

u2(0) = z.
Iterating this process, we can show that there exist a sequence {u,(t)}
such that

L nlt) + Aun(t) = Glunoy (1),
dt

u,(0) =2

forany n=1,2,....

To prove the convergence of {u,(t)}, we prove the following lemma.

LEMMA 3.2. Let u and U be elements of C([0,7T); H), and v(¢) and
v(t) be solutions of the following equations :

%v(t) + Av(t) = G(u)(t), v(0) ==z,

%s(f) + AB(t) = G(a)(t), 5(0) = =z.

Then the following inequality holds :
t
(38 lolt) =T < (RO + VIR0 [ Ju(s) - A(s)ids.
0

Proof. Taking the inner product of both sides of

d

E(v(f) — () + A(v(t) — B(t)) = G(u)(t) — G(@)(t)
and (v(t) — v(t)), we obtain

1d

55106 = B < 1GL)(H) = G@D) () - 3.
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By Lemma A.5 of page 157 of [4], we have

lo(t) - 5(1)] < / IG(u)(s) — G(T)(s)lds.

Note that G(u) and G(%@) themselves do not belong to L}(0,T; H), but
their difference does. By the definition of G(u)(t), we obtain

G(u)(s) — G(B)(s) = —R(0)(u(s) — (s)) — (B * (u — D))(s)-
Hence

o(6) = 501 < ROO) [ Tu(s) = 2lds+ [ [(R+ (u = Do)l

By an elementary calculation, we obtain (3.8).

Applying (3.8) to un, u,—; in place of u,

luns1(t) — un(t)] < (JR(O)| + V(R;O,t))/o |lun(s) — un—1(s)lds.
If0<t<T then V(R;0,t) < V(R;0,T). Hence, putting

we have
(3.9) [unt1(t) — un(t)} < C'g/(; lun(s) — un—1(s)|ds.

Iterating (3.9) one shows by induction that

CoT)"
nea(®) = wa0)] < L max () — wo(r),

which implies that {u,(t)} converges uniformly in H.
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Put u(t) = lim,, oo w0, (). Applying (3.4), (3.5) to un+1, we get

[ Munr(tds < Je + < [ 162,
/ nale)ltsds <1+ el + 21+ S / 1G (un) ()]s

+'2/ |G (un)(8)]sds.
0

As is easily seen the right hand sides of the above inequalities are
uniformly bounded. Hence, we see that u and u’ belong to L%(0,T : V)
and L2%(0,T : H,tdt), respectively, and u satisfies (1.5) and (1.2). Thus
u is a solution of (1.1) and (1.2).

ForO<e<t

(3.10) / a(t — s)Bu(s )de:/ a(t — s)BAT(G(u)(s) — u'(s))ds

.—_/ a(t—s)BA™HG(u)(s)— f(s ))cls+BA—1/ a(t—s)(f(s)—u'(s))ds

3

Since G(u)(s) — f(s) is bounded in H in view of (3.1), the first term in
the right side of (3. 10) converges in H as ¢ — +0. Since

/a(t~s(f( —(s))d

=/ta(t~—s—— flo)do — u(s))ds

ds”Jto
o)do —u — dsa(t — s ) o)do — u(s a
0| a1z —utt) /+ (t=3) [ flordo —uls) + a0z

as £ — +0, the second term also converges in H as ¢ — +0. Hence,

/t a(t — s)Bu(s)ds

+0

exists as an improper integral in H for each t € (0,T].
Uniqueness of solutions of (1.1) and (1.2) follows from Lemma 3.2.
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4. Proof of Theorem 2

We have only to consider the case b < T'. First we show the existence
of solutions of (1.3) and (1.4) in [0, h]. For 0 < t < h the problems (1.3)
and (1.4) are reduced to

(4.1) %u(t) + Au(t) + /(; a(t — s)Asu(s)ds

— F(t) = Ayy(t—h) - / | alt = 9)Aay(s)ds = g(0),
(4.2) u(0)=2z

By the assumption (F.i) (ILiv) it is obvious that ¢ € L?(0,T;V*). In
view of (ILiv)

h 1]
(4.3) / [Ay(t — R)|*tdt = |A1A—1|2/ |Ay(s)|*(s + k) ds < oo.
0 h

With the aid of an integration by parts

0
4.4 it — s)A, I3
(4.4) /t_hf(t )Aay(s)a
0 1] 3
=A2A_1{a(t)‘/t~h Ay(a)da-—/t_h /t-hAy(a)dadsa(t—s)}.

By (ILiv), (ILv)

¢
C,= sup |/ Ay(o)do| < 0.
—h<s<t<0 s

Hence, using (4.4)

0
(45) | / | a(t = 9)Aay()ds| < il s A~ {la(=1)| + V(ait, ).
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From (F.1), (4.3), and (4.5) it follows that ¢ € L%(0, h; H,tdt). In view
of (F.i1), (IL.v), and (4.5)

h 0

/h g(t)dt = f(t)dt+A1A“1/ Ay(s)ds
+ +0

0 —~h+0
0 0
+/ / a(t — s)Aqy(s)dsdt
-k Ji—h

exists in H. Hence, we can apply Theorem 1 to show the existence of a
solution u of (4.1) and (4.2) such that

u € L*0,h; V)N L?(0,h; D(A), tdt),
h
/ Au(t)dt exists in H.
+0

Suppose that it has been shown that a solution u exists in [0, nh] for
some integer n with nh < T such that

(4.6) w € L*(ih, (i + 1)h; VYN L2(ih, (i + 1)h; D(A), (t — ih) dt),
(i+1)h
(4.7) / Au(t)dt € H
ih+0

fort=0,1,2,...,n—1. For nh <t < (n+1)h AT the equation (1.3) is
reduced to

t

(4.8) dilt-u(t) + Au(t) + / a(t — s)Aqu(s)ds
) nh

nh
= f(t) - Ayu(t — h) — /t-h a(t — s)Azu(s)ds = g(1).

From (4.6) with i = n — 1 it readily follows that g € L%(nh,(n + 1)h A
T; V*). Following the technique of the proof of (4.4) we get

nh
(4.9)/; a(t — s)Azu(s)ds

—h

nh nh ps
=As A" Ha(t - n.h)/ Au(o)do — / / Au(o)do dsa(t — s)}.
t—h t—h Ji—h
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In view of (4.6), (4.7)

(4.10) C, = sup |/ Au(o)do| < .

(n—1)h<r<3s<nh

From (4.9) and (4.10) we get
3

(4.11) | " a(t — s)Asu(s) ds|
t—h

<Co|A2A7 {|a(t — nh)| + V(a;t — h,nh)}.

By virtue of (4.6), (4.7) with i =n -1

(n+1)hAT
(4.12) / [Aru(t — B)[2(t — nk)dt
nh

nhAT
:/ | A u(t)]?(t — (n — 1)h) dt < oo,
(

n—1)h

(n+1)}hAT nhAT
(4.13) / Avu(t — h)dt = A, A7 / Au(t) dt € H.
nh+0 (n—1)h+0

With the aid of (F.ii), (4.11), (4.12), and (4.13) we get

g € L} (nh,(n + 1)h A T; H,(t — nh)dt),
(n+1)}hAT
/ g(t)dt € H.

h+0

Hence, applying Theorem 1 to (4.8) in [nh, (n+1)AAT] we see that there
exists a solution u of (4.8) satisfying the initial condition u(nh + 0) =
u(nh — 0) such that
u € C([nh,(n+ DRAT); HYN L (nh,(n+ DRAT;V)
N L% (nh,(n + 1)h AT; D(A),(t — nh)dt)

and

(n+1)RAT
/ Au(t)dt exists in H.
nh+0
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Appendix

We give an example of H,V, f such that
(A1) f e L¥0,T;V*)n L%0,T; H,tdt),
(A.2) f+0 (t)dt exists in H

(A3) fo |f(¢)|dt =

Let A be the operator associated with the inner product ({-,-)) of V:
(Au,v) = ((u,v)), u,v e V.

Then, the realization of A in H is positive definite and self-adjoint. For
ug € H set u(t) = e " uy. Then, it is easy to see that

(a.1) f(t)y=u'(t) = —Ae Py

satisfies (A.1), and (A.2) (cf. Lemma 3.1).

It remains to choose H, V, ug so that the function f(¢) defined by (a.1)
satisfles (A.3).

Let Q2 be a bounded domain in R™ with smooth boundary. Let H =
L3(Q), V = H}(). Then

(a.2) (u,v) Z/ £ -gg—dl

is an inner product in H}(). The realization in L%(f2) of the operator
associated with (a.2) is

D(A)=H*Q)NH}(), Au=—Au for u € D(A).

Denote the eigenvalues of A by A;, j = 1,2,..., and the corresponding
orthonormal set of eigenfunctions by {¢;}. We suppose that {);} are
arranged in the increasing order and repeated according to the multi-
plicity.

For A > 0 let N(A) be the number of the eigenvalues of A which do
not exceed A. It is known that

N(A) = coA™? 4 o(A"/?)
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as A — oo, where ¢y is some positive constant. Hence, there exists a
positive constant ¢ such that

(a.3) A >t j=1,2, ...,
(a.4) (e < N(A) < (¢7IN)™? for A > A,

We use the following elementary fact:

iaid 1 <oo, ifp>1
R5) —_—
(Cl ) ; n(logn)? { = 00, ifp S ].-
Let
wo = ajpj, a;=(+1)"V?{log(j + 1)} 2.
=1

In view of (a.5) Y52, a} < oo. Hence, ug is an element of L?(Q). Put
u(t) = e *Auy. Then,

o

u'(t) = — Z ajrje i,

J=1

In what follows we suppose 0 < t < A7'. Since {a;} is a decreasing
sequence

o N(1/¢)
(a.6) [u'(t))? = Za?)\?e_”ft > Z A?e_z’\f ta%v(l/t).
i=1

Jj=1

Noting that z2e ~2*! is an increasing function of z in the interval [0,1/1]
and ¢j2/™ < A; < 1/t for j < N(1/t) in view of (a.3) we get

N(1/t) N(1/1)
(@) > e s 3 (e
ji=1 =1
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: —pcz?lny : : : : e
Since z%/™e~2¢*"""! is an increasing function of z in [0,(cj)~"/?] and

N(1/t) < (et)™"/? in view of (a.4)

N(1/t) )
(a.8) / wt/me=2e? gy
0

N(1/t)

d 4fn —~2cz?/"t
E /e dz
1=1 J-1

N({1/1)
Z j4/ne-—‘2cj2/"t.
j=1

H

IN

On the other hand noting N(1/t) > (¢/t)™? in view of (a.4) and by the
change of the variable y = z2/"¢

N(1/t) oo
(a.9) / zt/me=2e" gy
0

(e/)n/* .
> / I4/ne—2cx /ntd:l:
0

c
— g_t—-‘z—n/‘Z/ yn/2+16—2cydy
-~ 0

Combining (a.6), (¢.7), (a.8), (a.9) we get

2

-

((110) [u/(t)12 Z Ec2t—2——n/2/ y72/2+16—20ydy . a%\/(l/t)'
0

Set b(t) = [(ct)™"/?], where [ - | means the integral part. By view of
(a.4) N(1/t) < b(t). Since {a;} is a decreasing sequence, it follows from
(a.10) that

(a.11) [u'(t)] > clt—l_”/4ab(t)
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for some positive constant ¢;. Hence, with the aid of the change of

the variable s = (ct)~"/?

/\1 /\1
/ Iu'(t)ldt Z (3} / t—]“"/4ab(t) dt
0 0

2 0
> ——clc"/4/ s"]/za[sl ds,
N

n

where N = [(A1/¢c)™?] + 1. As is easily seen

J+1
/ s”l/za[s] ds
J

M

A d
Il
Z

/oos_l/za[sl ds =
N

(G + 1)

v
.Mg

i
&2

=Y (G +1)7Hlog(7 + 1)} =0
=N

by virtue of («.5). Thus we conclude

1.

2.

Al A1
It = J(#)] dt = oo.
/0 () dt / (1)) dt = oo

References

V. Barbu, Nonlinear semigroups and differential equations in Banach spaces,
Noordhoff International Publishing, 1976.

G. Di. Blasio, K. Kunisch and Sinestrari, L?-regularity for parabolic partial inte-
grodifferential equations with delay in the highest-order dertvatives, J. Math.Anal.
Appl. 102 (1984), 38-57.

, Stability for abslract linear functional differential equations, Israel J.
Math. 50 (1985), 231-263.

. H. Brezis, Opérateus mazimaux monotones et semigroupes de contractions dans

les espaces de Hilbert, North-Holland Publishing Company, Amsterdam, London,
1973.

. M. G. Crandall and J. A. Nohel, An abstract funciional differential equation and

a related nonlinear Volterra equation, Israel J. Math. 29 (1978), 313-328.



10.

11.

12.

13.

Integrodifferential equations with time delay in Hilbert space 207

. 8. 0. Londen and J. A. Nohel, An abstract nonlinear Volterra integro-differential
equation, J. Math. Anal. Appl. 64 (1978), 701-735.

. J. L. Lions, Equations differéntielles opérationnelles et problémes auz hmites,
Springer-Verlag, Berlin, Gottingen, Heidelberg, 1961.

. 8. Nakagiri, Pointwise completeness and degeneracy of functional differential
equations in Banach spaces, I. General time delays, J. Math. Anal. Appl. 127
(1987), 492-529.

, Structural properties of functional differential equations in Banach spaces,

Osaka J. Math. 25 (1989), 353-398.

J. Pruss, On resolvent operators for linear integro-differential equations of Volterra

type, J. Integral Equations 5 (1983), 211-236.

E. Sinestrari, On a class of retarded partial differential equations, Math. Z. 186

(1984), 223-246.

H. Tanabe, On fundamental solution of differential equation with time delay in

Banach space, Proc. Japan Acad. 64 (1988), 131-134.

, Pquations of evolution, Pitman-London, 1979.

Department of Mathematics

Dong-A University

Pusan 604-714, Korea

and

Department of Mathematic Education
ChinJu Teacher’s College

Chinju 660-756, I{orea





