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Theoretical Growth Equations and Their Application
with a Direct Search Method
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SUMMARY

Three theoretical growth equations, i.e., the Mitscherlich, the Gompertz, and the Logistic
equation, were applied to the radical stem growth of 50 jack pines (Pinus banksiana Lamb.).For
the determination of the parameters in these equations, NELDER—MEAD's fnethod was used,
which is one of the direct-search methods of optimization. It has been known to be very con-
venient in dealing with the issues related to optimization, specifically where the number of
parameters are less than 6.

It was found that although all the equations did not appropriately work as expected, the
Mitscherlich equation revealed the least discrapancy from the obsered value among three,

Using these equations and the first certain period data, i. e., 35, 55, 75 years, the predection
of radius of age 95 was investigated. Comparing to the observed value, the most valid equation

was the Mitscherlich, and the next were the Gompertz and the Logistic, in order.
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Figure 1. The Model of the NELDER-MEAD method using
unregular simplex

450 XC2=XC2+X(l, 2)
460 XC3=XC3+X(l, 3)

10 'REM — — — —Samp/le. bas(NELDER & MEADS| =X 470 NEXT |
HAY) 480 XC1=XC1/ 3

20 'REM— — — — XX} M S8 R HAUY 490 XC2=XC2/ 3

119914 119 5¢ 500 XC3=XC3/ 3
30 DIM X(‘O, 5) Y(100), xx(100), Z(100) 510 'REM— — — —X 12| BF™
40 'REM— — — —Cl|O|El2| 13 o &3 FH] 520 X(5, 1) =2%XC1—x(1, 1)
50 LPRINT “compertz” 530 X(5, 2) =2%XC2—X(1, 2)
60 INPUT “NO, OF DATA™:B 540 X(5, 3) =2%XC3-X(1, 3)
70 OPEN “i", #1, “canax. dgt" 550 1=5:GOSUB 830
80 OPEN “o”, #2, “c3x. dat 560 IF 2(5)>2(2) THEN GOTO 680
90 FOR BX=1TO 50 570 IF 2(5)<Z(4) THEN GOTO 590
100 FORI1=0TO B 580 X(1, 1)=X(5, 1):X(1, 2) =X(5, 2):X(1, 3)
110 INPUT 31, Y(1) =X(5, 3):GOTO 190
120 NEXT1 590 'REM — — — —FH{ A%}
130 'REM 600 X(6, 1)=2%X(5, 1) —XC1
140 'REM — — — — — 7|t ¥y 8 MY 610 XE& 23=2*x$5’ zg_xcz
150 X(1, 1)=Y(96) % 1. 1:X(1, 2)=2:X(1, 3)=.2 620 X(6, 3) =2%X(5, 3) —XC3:1=6:GOSUB 830
160 X(2, 1)=X(1, 1)+. 02:X(2, 2) =X(1, 2):X(2, 3) 630 IF 2(6))Z(4) THEN GOTO 660

=X(1,3) 640 X(1, 1)=X(6, 1):X(1, 2)=X(6, 2):X(1, 3)=X(6, 3)
170 X(3, 1>=x%1. 1)):x(3. 2)=Xx(1, 2)+. 2:X(3, 3) 650 GOTO 130
=x(1,3 660 X(1, 1)=X(5, 1):X(1, 2)=X(5, 2):X(1, 3) =X(5, 3)
180 X(4, 1)=X(1, 1):X(4, 2)=X(1, 2):X(4, 3)=X(1, 3) 670 c,(o'ro)mo( X1, 2)=X(5 2% 3)
+. 01 680 IF 2(5))=2Z(1) THEN GOTO 710

190 'REM — — — —ZiXp B e gto] Lt 690 'REr(w P_ _(_)gni}gg
200FORI=1T0 4 700 X(6, 1) =(X(5, 1)+XC1)/ 2:X(6, 2) =(X(S5, 2) +XC2)
210 GOSUB 830 / 2:X(6, 3)=X((5, 3)-+XC3)/ 2:GOTO 730
220 NEXT . . 710 'REM— — — —Chxj|2| &4
230 'REM——— -8+ 8 37|=M2 Fa| 720 X(6, 1) =(X(1, 1)+XC1)/ 2:X(6, 2) =(X(1, 2)+XC2)
200FORI=1T0 3 / 2:x(6, 3)=X(1, 3)+XC3)/ 2
250 FOR J=14+1T0 4 730 1=6:GOSUB 830
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260 IF 2(J)<Z(1) THEN GOTO 280
270 SWAP X(J, 1), X(1, 1):SWAP X(J, 2), X(}, 2):
SWAP X(J, 3), X(1, 3):SWAP z(J), Z(1)

280 NEXT J

230 NEXT]

300 'REM — ~ —~ — = 3 3130l BA|
310FORI=1T0 4

320 PRINT I;

330 PRINT X(1, 1):X(1, 2):X(1, 3):2(1)
340 NEXT |

350 'REM— — —~ —~F+Z0{ 2§ &Y

360 S1=(2(1)2+2(2)2+2(3)2+2(4)2)/ 4

370 S2=(2(1)+2(2)+2(3)+2(4)/ 4

380 S3=S1-S22

390 S=SQR(ABS(S3)

400 IF S¢. 0001 THEN LPRINTUSING “# # # 4 ## #
REHF HBB HB HERES HHR B
#$4 ##% #87:NO,B, X(4 1), X(4,2)
X(4, 3), Z(8):PRINT #2,

410 'REM— — — — =3 9| M¥

420 XC1=0:XC2=0:XC3=0

430 FOR1=2T0 4

440 XC1=XC1+X(1, 1)

740 IF 2(6))=2(1) THEN GOTO 770

750 IF 2(6)»=2(5) THEN GOTO 770

760 X(1, 1) =X(6, 1):x(1, 2) =X(6, 2):X(1, 3) =X(6, 3)
:GOTO 190

770 X(1, 1)=(X(1, 1)+X(4, 1))/ 2:X(1, 2)=(X(1, 2)
+X(4, 2))/ 2:X(1,3)=(X(1, 3)+X(4,3))/ 2

780 X(2, 1)=(X(2, 1)+X(4, 1))/ 2:X(2, 2)=(X(2, 2)
+X(4,2))/ 2:X(2, 3)=(X(2, 3)+X(4,3))/ 2

790 X(3, 1)=(X(3, 1)+X(4, 1))/ 2:X(3 2)=(X(3, 2)
+X(4,2))/ 2:X(3,3)=(X(3,3)+X(4, 3))/ 2

800 GOTO 190

810 NEXT BX
820 CLOSE #1, #2:END

830 'REM — — — —ZbX} W gt 79| A4t
840 2(1)=0

850 FORN=0TO B

860 XX(N)=X(l, 1)%EXP( —X(I, 2) ¥EXP( —X(l, 3) ¥N))
870 2(1) =Z(1)+(XX(N)-Y(N) )2

880 NEXT N

830 RETURN

Figure 2. The BASIC program of the NELDER-MEAD method
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Figure 3. The Mitscherlich curve with the broken line

denoting asymptote.



% E

F HBEREES ol &Y MR AREKS EA

0.8

0.6

0.4

0.2

100

Time

Figure 4. The Gompertz curve with the circle denoting
the point inflection and the broken line asymptote.
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Figure 5. The Logistic curve with the circle denoting
the point inflection and the broken line asymptote,
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Figure 6. Mitscherlich radius curves of Jack Pine as observed
vs, as estimated,

Observed radius

Estimated radius based on the first 20yr. period
Estimated radius based on the first 40yr. period
Estimated radius based on the first 60yr. period
Estimated radius based on the first 80yr. period
Estimated radius based on the first 95yr. period
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Figure 7. Gompertz radius curves of Jack Pine as observed
vs. as estimated,

Observed radius

Estimated radius based on the first 20yr. period
Estimated radius based on the first 40yr. period
Estimated radius based on the first 60yr, period
Estimated radius based on the first 80yr. period
Estimated radius based on the first 95yr. period
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Figure 8. Logistic radius curves of Jack Pine as observed
vs. as estimated.

Observed radius

Estimated radius based on the first 20yr. period
Estimated radius based on the first 40yr. period
Estimated radius based on the first 60yr. period
Estimated radius based on the first 80yr. period
Estimated radius based on the first 95yr. period

O U Wt

Table 1. Mean and S.D. of the parameters of the Mitscherlich equation

Mitscherlich period of data
y=M(1-Le-kt) 35yrs. 55yrs. 75yrs. 95yrs.
M Mean 6.256 6.080 6.153 6.339
asymptotic radius S.D. 1.099 1,217 1.270 1.396
L Mean 1.002 0,992 0.989 0.988
L=(M-yo ) /M* S.D. 0.028 0.032 0.030 0.034
k Mean 0.032 0.033 0.032 0.030
intrinsic rate S.D. 0.006 0.009 0.008 0.008
of growth
SSD Mean 0.133 0,247 0.407 0.612
sum of squared S.D. 0.129 0.201 0.637 0.611
deviations
MSSD 0.017 0.021 0.025 0.029
mean SSD

* : yo = initial radius

_44_
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Table 2. Mean and S.D. of the parameters of the Gompertz equation

Gompertz period of data
P-qt
y=Ae-e 35yrs, 55yrs. 75yrs. 95yrs.
A Mean 6.665 6.353 6.218 6.384
asymptotic radius S.D. 1.406 1.457 1.420 1.434
p Mean 2.480 2.247 2.194 2.082
p=In(1n(A/yo)* S.D. 0.303 0.388 0.348 0.267
q Mean 0.054 0.051 0.051 0.054
intrinsic rate S.D. 0.022 0.026 0.023 0.017
of growth
SSD Mean 0.692 1.262 1.445 1.828
sum of squared S.D. 0.348 0.808 1.041 1.220
deviations
MSSD 0.086 0.105 0.090 0.087
mean SSD

‘ yo = initial radius

Table 3. Mean and S.D. of the parameters of the Logistic equation

Logistic period of data
y=C/(1+ea-bt) 35yrs. 5byrs. 75yrs. 95yrs,
C Mean 4.404 4,621 5.208 5.780
asymptotic radius S.D. 1.725 0.803 0.956 1.127
a Mean 2.250 1.993 1.844 1.657
a=In((C-yo)/yo)* S.D. 0.266 0.236 0.346 0.241
b Mean 0.170 0.127 0.098 0.075
b=C1** S.D. 0.039 0.021 0.025 0.025
SSD Mean 0.354 0.654 1,512 2.259
sum of squared S.D. 0.426 0.326 0.921 0.985
deviations
MSSD 0.044 0.055 0.095 0.108
mean SSD

* ! yo = initial radius

*%*: 1 = intrinsic rate of grawth
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Figure 9. Distributions of radius at the age 96 using
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Estimated distribution based on the first 95yrs. period
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Figure 10. Distributions of radius at the age 96 using
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Gompertz function

Estimated distribution based on the first 35yr.
Estimated distribution based on the first 55yr.
Estimated distribution based on the first 75yr.
Estimated distribution based on the first 95yr.
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Figure 11. Distributions of radius at the age 96 using
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Logistic function
Estimated distribution based on the first 35yr.
Estimated distribution based on the first 55yr.
Estimated distribution based on the first 75yr.
Estimated distribution based on the first 95yr,
Observed radius distribution

period
period
period
period

Table 4. Mean and S.D. of the radius at the age 96

as observed vs, as estimated

Mean S.D.

observed radius 6.114 1.087
Mitscherlich equation 35yrs, 5.095 0.988
55yrs, 5.714 1.048

75yrs. 5,765 1.091

95yrs. 5.858 1.066

Gompertz equation 35yrs. 6.479 1.319
55yrs. 6.016 1.288

75yrs. 5.828 1.152

95yrs. 5.956 1.135

Logistic equation 35yrs.  4.384 1.657
55yrs. 4.621 0.802
75yrs. 5.197 0.948
95yrs. 5.695 1.063
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