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Stability of Dynamical Systems

Jong Suh Park

In [12], E.C. Zeeman introduces the new definitions of equivalence 
and stability of diffeomorphisms and vector fields on compact oriented 
Riemannian C°°-manifolds without boundary. The new definition has 
a number of advantages. He compare the new definition of stability 
with the classical notion of structural stability, and shows that neither 
implies the other. The results in his paper are only a beginning, and 
there are a number of open questions. In this paper we extend the 
results from C°° to Cr, 1 < r < oo.

1. Stability of Diffeomorphisms
Let Af be a compact oriented Riemannian Cr-manifold, 1 < r < oo, 

without boundary, (7(Af) the Banach space of all continuous functions 
/ : M — R with the sup-norm

llfll = sup{|/(:r)| : ⑦ 6 M},

and l『(r) the set of all Cr-functions u : M —> R such that u > 0 and 
Ju = 1. Then C『(r) is a convex affine subspace of C(Af).

Let 유 : M —> M be a (7r-diflfeomorphism. For ⑦ € M we define the 
symbol as Jacobian of at if preserves orientation, and as 
the minus of Jacobian of at a: if 0 alters orientation.

Define a linear operator 6* on C(M) by

$씌’ f 仁 C(M), x€M.

This research was supported by a grant from the Korea Research Foundation, 
1990.

Received by the editors on May 24, 1992.
1980 Mathematics subject classifications: Primary 58F.

123



124 JONG SUH PARK

LEMMA 1.. &* maps U(r) into U(r — 1).

PROOF. Let u e J7(r). It is clear that 0노u G Cr~1(M) and 伊u > 0.

1 = , u(y)dy

= 어 u(이—1 (:c))<7이—1 (⑦) da: (putting ⑦ = 0(y))

= /""(끼) 乃〉w 어

= 10*u{x)dx.

Thus &*u € U(r — 1).

Given e > 0, we define

Ks(x,y) = A:(?/)exp (_예쁘L)

where, for each y G M, the constant k(y) is determined by

/…)거…

This is possible by the compactness of M. Thus

Ke( ,y)eU(r) and Ke(x, ) € Cr(M).

Define an operator S on C(M) by

S/(:r) = [ Ke(x, y)f(y) dy, f G C(M), x e M.
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LEMMA 2. S maps l『(r — 1) into I7(r).

PROOF. Let u G (7(r-1). It is clear that Su € Cr(Af) and Su > 0.

서 Su(x)dx = 세 Ke(xy y)u(y) dydx

= JI Ks(x,y)u(y)dxdy

= , u(y) I Ke(x,y)dxdy

= J u(y)dy

= 1.

Thus Su E U(r).
A relatively compact set in a topological space E is a subset A such 

that the closure A is compact.

An operator on a Banach space is said to be compact if it maps 
bounded subsets onto relatively compact sets. It is well known that 
an operator on a Banach space is compact if and only if it maps the 
unit sphere onto a relatively compact set [5].

Define an operator L on C(M) by L = S o d*. It is clear that L 
maps l『(r) into U(r).

LEMMA 3. L is a compact operator on C(M).

PROOF. Let F be the unit sphere in C(M) given by

F = {/GC(M): ||/|| = 1}.

It suffices to show that LF is relatively compact in C(M). By Ascoli’s 
theorem ([3]) it suffices to prove that

(1) for all x € Af, {Lf{x) : / € F} is relatively compact in R,
(2) LF is equicontinuous.



126 JONG SUH PARK

To prove (1) it suffices to show that {||L/|| : / € F} is bounded.
Given/6 F,

Lf(x) = / Ke(x,y)d^f(y)dy

떠exp (-똑뽀) 리) 버

Let A = min{Jff(x) : x E M} > 0, B = f k(y)dy. Then \Lf(x)\ < 
B/A.

To prove (2) we have to show that for each x G Af, 7/ > 0, there 
exists 5 > 0 such that if x' G M, a:') < 6, then \Lf{x) — Lf(x,y)\ < 
77 for all / € 2구. Let gr : R — R be given by g『(r) = exp(—r2/2e). 
It is easy to show that |f/'(r)| < 1/y/ee 三 C. By the Mean Value 
theorem, \g(r) — gr(r')| < 이r — r'| for all r, rf € R. Given :r, x' € Af, 
let r = r' = d(a/,y). Since \r — rf\ < d(:r,:c,), \g(r) — 으(r')| <
C\r — r'| < Cd(:r,O. Let 6 = Arj/BC > 0. For all f eF,

|刀/(그) = = j k(y)(引(r) - 9(r')){하끄 dy

< (BC/Ajd^x^ xf>)

< {B이A)8 = 77 provided xf) < 6.

This completes the proof of Lemma 3.

The positive cone P in C(M) is given by

P = {fE C(M) : f(x) > 0 for all:r € M}.

The interior of P is given by

int(P) = {/ € C(M) : /(⑦) > 0 for all x e M}.

An operator on C(M) is called strongly positive if it maps P — {0} 
into int(P).
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LEMMA 4. L is strongly positive. 
f 호

PROOF. Let / 之 0, / 尹 0. There exists z E M such that f{z) > 0. 
Let y = 쎼 Since /(EQ/)) > 0, fc(?/)exp (—으씐으) 쏘구歌 > 0. 
Thus Lf(x) > 0.

Since L is a compact strongly positive operator on C(M), by the 
Krein-Rutman theorem([7]), we get the following lemma.

LEMMA 5. L has a positive real eigenvalue A of maximum modulus, 
and C(M) can be written as the sum of L-invariant subspaces

C(M) = E + H

where

(1) E is the eigenspace of A,
(2) E has a dimension 1,
(3) E meets int(P),
(4) H has codimension 1, and
(5) L\H has spectral radius < A.

Lemma 6. A = 1

PROOF. Choose f E E Q int(P). Let a = J\f>0, u = a-1/.

Since f E E, a”1/ = u E E. Thus Lu = Xu. Since

재(')=/約)exp (三으^으으) ■뽀가쓰 血 '

Lu € Cr(Af). Since u € Lu/X € ?7(r), Lu G L(U(r)) C (7(r). Thus

1=1 Lu = /Au = A/ u = A
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Lemma 7.

H = {f e C(M) : Ln/ —> 0 as n — 00}
= {fe C(M) : J f = 0)

PROOF. Let Li = 이and let p be the spectral radius of 
Then p < 1. We choose r, p < r < 1. Since

P = lim yil^H ([5]) 
n—00

there exists no such that 丁0 < r for all n > n0. Thus \\L^\\ < rn.
If / G IT, then

\\Lnf\\ = ||^/|| < H^ll ll/ll<rn||y||.

Thus Lnf — 0 as n — 00.
Conversely suppose f G C(M) and Lnf —> 0 as n —> 00. There 

exist e E E, h 三 H such that f = e + h. Since Le = e,

e = Lne = Ln(f — h) = Lnf — Lnh — Q as n — 00.

Thus e = 0. Therefore / = 7i € Zf, as required. This completes the 
proof of the first half of lemma 7, and we begin the proof of the second 
half.

Given f G C(M), then

J Lf(x)dx = 서 S6*f(x)dx

= 나 Ks(x,y)e*f(y)dydx

= 川 K£(x,y)ff\f(y)dxdy
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0*f(y) / Ks(x,y)dxdy

어 f(y)dy

= dy 
乃(V(y)) 으
溫‘wm (putting y = 邵⑦)))

j f(x)dx.

Thus f Lnf = J /. If / € then Lnf — 0 as n —> oo by above. Thus
f f = f Lnf -스 0 as n —> oo. Therefore f f = 0.

Conversely suppose f € C(M) and f f = 0. By lemma 5, we write 
f = e■누‘h, eEE,h，EH. Since E is one dimensional, by lemma 5, we 
can write e = cu where u is the point constructed in lemma 6, and 
c € R. Then

c = c J u = J cu = J e = J\f — h) = J f — J h = Q

Thus e = = 0. Therefore / = A G as required. This completes
the proof of lemma 7.

THEOREM 1. (1) 이t『(r) has a unique fixed point u.
(2) Any bounded subset ofU(r) converges uniformly to u.

PROOF. (1) In the proof of lemma 6 we constructed a point u € 
EQU^r). u is a fixed point of 이l『(r) because Lu = u. Conversely let uf 
be a fixed point of 이L『(r). Then u E E, because it is an eigenvector 
of the eigenvalue 1. There exists 6 G R such that u1 = bu. Thus 
b = b f u = f bu = Jtz' = l, because uf G (7(r). Therefore u1 = u, and 
so u is the unique fixed point of £|{7(r).

(2) Let G be a bounded subset of /7(r). We have to show for any 
6 > 0, there exists N such that if n > TV, then ^Lng — 씨| < e for all 
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g E G. Let G1 = {g — u : g E G}. Then (구' is also bounded, by k say. 
If € G, then gr — u € by lemma 7 because f(g — u) = f g — f u = 
1-1=0. Thus G' C H. Using r, no as in the proof of lemma 7, we 
choose N so that N > nQ and rNk < e. Then for all n > 7V, € (7,

||I八 — 메 = \\Lng — L" 씨| = ||£" ⑴ — u)|| = || W오 — ")11

< 11^111 \\g — 베 < rn\\g — 미I <rnk<e

as required.

This unique fixed point u of L|l『(r) is called the steady state for 6, 
and denoted by tz(@, 으).

EXAMPLE 1. Lt M = R, and let 0 : M — M be the linear con
traction given by rr —* kx^ 0 < fc < 1. We shall show that the normal 
distribution Na is mapped by Na ■브 八『⑦少十】

"⑯=씨:::: = 느=exp (-으)=찌 

어 =(/exp (丄으그이)서) =느

=그rxp (-⑴i프)

SN사2(x)=/ &츄exp (-=] 느츄exp (-景)dy 

…-=4-뉴卜 

=、/2忌FT百 하目 ("2(aP+£)) = 지아2+슈)•

Thus the fixed point of L is u(유, e) =Na where cr = ak2 + e therefore 
a = e/(l — fc2).
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We define two Cr-functions f, g : M — R to be equivalent, written 
f 〜 gr, if there exist Cr-diffeomorphisms a of M, 0 of R such that 
0o/ = groa. Given 6 > 0, we define two Cr-diffeomorphisms 0, & of M 
to be e-equivalent, written 0 三 이', if u(a,6)〜 u(@',€). We define a Cr- 
diffeomorphism 0 of M to be e-stable if it has a neighborhood U in the 
space Diffr(M) of all Cr-diffeomorphisms of M with the Cr-topology 
such that 0 乞 伊 for all & G U. We define a Cr-diffeomorphism 0 of 
M to be stable if for any e > 0, there exists e', 0 < e' < €, such that 
0 is e'-stable.

2. Stability of Vector Fields
Given a Cr-vector field X on M, and given 6 > 0, the Fokker- 

Planck equation for X with 5-diffusion is the partial differential equa
tion on M

du/dt = e^u — V • (wX)

where u : M x R+ —> R, u > 0 and f u(x,t)dx = 1 for all t 6 
R+. Here the divergence operator V and the Laplacian A = V2 are 
determined by the Riemannian structure. Let t? € I7(r+1) be given by 
새(:r) = u(:r, f). Now the Fokker-Planck equation can be regarded as an 
ordinary differential equation on l八r), called the evolution equation, 
which, given an initial condition u°, determines the forward orbit 
{?? : t > 0}. Let A' : L『(r) -스 l『(r) be the time-t map given by u° —> t?. 
We can extend the evolution flow on L『(r) to a flow {ff : i > 0} on 
C(M) for any initial condition f° G C(M). Notice that is Cr+1 for 
t > 0. The time-i map: C(M) —> C(M) given by f° —> is an 
operator on C(M), and an affine map on the convex affine subspace 
히 (r).

EXAMPLE 2. Let M = Rn, X(a:) = c+kx^ where c, k are constants, 
c € Rn. Let {t? : i > 0} be the solution of the Fokker-Planck equation
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with initial condition the delta function on M at the origin. Then

t?(:r) =. (27rcr)—n'2 exp(—位 一 山2/2a)

where a = _ l)/fc„ p = (ekt — l)c.

LEMMA 8. For the flow in example 2,

(1) there exists A > 0 such that 0 < u\x) < A for all x € M,
(2) there exists B > 0 such that |i?(:r) — i?(:z/)| < B\x — x!\ for 

all:r, x' G Af.

Proof. (1) For all ⑦ e M, 0 < u\x) < (27rcr)-n/2 = A.

(2) Let gr : R — R be given by g(r) = (27rcr)“n'2 exp(~r2/2a). It is 
easy to show that |우'(r)| < (27r)-冗乃匕—V2^—(저⑴乃 = B. By the Mean 
Value theorem, |이(r) — g『(r')| < B\r — rf\ for all r, r' € R. Given 
xf G M, let r = |:r — /z|, r' = \x’ — /』|. Since \r — r'| < \x — :c'|,

(:r) - 必(：r')| = 0(r) — 이(r')| < B\r — r'| < B\x — xf\.

LEMMA 9.is a compact operator on C(Af) for / > 0.

PROOF. Let F = {/ E C(M) : ||/|| = 1}. It suffices to show that 
艾F is relatively compact in C(Af). By Ascoli’s theorem it suffices to 
prove that

(1) for all x € M, {AV(^) : / G F} is relatively compact in R.

(2) is equicontinuous.
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For y € M, let 6y be the delta function on M at y. Then

으 J 艾6y(x)f(y)dy = j 우사6y(x)f(y)dy

= j(=』\益位) — V • (A⑧(⑮亞功/⑴) dy

= £A/ A^2/(o;)/(y) dy

_v.(y』G(WG/WW)),

j a°<WW) 야/= I <%(⑦W) 成/

= f(xY

Thus A\f(:r) = J 艾6y(x)f(y)dy. Any vector field Y on Rn has linear 
approximation at the origin as in example 2, and by comparing Y with 
its approximation one can show that lemma 8 also holds for the flow i? 
arising from Y. Furthermore since M can be locally approximated by a 
Euclidean space, lemma 8 will also hold for each tJSy. By compactness 
of M there exist A, B that will hold uniformly for아, for all y G M.

(1) For all / € F, |A\f(;r)| = | f 艾6y(x)f(y)dy서 < AV where V is 
the volume of M.

(2) Given x € M, 77 > 0, let 5 = r)/BV > 0. If / € F, ⑦' G M, 
d(xyxf) < 6, then

|AW：) — AW)| = |y (A") — ASW：'))/(y 쎄

^BVdix.x')

< BV8 = T).

LEMMA 10. For all ' > 0, A? is strongly positive.

PROOF. Let / > 0, / / 0. There exists 之 E M such that /(之) > 0.
For all x € Af, since 시아⑦) > 0, = f A/아(:> 0.
Thus A\f > 0. Therefore Az maps P — {0} into int(P), as required.
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Since』V is a compact strongly positive operator on C(M), by the 
Krein-Rutman theorem, we get the following lemma.

LEMMA 11. For all / > 0,has a positive real eigenvalue X 
of maximum modules, and C(M) can be written as the sum of 
invariant subspaces C(M) = E + H where

(1) E is the eigenspace of X
(2) E has a dimension 1,
(3) E meets int(P),
(4) H has codimension 1 and
(5) has spectral radius < A.

Lemma 12. A = 1.

PROOF. We 아iall show thatmaps l『(r) into ?7(r). Given u €
I7(r),

dyJ 以(y)dy

= 1.

Thus Afiz € U(r). Choose f G 乃nint(P). Let a = f f > 0, u = aT1 f E 
E. Then J u = f aT1 f = a-1 f f = 1,= Au. Since【Ju G Cr(Af), 
u =』Vu/A E Cr(M). Thus u € ?7(r). Since Xu = 艾u € At((7(r)) C 
l八r), A = A J u = f Au = 1.
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Lemma 13. H = { f e C(JVT) : A"\f — 0 as n —今 00} = {/ g 
C(M):// = 0}.

PROOF. Let Al = Az|Zf, and let p be the spectral radius of Ai. 
Then p < 1. We choose r, p < r < 1. Since p = lim VTR〒IL there 

exists no such that 스/||A?|| < r for all n > n0. Thus ||A?|| < rn. If 
f € H, then ||A"'/II = W/|| < ||A?|| ||/|| < r"||/||. Thus A"\f •— 0 
as n — oo.

Conversely suppose f G C(M) and A.ntf — 0 as n —> 00. There 
exist e 三 E, h E H such that f = e + h. Since』Ve = e,

e = Anfe = An'(/ —7i) = An7 —An'/i —0 as n — 00.

Thus e = 0. Therefore f = h E H, as required. This completes the 
proof of the first half of lemma 13, and we begin the proof of the 
second half.

Given f € C(M) then

= I /Q/W

Thus J A저/ = f f. If f E H, then 人ntf — 0 as n — 00 by above. 
Thus f f = f 1Y거' f —> 0 as n —> 00. Therefore f f = 0.

Conversely suppose f € C(M) and J\f = 0. By lemma 11, we write 
f = e + h,eEE,hEH. Since E is one dimensional, by lemma 11 
we can write e = cu where u is the point constructed in lemma 12, 
and c € R. Then c = c f u = J cu = J e = f(f — h) = J f — J h = 0. 
Thus e = cu = 0. Therefore f = h E H, = required. This completes 
the proof of lemma 13.
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LEMMA 14. (1) For all t > 0,』V|〔7(r) has a unique fixed point u.
(2) any bounded subset ofU(r) converges uniformly to u.

PROOF. (1) In the proof of lemma 12 we constructed a point u € 
E Pl U(r). u is a fixed point of A<|Z7(r) because= u. Conversely 
let u' be a fixed point of A'|t『(r). Then u' € 乃, because it is an 
eigenvector of the eigenvalue 1. There exist b E R such that uf = bu. 
Thus b = b J u = f bu = Ju' = l, because uf E U(r). Therefore 
uf = u, and so u is the unique fixed point of Az|?7(r).

(2) Let G be a bounded subset of Z7(r). We have to show for any 
€ > 0, there exists N such that ]£ n > N then ||An幻 一 씨| < e for all 
g E G. Let G' = {g — u : g E G}. Thei\G' is also bounded, by k say. 
If gr G G, then g — u E H by lemma 13 because f(g — tz) = f g — f u = 
1 — 1 = 0. Thus Gf C H. Using r, n()as in the proof of lemma 13, we 
산loose N so that N > and rNk < e. Then for all n > 7V, gr € (우,

||A"幻 - 에 = ||A"幻 - A"에 = ||A"九 - u)||

= l|A?(g - u)K ||W ||g-에

< rn||우 一 이| < rnk < e

as required.

This unique fixed point u of』Vp7(r) is called the steady state so
lution of the Fokker-Planck equation for X with ^-diffusion given by 
du/dt = 0, and denoted by t/(X, s).

THEOREM 2. Let X be a Cr-vector field on a compact oriented 
Riemannian Cr-manifold M without boundary, and let e > 0. Then 
the Fokker-Planck equation for X with e-diffusion has a unique steady 
state solution, and all solutions tend to that steady state solution.

PROOF. Choose r > 0, and let {t? : f > 0} be any solution in 
(7(r). By compactness of M, {i? : 0 < f < r} is a bounded subset of 
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(7(r), and therefore converges uniformly under AT to the fixed point 
u by lemma 14. Therefore for each e > 0 there exists N such that if 
n > AT, 0 < t < r, then ||(AT)nid — 이| < e. But (AT)nt? = unr+<. Let 
T = nr. Therefore we have shown for each s > Q there exists T such 
that if i > T, then ||t? — 이| < 匕. In other words i? — u as t —> oo, as 
required.

EXAMPLE 3. For any manifold M, let X = —V/, where / : M —
R. Then the steady state solution of the Fokker-Planck equation is 
given by tz = ke~^e where the constant k is determined by Ju = 1. It 
is easy to show that this is a steady state because eVu = —nV/ = uX.
Therefore sAu — V • (uX) = V -(6：Vu — uX) = 0.

Given 匕 > 0, we define two (7r-vector fields X, V on M to be 
e-equivalent if u(X, e) 〜 e). We define a Cr-vector field to be
匕-stable if it has a neighborhood of ^-equivalents in the space V(r) of 
all (7r-vector field X on M with the cr-topology. We define a cr-vector 
field a: on M to be stable if for any e > 0, there exists s', 0 < 6:, < e, 
such that X is e'-stable.

3. Density of Stable Vector Fields
In this section we prove that stable vector fields are dense in V(r). 

In theorem 2 in the last section we constructed, for each 6 > 0, a map 
7Te : V(r) —> (7(r + 1) by assigning to each X G V(r) the steady state 
7r€(X) = u(X, e) of the Fokker-Planck equation for X with e-diffusion. 
Let

G = {X £ V(r) : X = —V/ for some f € Cr+1(M)}, 

VT = {XeV(r):V •_¥=()}.

Let 7Ti : (우 x VT —> G denote projection onto the first factor.
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LEMMA 15. For all e > 0, there exist homeomorphisms tt£\G,(p£, 
7fc, 平e such that the following diagram commutes :

사

7f€

GxW - V(r)

7T1

7TC|G

7T£

G 스
—- w +1)

PROOF. For convenience we shall oniit the superscript e from 7r£, 

if6, q/, (pe throughout this proof. We shall show that for each X E G 
there exists uniquely f G Cr+1(M) such that X = —V/, f f = 1. 
Given X 6 G, there exists g € (7’너4(M) such that X = — Vgr. Let 
k = (Jexp(—gr/e))-1, f = g—elogk. Then X = —V/, Jexp(—//e) = 
1. Suppose /, f e C#+1(M), X = — 幻f = —V/', fexp(-f/e) = 
Jexp(-/70 = 1. Since V(/ — f) = V/ — V/' = —X + 互 = 0, 
f = /' + c for some c € R. Since 1 = J exp(—f/e) = J exp(—/'/匕 一 

c/2) = exp(—c/2) Jexp(—/'/匕) = exp(—c/으), c = 0. Thus f = By 
example 3, 7r(X) = exp(—//匕). Conversely given u G l『(r + 1), we 
define

(竹(u) = (e/u)Vu = 6V log u

which is continuous in u. Then (竹(찌G) = 1 because

(pir(X\=(/?(exp(—y/匕)) = eVlogexp(—//e) = —V/ = X.

Hence 찌(우 and 夕 are homeomorphisms. Given X E G and Y € VT, 
define 元(JC, F) = X + Y/u where u = 7r(X), which is continuous. 
Conversely given X € V(r), define(@(X) = ((e/u)Vu, uX — eVX) 
where u = tf(A’), which is continuous. We shall show that if u = 7r(X), 
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then 7「(«X + Y/u) = u for all Y € W.

V • (u(X + Y/u)) = V - (=¥) + V • K

= V - (=¥)

= 6： Au.

Thus ir(X + Y/u) = u, by the uniqueness of theorem 2, = 1
because

<@元(X, y) = (入X + y/u) where u = 7r(X) = tt(X + Y/u)

= ((s/u)Va, u(X + Y/u) — eVu)

= (A\ lz) since X = 夕(以) = e^u/u.

元 <@ = 1 because

W(JXT, y) = 7r((s/u)Viz, uX — *u) where u = 7rQ『)

= (e/以)Vu + (uX — e\7u)/u

= X.

Hence 7f and (p are homeomorphisms.
Finally tttt = (찌G)7Ti because

7「元(A\ y) = 7r(JV + Y/u) where u = 7r(X)

= u

= (찌 (구)而⑷乃,

and 7Tj(@ = q?7T because

Wp(X) = 7Ti((e:/u)Vu,uX — eVu) where u = tf(A’)

=(6/w)Vu

= O
= 9?7F(X).

This completes the proof of lemma 15.
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Corollary. tts is open.

PROOF. ttg\G and (pe are open because they are homeomorphisms. 
TH is open because it is a projection. Thus 7r£ = is open,
because it is the composition of three open maps.

LEMMA 16. For all 6 > 0, e-stable vector fields are open dense in 

V(r).

PROOF. Let Uq be the set of stable functions in l『(r). By Thom- 
Mather theory ([1 이), Uq is dense in L『(r). It is easy to show that Uq 
is open. Let V€ be the inverse image of Uq under 7re. Then V£ is open. 
Thus any X EVe is e-stable. Conversely if X 6 V(r) is 6-stable then 
since tts is open 7r€(X) must be a stable function, and hence in Uq. 
Therefore V€ is the set of 6-stable vector fields. Finally Vs is dense in 
V(r) because Uq is dense in l『(r) and is open.

THEOREM 3. Stable vector fields are residual and therefore dense 
in V(r).

PROOF. Let w = V1'71. Then any vector field in W is 1/n-
n=l

stable for all n, and hence stable. Now W is residual in V(r) because 
it is a countable intersection of open dense subsets, and V(r) is a 
Baire space because it is complete metrizable ([1]).

Therefore W is dense in V(r), and since the set of stable vector 
fields contains W, the stables must also be dense.
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