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Sung Kyu Choi, Ki Shik Koo and Keon-Hee Lee

Abstract. In this note, we show that the (니-limit mapping is contin
uous and the Lipschitz constants vary continuously if the flow (a?, ?r) 
is Lipschitz stable. Moreover we analyse the u니imit sets under the 
generalized locally Lipschitz stable flows.

Throughout the paper we let (X, tt) denote a flow on a locally 

compact metric space X with a metric d. The orbit, orbit closure, 

and prolongational limit sets on X are denoted, respectively, by (?, 

O and J with unilateral versions carrying the appropriate + or — 

superscript.

A flow (X, 7F)is said to be locally Lipschitz stable if there exist 

6 > 0 and K > 1 such that d(xt, yt) < Kd(x, y) for all t € R+ and all 

x, y 三 X with d(x,y) < 6. A flow (X,7r) is called Lipschitz stable if 

there exists K > 1 satisfying d(xt,yt) < Kd(x^y) for all t € R+ and 

all x, y E X.

LEMMA 1. The property of Lipschitz stability is independent of 

the metric.

PROOF. The proof is straightforward.
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LEMMA 2. Let X be a bounded metric space. Then a Sow (A\ 7r) 

is Lipschitz stable if and only if it is locally Lipschitz stable.

PROOF. The proof is straightforward.

Let JV be a compact metric space, and let K(X) be the set of all 

nonempty closed subsets of X with the Hausdorff metric :

p(A, B) = max{sup J(a, B),supJ(A, 6)}. 
aEA beB

A mapping F : X -K’(A’) is called upper (or lower) semicontinuous 

at a: € X if for any 6 > 0 there exists 5 > 0 such that if d(x,y) < 6 

then

☆) C (or F(x) C B£(F(y))),

respectively, where BS(A) = {y E X : d(x,y) < e for some x G A}. 

Since the u?-limit set

= {y 三 X : xt{ — y for some ti — oo}

is a nonempty closed subset of we can consider the mapping

⑵ : X — 2f(X), x ~나

which is called the ⑵-limit mapping. The following theorem says that 

the (v-limit mapping is continuous if the flow (X, 7「) is Lipschitz stable.

THEOREM 3. Let a How (X, 7r) be Lipschitz stable. Then the cu- 

limit mapping is continuous.

PROOF. Let X E X and y E ⑵세 If {a?n} is a sequence in X 

converging to :r, then we shall show that there exists a sequence {yn} 

in X such that yn € ⑵(⑦n) and yn —> y. Let xsi ―今 y for some 亂 一스 oo. 

Then we have

d(xnSi^xnSj) < d(xnSi,xsi) + d(xsi^xsj) + d(xsj,xn8j)

< Kd(xn,x) + d(xs{, xs；) + Kd(x^ xn).
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It follows that the sequence {^Wi}쯔:o 玄 Cauchy and consequently 

it converges to a point, say yn, in Then the sequence {yn} 

converges to y. In fact, we get

d(y,yn) < d(y, wt) + d(xsi,xnSi) + d(xnSi,yn)

< d(y, xsi) + Kd(x, xn) + d(xnSi, yn) — 0.

This means that the map cu is upper semicontinuous. To show that 

the map (心 is lower semicontinuous, we let xn — rr, yn € ⑵(:rn) and 

yn — y. Then it is enough to show that y 6 ⑵(:r). Since yn G cu(a:n), 

there exists a sequence {tf} in R+ such that xntf — yn as —> oo. 

We may assume that

IC+I - Cl > n and rf(t/n,^nC) <
Tl

Then we have

1
서(功⑦nC) < d(y,yn) 十 d(yn,xnt2) < d(y,yn) +

n

Hence we get xnt^ — y and —> oo. This means that y € J+(ar) =

u?(:r) and so completes the proof.

Let x, y be any two different points in X. Then the least positive 

number K satisfying

d{xt^ yt) < Kd(x^y) for all t € R+

will be called the Lipschitz constant with respect to x and y. In the 

following theorem, we show that the Lipschitz constants vary con

tinuously if the flow (X, 7r) is Lyapunov stable. We say that a flow 

(X, 7「) is Lyapunov stable if for any e > 0 there exists 5 > 0 such that 

d(xt, yt) < e for all t € R+ and all x^y E X with d(x, y) < 6. To show 

this, we define the set Yk C X x X for any K > 0 as follows.

Yk = {(x,?/) E X x X/A : d(xt丁yt) < Kd(x^y) for all t € R+}, 

where A = {(x^x) : x € X}.
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THEOREM 4. The function F : X x X/A -스 [0, oo] given by 

= ini{K : (⑦川) G Yk} is continuous if the How (X,7r) is 

Lyapunov stable.

PROOF. Let (⑦川) 三 X x X/A, F(x,y) = 7i『, and 0 < 6 < Jf be 

arbitrary. First we assume K < oo. Then there exist 伏 > 0 and 抗 > 0 

such that

d{x^z) < 6i implies d(xt,zt) < -d(x,y), 
0

d(y,w) < 62 implies wt) < 흐d(x,y) 

o

and

for all t € R十.

Choose 6 > 0 satisfying

6 < 어副仕 抗, 6(〕+ £) "川)’ 12(；_ £f('川)}’ 

and select (z, w) G B(:r,5) x Then we have

d(zt, wt) < d(zt, xt) + d(xt, yt) + d(yt, wt)

2
< d(xt,yt) +

2
< -ed(x,y) + Kd(x,y)

<5
2

< 7《7/(之, w) 十 示匕孤⑦, y) + 2K8
o

< Kd(z, w) + e(d(x, y) - 26)

< Kd(之, w) + ed(之, w)

= (K + e)石?(之, w).

Hence we get

(1) F(^, w) < K + e^ and so F(^, w) — F^x^y) < e

Since F(x^y) = for A" — | > 0, there exists s € R+ such that 

d(xs,ys) > (K - d(x.y).
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since (z, w) G B(x,6) x B(y,6),

d(⑦s, ys) < d(xs, zs) + d(zs, ws) + d(ws, ys)

2
< d(zs,ws) + -ed(x,y), and so

<5
d(w, W5)>(K — I) d(x,y) — |w：,t/)

5
= Kd(x,y) — -ed(x.y).

Since d(z, w) < d^x^y) + 26 and d < 丁旅三글) d(⑦, 心

d(zs,ws) > ^Kd(x.y) _ (K - e)

> (d(x, y) + 히丄여(自 이)) (K — 匕)

> (d(x,y) + 25)(K — 6)

> (A” — 6：)己(之, w).

This means that

(2) — F(>,w) < e

By (1) and (2), we obtain

|F(o：,y) — F(2：,w)| < e.

Next we assume F(x, y) = K = oo. Let TV > 0 be sufficiently large 

number. For any 匕 > 0, there exists s € R+ such that

d(xs, ys) > (N + 2e)cZ(:r, y).

Given e > 0, there exist 어 > 0 and 62 > 0 such that

d(x^ z) < 8i implies d(xt,zt) < and
<5

d(y,w) < 62 implies d(yt,wt) < “d(rr, y).
o
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2 
d(w,=s) > d(xs,ys) —

Choose 5 > 0 satisfying

and select (之, w) € B(:r,5) x B(y,6). Then we get

:r,

2
> (2\『 + 2e)d{x, y) — -ed(x, y) 

>(“)+=)(유)

> (N + e)(d(x,y) + 25)

> (N + €)己(之, w).

This shows that (히) € B(x,6) x B(y,6) implies F(之, w) > N. Con

sequently the map F is continuous, and so completes the proof.

Finally we introduce the concept of generalized local Lipschitz sta

bility which is a generalization of that of local Lipschitz stability and 

analyse the olimit sets under the generalized locally Lipschitz stable 

flows.

DEFINITION 5. A flow pC,7T)is called generalized locally Lipschitz 

stable if there exists S > 0^ K > 1 and a continuous function a : 

X x R+ — R+ such that d(xt, ya{x^ /)) < Kd(x, y) for all t € R+ and 

all x,y E X with d(x,y) < 6.

THEOREM 6. Let (X, 7T)be a generalized locally Lipschitz stable 

flow on a complete and connected space X. Then we have either

i) uj(x) = <》for all x E Xf or

ii) cv(x) / <》is compact and minimal for all x € M.
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PROOF. Let y = {⑦ € X : 以⑦) / #>}. Then it is enough to show 

that the set Y is both open and closed in X.

First we show that the set Y is open in X. Let x E and let 

z냐^ :r) € cu(:r). Then there exists a sequence {si} in R+ such that 

xsi — 之 and Si — oo. Choose e > 0 satisfying x g B(之,6)and B(z,6) 

is compact. Select 0 < 6 < e satisfying xsi £ B(;z,5). Since (X, tt) 

is generalized locally Lipschitz stable, there exists a > 0 such that 

if d(x,y) < a then B(x,a) A =(仏 yt 三 B(O+(x\e — 6) and 

xt G B(O+(j/),6： — 6) for all t € R+. Hence we can choose 하 > 0 

satisfying d(xsi,yt{) < e — 6. Then we get d^yti^z) <e — S + 6 = 8. 

Since {yti} C B{zye) and 友 0, we obtain y EY- This means that 

Y is open.

Next we show that the set Y is closed in X. For each positive 

integer K, we can choose 8k > 0, yx > 0, sk > 0 such that 

d(x, y) < 8k implies xt E B

d(x, y) < 7쪼 implies xt E B

d(x, y) < sk implies xt E B

and yt E B

and yteB ((?+(鉛), 스) ,

and yt E B

for all t € R+. We may assume that

昌K < "fK < 6k < 느, 句<+i < 6& 7k+i < 7k and 노% < 昌&日.

Let {：z：n} be a sequence in Y converging to x € X. By choosing a 

subsequence, we may assume that d(xn, x) < ^sn for each n. Then we 

obtain

d(⑵(:rn),i;(:rn+i)) < 6n for each n.

In fact, we assume d(a;(:rn), (心(⑦n+i)) > 6n for each n. Then there exist 
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a > 0 and to, s0 € R+ such that

d(2：,w)>}dn for 之 € B(cv(:rn),a) and w e B(u;(xn+i),a), 

d(:rn/,a?(:z:n)) < a for i > <o > 0, and

거(⑦서己하⑵(⑦n+i)) < Oi for i > s0 > 0.

Since d(xnjxn^i) < c!(:rn,a〉) + d(:r,:rn+i) < |(3n +昌서»i) < 아, we have

xn^it € B(O+(a:n),7n) for t € R+, and so 

d^Xn+itoyXns) < 7n for some 0 < 5 < to-

For io — 昌 > 0, we have

(xns)(t0 - 5)€ B(O+(xn+1t0), $6n) and so 

d(xntQ^xn^t') < ：6n for some tf > 0.

But xntQ € B(u;(a;n),a) and xn+itf € B(u?(a?n+1),a), and thus

1
 - 2

This contradiction shows that d(u;(:rn)w(⑦n+i)) < 6n for each n. For 

each n, choose zn €inductively as follows. Let z\ € and 

zn G ⑵(a：n)- Since d(u;(:rn),a>(xn+i)) < 6n, there exist bn e ca(xn) and 

&n+i € u;(o：7너4) such that d(bn,bn十丄) < 6n. Since cu(:rn) is minimal, 

by the generalized local Lipschitz stability, we have u?(a:n) = ⑵(6n)« 

Choose T > such that

d(bnT,zn) < — and bnT E B(0+(6n+i), g厂데 ) •

Then we have

d(bn7\ b—T') < 7—for some 7기 > 0.
(n 十 l)2
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By the invariance of a>(a:n+i), we have &n+i꼬' € Let 之꺼4 =

6n+iT'. Then we get

거(2：n,2：n+l) d(之n, bnT) 十 (/(으끄，之서4)

1 1 2
忌 十 (n + 1)2 n2‘

Since {zn} is a Cauchy sequence, we may assume zn — = By choosing 

a subsequence if necessary, we may assume

、 1
서(之，之n) < —丁

n2.

Since zn € u;(o:n), there exists a sequence {하} in R+ such that

xntf — zn and tf —* 00.

For each If > 0, we choose t^K € {t^} such that

< 느 •

We assume '제! > t^K, and we let an = xntfn. Then we have

d(之, (Zn) d(z, ^n) 十 d{xn, <zn)

1 1 2
<亞 +규 = 규•

This means that an -스 之 € u;(x) and so ⑦ G Y. Consequently the set

Y is closed and thus complete the proof.
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