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Semiflows: The Negative Aspects
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1. Introduction
The main motivation behind the study of semiflows is that they 

describe autonomous and nonautonomous ordinary differential equa

tions. Semiflows considered as transformation semigroups were stud

ied by Gottschalk in 1946. Later in 1960, Hajek considered continuous 

semiflows. But the first systematic study of continuous semiflows had 

to wait until 1969 the year in which the book of Bhatia and Hajek 

[1] appeared. The theory of continuous semiflows has been further 

developed by Ura, McCann, Das and Lakshmikanthan. A substantial 

contribution in the theory of discrete semiflows was made by Fursten- 

burg and Brown [3]. A semiflows as in many theorems have associated 

with flows. The relation between these two systems and many of their 

properties are already developed jointly by Kaul and Elaydi in [3]. 

The following example(Fig. 1) illustrates the semiflows(b) and flow(c) 

associated with a given control system(a) [4].

(a) (b) (c)

Fig. 1.
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The concepts of Liapunov functions, stability and equistability in 

flows were studied. An elegant necessary and sufficient conditions for 

a flow to be stable, uniformly stable and equistable was appeared in 

[2]. In this paper, we introduce the concepts of a negative stability, 

uniform stability and equistability in semiflow (X, 7r) whose phase 

space X is a second countable meric space. Furthermore some rela

tions between the above concepts and the negative Liapunov functions 

are studied. For this purpose, we introduce backward semicontinuous 

semiflows.

2. Definitions
A semiflow is a pair (X, %) which consists of a topological space X 

and a continuous map tt : X x R+ — X such that

i) 冗(휴,0) = x

ii) 7r(7r(:r, 昌), t) = 7F(x,s + t)

for all ⑦ £ X and s, t G R+, where R+ is the set of nonnegative real 

numbers. For simplicity, 7r(:r,t) will be denoted by xt. For A C X 

and S C R+, let F(A, S') = {x e X \ xt E A for some t E S} and 

F(A) = F(A,R+). For ⑦ e X, F(x) = F({까,R+) is called the 

negative funnel through x. A subset M of X is said to be negatively 

invariant if F(Af) C M.

3. Stability of Closed Sets

DEFINITION 3.1. A subset M of X is negatively stable if for each 

e > 0 and x 6 M, there is 5 > 0 such that F(B(:r,d)) C B(M,5).

THEOREM 3.2. A closed subset M of X is negatively stable if 

and only if there exists a function f : X — R+ with the following 

properties

i) f(x) = 0 if and only if x 6 M.
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ii) For every e > 0, there is 6 > 0 such that f(x) > 6 whenever 

d(M, x) > 8； also for any sequence {⑦冗}, f(xn) —> 0 if xn — 

x eM.

iii) f(y) < /(⑦) fory E F(:r).

PROOF. Necessity. Let M be negatively stable. Assume that the 

metric function c? on X is bounded. Define f : X — R+ by = 

sup x). Let f(x) = 0. Then we have d(Af, :r) < sup d(Af, y) = 
yEF(x)
f(x) = 0 with x € F(ar). Since Af is a closed set, we obtain x € M. 

Conversely, if x E M, there exists 5 > 0 such that F(J3(:r,5)) C 

B(M,6)for each e > 0, since M is negatively stable. For any y € 

F(:r), we have y G B(M,€：), and so d(M,y) < e. Therefore, we obtain 

f(x) = sup d(M, y) < e. This means that f(x) = 0. For given € > 0, 
y£F(x)

take 6 = e. Since d(M, x) > e and x € 2고(文), we have

/(⑦) = sup J(M, y) > , x) > e = 8.
yEF(x)

Now, let :rn —> a〉G M. By the fact that M is negatively stable, for 

each e > 0 there exists 6 > 0 such that 2고(B(:r,5)) C B(Af,6). Since 

xn — ⑦, there exists N such that for all n > xn E Since

F(rr) C C B(M,€), we obtain f(x) = sup d(M,y), and
yEF(x)

so f(xn) — 0. Let y € F(x). Then we have

f(y) = sup d(M, z) < sup d(M, z) = jf(:r).
之타『(3/) z^F(x)

Sufficiency. By the above facts, for every e > 0, there is 5 > 0 such 

that /(⑦) > 6 whenever d(M, x) > e. Given e > 0, we let m = 

inf{/(:r) : x) > e}. Then we obtain m > 8. Let x € M, we will

show that there is 5 > 0 such that /(z/) < m whenever d(x^ y) < 6. 

Suppose not. Then there exists yn E X such that d(x,yn) < 1/n and
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f(yn) > m for each n E N. The sequence {yn} converges to 鉛 € M, 

but the sequence {/(yn)} does not converges to 0. This contradicts to 

the above facts. Also, we assert that F(B(x,6)) C Assume

that F(B(x,6)) 으 Then there is y 6 B(M, 6) such that

F(y)(L B(M,6). Let z € F(y) — By the above results, we

get /(之) < f(y) < m. But J(Af, z} > e implies /(之) > m. This 

contradiction proves the theorem.

DEFINITION 3.3. A subset M of X is negatively uniformly stable 

if for each e > 0, there is 5 > 0 such that F(B(M, 5)) C B(Af, £).

THEOREM 3.4. A closed subset M of X is negatively uniformly 

stable if and only if there is a function f : X — R+ such that

i) for every e > 0, there is 6 > 0 such that f(x) > 6 whenever 

d(M^ x) > e.

ii) for every e > 0, there is 6 > 0 such that f(x) < 6 whenever 

d(My x) < e.

iii) /(!/) < /O) fory E F(x).

PROOF. Necessity. Assume that the metric function d on X is 

bounded. Define a map f : X — R十 by f(x) = sup d(Af, y).
2/GF(찌

For each 5 > 0, there is e > 0 and x E X such that d(Af, x) <e and 

f(x) < 6. Take 6 = e. Then there is x E X such that d(M, x) < e and 

f(x) < e . Since x € F(x), we have e < d(M,x) < sup d(M,y) =
y£F(x)

f(x) < e. This contradiction proves i).

For each e > 0, there is d > 0 such that 2^)) C

Assume that d(Af, ⑦) < 6. Since x G B(M,25), we have F(x) C 

F(B(M,25)) C This shows that f(x) < 5, and so proves the

condition ii).

The condition iii) is clear by the fact that F(y) C F(x) for any 

y e F(x).
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Sufficiency. Let e > 0 be arbitrary. By the condition i), we can 

choose 6 > 0 such that f(x) > 26 whenever d(Af, x) > e. also, by 

condition ii), there 77 > 0 such that /(⑦) < 6 whenever < q.

Let y € F(B(M, 77)). Then there exists x E X such that y € F(x) 

and x) < 77. By condition iii), y G F(x) implies f(y) < f(x) < 

6 < 26. Hence, we have y G B(M, £)• Assume that y 우 B(M, e). 

Since d(M\y) > 6, we obtain f(y) > 26. This contradiction implies 

F(B(M, 77)) C B(M, 匕). Consequently, M is negatively uniformly sta

ble, and so completes the proof.

DEFINITION 3.5. A semiflow (:r,7T)is negatively backward semicon- 

tinuous if for each x E X, t E R+ and 5 > 0, there is 5 > 0 such that 

B(x,e) A F(y) / 0 whenever y G B(:rt,5).

DEFINITION 3.6. A subset M of X is said to be negatively equi

stable if for each x $ Af, there is <5 > 0 such that x g <5)).

LEMMA 3.7. If a closed subset M of X is negatively equistable, 

then it is negatively invariant.

PROOF. Assume that F(:r) 主 M for some x € M. Then there is 

y € F(x) — M, and so yt = x for some t € R+. Since M is negatively 

equistable, there is 5 > 0 such that y % 2고(B(2Vf,5)). Since x E M C 

B(Af,(5), we have

F(x)CF(B(M,5))

and

y E F(z) C 〒而 C F(B(M, <5)).

This contradiction proves the Lemma.
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THEOREM 3.8. Let a semiflow (:r, 7r) be negatively backward semi- 

continuous. A closed subset M of X equistable if and only if there is 

a function f : X -스 R+ with the following properties.

i) f(x) = 0 if and only if x E M.

ii) Fbr every 6 > 0, there is 6 > 0 such that /(⑦) < e ifd(M, x) < 

6.

iii) f(y) < /O) for y 6 F(x\

iv) For x E X and e > 0, there is 6 > 0 such that f(x) — e < f(y) 

if d(x, y) < 6.

PROOF. Necessity. For x g M, we let

/(⑦) = {r > 0 : ⑦ $ F(B(M,r))}.

In view of negative equistability of Af, we have I{x) / 0. Define a 

map f : X — R+ by

' sup I(^), x $ M.

0, x € M.\ 1

Now we will show that /(x) < c?(M, ⑦) for any x E X. Ii x E M, 

the result is clear. So we suppose that x g M. Then we have that 

r > d(M, x) implies x G B(M, r). Since x € B(Af, r) C B(M, r), we 

obtain r 生 I(a;). Hence r G I(^) implies r < d(Af, ⑦). This means that

li x Af, then / 0. If r € I(or), then /(⑦) > r > 0. Hence 

f(x) = 0 implies x € M. This proves conditon i).

For e > 0, if we take 6 = €, then the condition ii) is clear.

Let y € and x 6 M. By Lemma 3.7, we have F(x) C Af, 

and so f(y) = 0 = f(x). Choose x 우 M. Suppose that I(y) ⑦ 丁(으)• 

Then there is r € I(y) — I(x). Hence we can select 5 > 0 such that 

B(y, 5)DF(B(A4『, r)) = 0 by y € F(B(M, r)). Since a semiflow (:r, 찌 is
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negatively backward semicontinuous, there is e > 0 such that B(y, 6)0 

F(z) / 0 for any z € Since x G F(B(Af,r)), we get n

』F(B(Af, r)) / 0. Choose w € £)DF(B(M, r)). Since 0 / B(y,6)ri 

F(w) C B(이, e)DF(B(M, r)), we obtain a contradiction, and so proves 

the condition iii).

If f(x) — 匕 < f(x) for x 우 M, €： > 0, there is r € I(x) such 

that f(x) — e < r. Since x 우 F(B(M, r)), there is 5 > 0 satisfying 

B{x^ 6) Cl F(B(M, r)) = 0. Let y G B(x, 6). Since y $ F(B(M, r)), we 

have r G I(y). Hence we obtain the condition iv).

Sufficiency. Let x M and e = /(⑦). Then by condition i) we have 

e > 0. Also, by condition ii), there exists 6 > 0 such that f(y) < e/2 

for d(M,y) < 6. Now we show that x 우 F(B(Af,r)). Assume that 

x G F(B(M,r)). Then we have B(:r, 1/n) Pl F(B(M,5)) 羊 0 for each 

n 三 N. Choose yn e B(:r,l/n) D F(B(M, 6)). There is 如 € B(Af, 5) 

such that yn € F(zn). By condition iv), there is 77 > 0 such that 

f(x) — e/2 = e/2 < f(y) whenever d(x,y) < r/. Since the sequence 

(j/n) converges to :r, there is m > 0 if < rj. By condition iii),

we get e/2 < f(ym) = /(幻九) < 匕/2. Hence we obtain a contradiction. 

This completes the proof.

The author wishes to thank Prof. Chin-Ku Chu and Prof. Jong Suh 

Park for their help.
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