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Abstract. We introduce n-dimensional sine and cosine functions 
which are generalization of the usual sine and cosine functions. We 
establish the property that n-dimensional sine and cosine functions 
have.

1. Introduction
S. T. Lin and Y. Lin [1] established the n-dimensional Pythagorian 

theorem. We shall establish generalized sine and cosine functions 

sin(n):r and cos(n):r. If n = 2, sin(2):c = sin a; and cos(2):r = cos a:, 

the usual sine and cosine functions. We list some properties of n- 

dimensional sine and cosine functions in the section 4. We have graphs 

of n-dimensional sine and cosine functions for n = 2, 3, 5, 10, 20, 30, 

40, 50, 100, 200.

2. Definitions
In this section, we define simplexes, a ^-simplex or a fc-dimensional 

right triangle, the content of a simplex, and a sine (or a generalized 

sine) function of (n—1) variables in an n-dimensional Euclidean space. 

Let R be the real line, and let 7?n = {(:ri, •.. yxn) : x, € J?} be the 

n-dimensional Euclidean space.

Definition 1. A set 5 = {八 € : i = 0,1,2,m} is said to

be in general position if the set of vectors Ai — Ao, 刀2—』4(h • • •, Am—Ao 
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is linearly independent. We define a simplex A[Ao,Ai, - - - Mm] = 

{x = X) 어Ai : 乞 어 = 1, and a, > 0}, assuming that S is in general 

position. We call it the simplex spanned by the set S', and denoted 

it by often Sm instead of A [Ao, • • •, Ai is called a vertex of the 

simplex S”, and m is the dimension of it.

DEFINITION 2. Let Sm be a simplex of dimension m. A 1-simple 

A Aj] is called an edge of the simplex. If there is a vertex e(0) (in 

S) of Sm such that Z\[e(0),』4i] and 시e(0), Aj] are orthogonal (i / j, 

Ai / e(0) / Aj), then we say that Sm is a right simplex (or an 

m-dimensional right triangle).

DEFINITION 3. Let Sm = A[Ao, Al, … , Am] be an m-simplex. An 

(m—l)-simplex A[A0, Ai,. • •, (Ai), • • •, Am] is a simplex obtained from 

Sm by deleting Ai， We define the content of Sm(m = 3) as the 

volume of Sm and it will be denoted by |Sm|. The content | A [Ai, A』| 

of the 1-simplex A[Ai, A2] is the length of the simplex A[Ai, A2], 

I A [Ai, A2, A3]| is the area of the 2-simplex, and | A [Ai, A2, A3M4H 

is defined as the volume of it. Similarly, we define the content of an 

(m — l)-simplex A[A0, Ai, • • •, (Ai),..., Am] = T as the volume of T 

and we denote the content of T by |T| (see [2], for the contents).

3. TV-dimensional sine function
In this section, we define a generalized sine function sin(n)x, (n > 

3) in Definition 4.

Definition 4. In I하, we define e(0) = (0,0,...,0) € e(l) = 

(1,0,0,,0), e(2) = (0,1,0,0,... ,0),,e(n) = (0,0,... ,0,1). Let 

ai be a positive number (i = 1,2,... ,n). Define Ai = cw(i). For 

instance A± = (ai,0,0,... ,0). Let e(0) = 0. We define an angle 

우 = Z-OAiAj for the triangle 시0,八,』4j].
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We define a generalized sine function of (n —1) variables as follows:

sin(dfii, c%? • • •, (시伍), • • •, 시Gn) = (시#) = sin(o江)
= | A [0,4i,…,(Ai),...,An]|

= 으—| A [A1,A2,...,An]| —'

If an =(凶2 = • • • = otin = ⑦? then we define sin(«i) as sin(n):r = 

sin(:z:,:z:,• • •，⑦) = sin(cti). We shall show that sin(n):r = sin:r/[l + 

(n — 2) cos2 a:] 2 in Proposition 1. We need a symmetric matrix Un of 

order (n + 1).

DEFINITION 5. We define a symmetric matrix Un = (以하) as fol

lows:

Wj = o, if i = j;

= 1, if i = 1,J = 2,3,.. • ,n + 1;

= 1, if j = 1, i = 2,3,..., n + 1;

= esc2 a, if i = 2, J = 3,4,... ,n + 1;

= esc2 a, if J = 2, i = 3,4, … , n = 1;

= 2, otherwise

We prove the following lemma.

LEMMA 1. The determinant det(l『) of the matrix U = Un is equal 

to det(l『) = [(—l)n2n~1][(l + (n — 2) cos2 a)/sin2 a].
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PROOF. We can see that

det(Z7) =

0 1111 • • •

1 0 esc2 a esc2 a esc2 a • • •

1 esc2 a 0 2 2 • • •

1 esc2 a 2 0 2 • • •

1 esc2 a 2 2 0 • • •

1 esc2 a 2 2 2 • • •

0 1 1 1 1 ... 1

1 —2 esc2 a 0 0 0 … 0

1 0 0 2 2 ... 2

1 0 2 0 2 ... 2

1 0 2 2 0 ... 2

• • • • • • •

1 0 2 2 2 ... 0

0 1 111. .. 1

1 2 — 2 esc2 a 0 0 0 . .. 0

1 0 -2 0 0. .. 0

1 0 0 -2 0. .. 0
• • • • • 牛 •
• • • • • • •
• • • • • •

1 0 0 0 0. .. -2

(n —1)/2 1 0 0 0

1 2(1 —esc2 a) 0 0 0

1 0 —2 0 0

1 0 0 -2 0

• • • • •

1 0 0 0 0

1

esc2 a

2

2

2

0

0

0

0

0

-2



JV-DIMENSIONAL SINE AND COSINE FUNCTIONS 5

—2

0

0

—2

0 ...

0 ...

0

0
(n — 1)/2 1

0 0 — ... 0
1 2(1 — esc2 a)

0 0

• •
• •

0 ... -2

= [(-lf2n“1][(l + (n-2)cos;2a)/ sin2 a].

This proves the lemma.

LEMMA 2. The content | A [Ai, 소, … , AJ| of an (n — iysimplex 

A[Ai, A2,..., An] is obtained by the following [1]: det(V) 

= (—l)n2n”1[(n — 1)!]2| A [Ai, A2?..., An]|2, where V = (%) is a 

matrix of order (n + 1) defined as follows:

Vij = 0, ifi=j；

= 1, if i = 1, j = 2,3,..., n + 1;

= 1, ifj = l,i = 2,3, ...,n + l;

= I A [Ai，4j]|2, and j / 1

Lemma 3. If A[O,A1, A2,... ,AS] is a right s-simplex (A[O, Ai\ 

and A[O, Aj] are orthogonal), then, the content of the s-simplex is 
s

given by: 昌!| A [O, Ai, A2,. •. ,AS]| = fj | A [O, AJ|. We prove the 
t=i

following proposition.

PROPOSITION 1. In Rn, sin(n)a = sin(a,a,…,a) = sin(ai) = 

(sina)/[l + (n — 2) cos2 where a is an angle such that 0 < a < 

7f/2.

PROOF. Without loss of generality, we assume that a = a\2 = 

아 13 ==••• = ain- We define A = cotae(l) = (cot a, 0,0,..., 0).
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We let e(0) = 0. We can see that ZCMLe(fc) = a for the triangle 

시O, A, e(k)], fc = 2,3,..., n. Thus

sin(ai2, «i3, • • •, 으in) = sin(a, a,..., a) = sin(n)a

= | A[O,e(2),e(3),... ,e(n)]|

— | A[A,e(2),e(3),...,e(n)]|*

We see that

| A [O,e(2), e(3),..., e(n)]| = (n — 1)!, and | A [A, e(2),..., e(n)]|

= (det(@/[(—— 1)!)2])1/2.

Now we apply Lemma 1 and we obtain that sin(x,⑦,...，⑦) = 

sin:c/(l + (n — 2)cos2:r)1'2. This proves Proposition 1.

DEFINITION 6. From Proposition 1, we define the n-dimensional 

sine function sin(n)(o:) = sin(:r,:r,... ,:c) = sin:r/(l+(n-2)cos2 a:)1'2, 

for x E R- We define the n-dimensional cosine function cos(n):z: 

as sin(n)(7r/2 — :r), and a tangent function tan(n)x as tan(n)a: = 

sin(n)a;/cos(n)x. (We may call sin(n)a: the n-dimensional pure sine 

function.)

Referring to Definition 4, we have the following:

Proposition 2. In 2?n, [sin(ai)]2 + [sin(a2)]2 + -- + [sin(an)]2 = 1.

The proof of Proposition follows from the n-dimensional Pythago- 

rian theorem in [1].

4. Note
In this section, we list some elementary properties from Proposi

tion 1. We could have graphs of sin(n):r and cos(n):r, for n = 2, 3, 5, 

10, 20, 30, 40, 50, 100, and 200.
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Note.
(1) sin(n)(7r/4) = (n)1'》, n>2.

(2) sin(n)(0) = 0, sin(n)(7r/2) = 1.

(3) sin(n)x dx = ln[(n — 2)1/2 + (n — l)1/<2]/(n — 2)1'2.

(4) lim J후'2 sin(n):r dx = 0.
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