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ABSTRACT

A model is proposed for describing agreement between two raters on a
nominal categorical scale. This model has a structure of symmetry plus main-

diagonal equiprobability, which is a special case of the quasi-symmetry model.
An example is given.

1. INTRODUCTION

Suppose that two raters, A and B, separately classify each subject on an r re-

sponse categories, and let 7;; denote the probability of rating ¢ by the first rater and
rating j by the second rater. '

Cohen(1960) proposed the measure kappa describing degree of agreement be-
tween two raters defined as

L LMip = DMy T4
I — Yompmy
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where 7, = Y. 7; and 7 = 2_; Tji- The numerator of kappa is the difference
between the actual probability of agreement and the probability of chance agree-
ment that occurs if the two raters’ rating are statistically independent, and the
denominator is the maximumn possible value for this difference; also see, e.g., Bishop
et al.(1975, p395), Darroch and McClould(1986), and Agresti(1989). The kappa
equals one when there is perfect agreement (3 7;; = 1) and zero when there is sta-
tistical independence.

Because as noted in, e.g., Agresti(1989), the kappa depends on marginal distribu-
tions and the loss of information is caused by reducing {r;;} to a single number, Tan-
ner and Young(1985a), Darroch and McClould(1986), and Agresti(1988, 1989) pro-
posed modeling the structure of agreement between the raters, rather than describ-
ing it with a single summary measure. Tanner and Young(1985a) and Agresti(1988)
considered models having the structure of baseline association (null association and
uniform association, respectively) plus a main-diagonal parameter. Agresti(1989)
considered a model having the structure of symmetry plus quasi-independence with
kappa as parameter. Tanner and Young(1985b) also gave some models for ordinal
scale disagreement.

For classification of subject h by rater a, let Prat denote the probability that
the rating is in category ¢. In a population of S subjects , if one assumes (i) that
classifications are made independently in the sense that ;= STy, Ph1iPr2j, and
(i1) that {ppa,} satisfies the condition of no three-factor interaction, then Darroch
and McClould(1986) showed that {mi;} satisfies the quasi-symmetry model. In this
sense, reasonable models for agreement should be special case of the quasi-symmetry
model,

Ty = a;bjei;  where ¢;; = cj; for all ¢z and j.

(Also see Agresti 1988 and 1989.) Since Tanner and Young’s(1985a) model and
Agresti’s(1988, 1989) models described above are special cases of the quasi-symmetry
model, in this sense, these would be reasonable models for agreement.

The purpose of this note is to propose the other model for describing agreement.
The model is also a special case of the quasi-symmetry model.

2. AN AGREEMENT MODEL

For the setting described in Section 1. consider now an agreement model defined
as



AGREEMENT MODEL OF SYMMETRY PLUS DIAGONAL EQUIPROBABILITY
QS,']' fOI‘ ) ;é j,
Ty =
) for 1 = 3, (2.1)
where ¢;; = ¢;;. This is a model having the structure of symmetry plus main-

diagonal equiprobability(SDEP model). The generalization of this model in which
the & is replaced by é; is the usual symmetry model. The SDEP model is also a
special case of the quasi-symmetry model. Also the SDEP model is equivalent to
the symmetry model plus the condition that

i _ Ty for ¢ # 3.

i s

In addition, since the SDEP model implies the marginal homogeneity, under the
SDEP model the probability that rater A assigns a subject to category 7 is equal to
the probability that rater B assigns the subject to category .

By the way, the parameter § in the SDEP model may be replaced by kappa
parameter and marginal probabilities as follows:

¢ij fOI‘ Z # _]
T = r

(rc+(1—n)¥7rf)/r fori =7 (2.2)

where ¢;; = ¢;; and 7; = myy = 74;. When the SDEP model holds, £=0 is equiva-
lent to the condition that the probability that the two raters agree (3_ =) is equal
to the probability of chance agreement that occurs if the ratings are statistically in-
dependent (3 7?), and x=1 is equivalent to perfect agreement. In particular, when
r=3, model (2.2) with k=0 depends only on the marginal probabilities, namely it
can be expressed as

(1—6)/2—m, forifji#thkj#k i=1237=123k=1,23
Ty =
o fori =3, :=1,2,3 (2.3)

where 6* = (n + 72 + 72)/3 and m; = 7y = 74 It is easily seen that k=0 under
this model. Namely this model has the structure of symmery plus main-diagonal
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equiprobability plus x=0.

3. FITTING THE MODEL

For a sample of n subjects classified by the raters, let {p;;} denote sample pro-
portional estimates of {m;;}. Assuming a multinomial distribution for cell counts
{np;;}, the maximum likelihood (ML) estimates of {r;} under the SDEP model are
given by .

(pij +p;i)/2  fori#j

(Zptt)/r fori =7
t=1

Also the ML estimates of {7;;} under the SDEP model with k=0 applied to the data
in Table 1 can be obtained by solving the likelihood equations using the Newton-
Raphson method (though the detail is omitted.)

The number of degrees of freedom (df) for testing the goodness-of-fit of the SDEP
model is (r — 1)(r + 2)/2.

4. AN EXAMPLE

The data in Table 1 taken directly from Bishop et al.(1975, p397) are based on
two supervisors who were asked to rate independently the classroom styles of 72
student teachers as authoritarian, democratic, or permissive. Agresti(1989) fitted a
model having the structure of symmetry plus quasi-independence with kappa as pa-
rameter (SQI model) to these data and gave Pearson’s chi-squared statistic x*=7.7
based on df=5. Now the SDEP model proposed here fits the data in Table 1 well,
yielding x2=4.3(P ~ 0.5) and likelihood-ratio statistic G*=5.5 (P = 0.4) based on
df=5. Since the x? value for the SDEP model is less than that for the SQI model
with the same number of df, we woud prefer the SDEP model to the SQI model for
the data in Table 1. In addition, under the SQI model the ML estimate of x is &
=0.37 (from Agresti 1989), and under the SDEP model it is £=0.370, and also the
estimate of k calculated directly from {p;;} is £=0.362 (from Bishop et al. 1975,
p.396). Therefore we see that these three estimated s are quite close.
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For testing the hypothesis that k=0 under the assumption that the SDEP model
holds true, the difference between the G? values for the SDEP model with k=0
[i.e., (2.3)] and the SDEP model is 21.9-5.5=16.4 (P < 0.001) based on df=6-5=1.
Therefore this value is statistically highly significant. Thus we see the strong effect
of kappa parameter in the SDEP model with form (2.2), namely the strong evidence
of a difference between the probability that the two supervisors agree and the prob-
ability of chance agreement that occurs if the two raters’ ratings are statistically
independent. [Note that the SDEP model with k=0 fits the data in Table 1 very
poorly, yielding G?*=21.9 (P ~ 0.001) based on df=6.]

Since the SDEP model is a special case of the quasi-symmetry model, we shall
apply the quasi-symmetry model to the data in Table 1. Then this model has
G?=3.1 (P > 0.05) based on df=1. For testing the hypothesis that the SDEP model
holds under the assumption that the quasi-symmetry model holds true, the differ-
ence beteween the G? values for the SDEP model and the quasi-symmetry model is
2.4 (P > 0.6) based on 5-1=4 df. Therefore this hypothesis is accepted and hence
the SDEP model is preferable to the quasi-symmetry model for these data.

5. REMARKS

The SDEP model proposed here should be applied for nominal-scale agreement
because it is invariant under arbitrary permutation of the categories applied to both
rows and columns of the square table displaying joint ratings of the two raters. Also
the SDEP model has positive feature as follows: (i) it is unsaturated on the main
diagonal, and (ii) it is a quasi-symmetry model.

6. NOTE

The purpose of this paper is to describe the agreement model when the number
of raters is two. However, the readers may also be interseted to discuss it when the
number of raters is greater than two.

Suppose that three raters classify each subject on an v response categories, and
let 7,;. denote the probability of rating 2 by the first rater, rating j by the second
rater and rating A by the third rater. Bishop et al. (1975, p.301) describés the
model of symmetry for the v x 4 x v contingency table. Using it we can extend
model (2.1) into the case where the number of raters is three, as follows:

¢ foriFjorj#Fkori#k
Tijk =

o fori=3=4%k
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(6.1)

where @ik = Gir; = Djik = djki = Prij = drji. However, it seems difficult to give the
suitable interpretation of model (6.1), and to express model (6.1) using kappas for
many raters, given by Fleiss(1971) and Conger(1980). [See Fleiss(1971) and Con-
ger(1980) for the details of kappas for many raters.] In addition, we now do not get
the suitable data for applying model (6.1). Finally, note that model (6.1) could also
be extended into the case where the number of raters is greater than three, although
the details are omitted.
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Table 1.  Student teachers rated by supervisors
Rating Rating by Supervisor 2
by Total
Supervisor 1 | Authoritarian Democratic Permissive
17 4 8 29
Authoritarian
(14.0) (4.5) (9.0)
) 12 0 17
Dermocratic
(4.5) (14.0) (1.5)
10 3 13 26
Permissive
(9.0) (1.5) (14.0)
Total 32 19 21 72
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Note : Parenthesized values are estimated expected frequencies for the SDEP model.



