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ABSTRACT

This paper provides a method of obtaining a lower bound on the probability
of correct selection for a two-stage selection procedure. The resulting lower bound
sharpens that by Tamhane and Bechhofer(1979) for the normal means problem with
a common known variance. The design constants associated with the lower bound
are computed and the results of the performance comparisons are given.

1. INTRODUCTION

Let 7y, ..., 7 denote normal populations with unknown means 6;,...,60; and a com-
mon known variance o2 > 0, and let ) < --- < 0y denote the ordered 6;’s where the
correct pairing between 6; and 0 are unknown. For selecting the population associated
with 6}z, which is often regarded as the best population, Bechhofer(1954) introduced the
so-called indifference-zone approach which requires the probability of correct selection(CS)
of a selection procedure R to satisfy

Py {CS|R} > p* for all 8 € Q(8"), (1.1)
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where
Q6") = {(01,- -, 0k) | Oy — O—1) 2 67},

and p*(1/k < p* < 1) and &* > 0 are pre-specified numbers.

Alam(1970) and Tamhane and Bechhofer(1977,1979) studied the following two-stage
elimination type selection procedure, which uses Gupta’s(1965) and Bechhofer’s(1954) at
the first and the second stage, respectively :

(stage 1) Take kn independent observations Xj; from 7;(1 = 1,...,k;
j=1,...,n) and determine a subset I of {1,2,...,k} by

— ;1 x® () _
I={i|X" > lrg]z_mspiX] da/\/n}, (1.2)

where )_(i(l) = ZX,-j/n is the sample mean and d > 0 is a design constant to be deter-
o=l

mined. If I has only one element, then stop sampling and assert the population associated

with max; ;< X](-1 as the best. If T has more than one element, then proceed to the sec-

ond stage.

(stage 2) Take m additional indepenent observations X;.11,..., Xinym only from
each of the populations ;,7 € I retained at the first stage. Then assert the population

n+m
associated with max;es Z Xi;/(n 4+ m) as the best.
J=1

The design constants n,m and d in this two-stage procedure should be chosen so as to
satisfy the probability requirement (1.1). Tamhane and Bechhofer(1977,1979) found easily
calculable, but conservative lower bounds on the probability of correct selection(PCS) in
(1.1). Lee(1990) extended the result to a general class of distributions. Recently, Bhandari
and Chaudhuri(1987) and Sehr(1988) have shown that the minimun PCS is attained when
the means are at the slippage configuration 8 = ... = Oy = Oy — 6™

As Tamhane and Bechhofer(1979) pointed out, their result is, however, only of the-
oretical interest since the computation of the exact PCS at the slippage configuration is
extremely difficult and costly due to the randomness of the index set I in (1.2). This pa-
per describes a method of obtaining an easily calculable lower bound on the PCS, which
is sharper than that by Tamhane and Bechhofer(1979). The method is, as it is clear from
the description, easily adaptable to general location parameters selection problem.
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2. A LOWER BOUND ON THE PCS

The idea of obtaining a lower bound on the PCS is to enlarging the random set I in
(1.2) to other sets of indices. To describe it more precisely, the following notations are
needed ;

Zij=Xij—0:;, ZMN =X _9,, 7, = X; - 0;, (2.1)
n+m
where X; = Z Xi;/(n 4+ m), i.e., the over-all sample mean. Further let us consider the

7=1
sets of indices defined by
J={IXY > X)) — do/vn,i # (K]} (2.2)

and
Jo={ilZ") 2 Zig) + & — do//u,i # K]}, (23)

where X[(,:]) is the statistic associated with ).

Then the key idea is the observation of the following inclusion relations from (1.2), (2.1),
(2.2) and (2.3) ;
I'cJu{[k} c J, U {[k]}. (2.4)

Using this relations, we obtain in the next theorem the following lower bound LB(6*)
on the PCS ;

) = (71 [0 [ d s nmr
<@ @ 4 VB~ d)d(z.3lp), (25)

where I(z,y,d,6*,n,m) in the integrand is given by

Dy(z + Vné* fo +d,y + Vn+ m & /alp)
—@y(z + V"o — d,y + vV + m 8 [alp) (2.6)

with p = (n/(n + m))!/2, @ and ®4(-,-|p) denoting the cumulative distribution func-
tions of standard univariate normal distribution and bivariate normal distribution with
correlation p, respectively.

Theorem 1. For the two-stage selection procedure in Section 1, we have for all § € Q(6*)

P {CS} = LB(67),
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where LB(6*) is given by (2.5) and (2.6).

Proof. It follows from (2.1) and (2.2) that, for all § € Q(8*), i.e., Oy — Op—y) = 67,

{Z[(;]) + 6% > maXizk Z[(i;) +do/\/n} U
{Z[(kl]) -+ & Z maxX;£k Z[(ﬁ) — dO’/\/’E, Z[k] + & 2 maXi;eJ, Z,}

C {X[(,}}) 2 maxX;xx X[(j) + dcr/ﬁ} U
{)_([(L}]) > maXixk X[(i}) — do/\/n, Xpy > maxiegoquy Xi}
C {Xr[(]:]) > maX;zg X[(i}) + dO’/\/ﬁ} U

{X[(,:]) > maX;zi X[(j) —do/\/n, X[k] > maxier X:}-

Furthermore the event on the bottom clearly implies the correct selection, and the
event on the top obviously includes the following event :

{Z[(kl]) + 6 > maX;+ Z[(i}) + dO‘/\/ﬁ} U
{max;4 Z[%) + do/\/n > Z[(,:]) + 6" > max;zk Z_'[(i}) —do[\/n,
Zj + 6 > maxey, Z}. (2.7)

Therefore we have
Py{CS} > LB(§)
for all 8 € Q(6").

Note that (\/EZ}I)/O’, vn+mZ;/o)(i = 1,..., k) have independent bivariate standard
normal distributions with correlation p = (n/(n 4+ m))!/2. Hence the probability P{E} of
the event E in (2.7) can be written as LB(6*) in (2.5). This completes the proof.

Tamhane and Bechhofer(1979) provided the following lower bound
LBTB((S*) on the PCS 3

LBrg(8)
_ /_ /_ O a + VA [0+ dy + VAF mE [olp)dRa(e,y|p), (o)

with p = (n/(n + m))Y/2. The fact that the lower bound LB(6) in (2.5) is sharper than
LBrp(6*) in (2.8) can be shown as follows ;
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LBrg(67) = P{Z[(Q]) + 6" > maXixzk Z[(j) ~da/+\/n, Z[k] + & > maxizk Z)}
= P{Z[(kl]) + 6> maxX;# Z[(I}) + dO’/\/’r_l, Z[k] + 6 > maX;xk Z[,}}
+P{maxi¢k Z[%) + dd{\/ﬁ > Z[(,:]) + 6 > _rnax,-# Z[(i}) — dO’/\/ﬁ,
Zpg + 6" > maxizr Z}
< P{Z[(kl]) + 6 > max,zk Z[(‘}) +do/+/n}
+P{maxi¢k Z[(i}) + dO’/\_/‘;L_ > Z[(kl]) + 6 > m_ax,-;ek Z[(:}) - dU/\/T_‘L_,
Zi) + &% > maxies, Zi}
= LB(6*).

3. DESIGN CONSTANTS AND RESULTS OF
PERFORMANCE COMPARISON

For the implementation of the two-stage selection procedure, Tamhane and Bech-
hofer(1977) proposed the following R-minimax criterion to determine the design constants
n,m and d : subject to the probability requirement (1.1),

minimize sup FEy{TSS|R}, (3.1)
eQ(8*)

where TSS denotes the total sample size. They proved that the maximum of E¢{TSS|R}
for 0 € Q(6*) is given as follows :
kn + m[/“’ (OF1(z + V6" o + d) — Oz + V/ab" [0 — d)}dD(=)
+(k—=1) /°° (85 (c + d)0(z — Vab"[o + d) — @*2(z — d)
x®(z — Vis"/o ~ d)}de(x)|,  (31)

which occurs when O = -+ = O_1) = ) — o*.
Then their design constants were given as the solutions of the optimization problem :

minimize (3.1) subject to LBrg(6™) = p*.
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Following Tamhane and Bechhofer(1977), we solve the following optimization problem

minimize (3.1) subject to LB(§*) > p~, (3.2)

where LB(67) is given by (2.5) and (2.6). It should be noted that the expressions (2.5),
(2.6) and (3.1) depend on n,m and d only through

c1 = /né*jo, c; = Vmé* /o, d. (3.3)

Table 1 gives the design constants c1,¢; and d, i.e., the solutions of the optimization
problem (3.2) for k = 2(1)10,15,20,25 and p* = .99,.95,.90. The optimization problem
(3.2) was solved numerically by the SUMT algorithm of Fiacco and McCormick(1968).
In searching for optimal solutions, the design constants of Tamhane and Bechhofer(1979)
were used as initial values. The computation of the integrals involved was done by Gauss-
Hermite quadrature for k£ < 7 and by Monte Carlo method for k£ > 7.

Table 1. Design Constants by Criterion (3.2)
p* k| o c; d k a c d

0.99 2.253 2.748 1.288 3.055 2.881 1.186
0.95 [2 11.619 1962 1.071 |8 [2.306 2.595 1.237
0.90 1.260 1.551 0.985 1.987 2.250 1.260

0.99 2.783 2398 1.073 3.063 2.968 1.215
0.95 {3 2.107 1.696 1.045 {9 |2.229 2.667 1.243
0.90 1.661 1.517 1.158 2.021 2.362 1.222

0.99 2.857 2496 1.166 3.069 3.043 1.240
0.95 |4 12.113 2.040 1.370 |10]2.350 2.694 1.310
0.90 1.793  1.741 1.150 2.031 2443 1.258

0.99 2.941 2,630 1.139 3.142 3.282 1.261
0.95 15 |2.190 2.231 1.228 {15|2.474 2.869 1.303
0.90 1.844 2.033 1.170 2.137 2.751 1.238

0.99 2973 27789 1.127 3.157 3.375 1.392
0.95 16 |2.243 2355 1.214 [20]2.498 3.109 1.357
0.90 1.880 2.069 1.328 2.148 2.901 1.361

0.99 3.016 2.831 1.176 3.226 3.547 1.313
0.95 |7 12279 2481 1.232 |25/2.531 3.302 1.361
0.90 1.933 2.176 1.282 2.235 3.071 1.290
As by-products of this optimization problem, we can get the values of
maxgeqs) Lg{TSS} for the design constants so obtained. Table 2 compares these val-
ues according to the lower bounds LB(6") and LBrg(6*) used to satisfy the probabil-
ity requirement (1.1). It should be noted that the values in Table 2 are the values of
(6*/0)? maxgeqs+) Eo{TSS} due to the reparametrization (3.3).

Table 2. The Maximum of the Expected Total Sample Size



A Lower Bound on the Probability of Correct Selection

p* |k | LB(6*) LBrg(6*) k |} LB(6*) LBrg(6*)
0.99 13.80 13.82 81.55 83.49
095 |2 7.71 7.78 | 8 54.86 56.09
0.90 4.94 5.03 43.20 44.47
0.99 25.05 26.08 93.32 95.55
095 |3 15.42 16.20 9 63.21 64.57
0.90 10.84 12.32 49.92 51.39
0.99 35.87 36.80 104.60 107.09
095 |4 23.08 23.75 |10 71.11 73.00
0.90 16.93 18.19 56.76 58.42
0.99 47.15 48.19 163.90 168.64
095 |5 30.71 3154 |15 114.30 116.89
0.90 23.63 24.51 92.37 94.38
0.99 58.49 59.99 223.61 226.82
0.95 |6 38.66 39.70 |20 158.64 162.01
0.90 30.13 31.14 128.80 132.78
0.99 70.06 71.50 286.80 293.80
095 |7 46.67 4780 |25 203.75 206.80
0.90 36.52 37.86 166.32 170.25

It can be observed from Table 2 that the savings in supgeqs+) £e{TSS} by LB(6*)
are not much. It should be, however, noted that the savings are in the units of (6*/c)2.
This means that when 6*/c is small the savings can be substantial.

Finally, it should be remarked that the method of obtaining the lower bound LB(6*) in
(2.5) only requires the location parameter setting. Thus the idea can be adopted for similar
problems. In particular, the same method can be applied to the two-stage procedure of
Gupta and Kim(1984) for the normal means problem with unknown common variance. Of
course the difficulty of computing the resulting lower bound remains and it needs further
research to get the design constants for the resulting procedures.
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