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A Linear Out-of-plane-deformable
Curved Beam Element
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Abstract

A C’-continuous isoparametric shape function introduces spurious constraints in each energy
mode of out-of-plane-deformable curved beam, which has two persistent energy modes and one
deciduous energy mode, while in the in-plane-deformable curved beam certain spurious con-
straints are introduced only in the two deciduous energy modes. Hence the out-of-plane-
deformable curved beam may be a good test model to show the usefulness of the concept of
deciduous energy and persistent energy. In this paper, the error-introducing process is explained
by using the concept, which shows that the main source of error in displacement due to spurious
constraints is the spurious constraint contained in deciduous energy. Additionlly, a new out-of-
plane-deformable element is presented, which are free from spurious constraints.
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Fig. 1 Out-of-plane deformable curved beam
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Fig. 2 Nodal variables of a typical linear curved
beam element
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Fig. 3 Nearly-straight cantilevered curved beam
model of length(L) with thickness(d) ; E=
2.1x10"° N/m? v=0.3, K=8/9

A etetz o] AARH FA6l AAE o
YAE A44 dlviAztn @ & £old A3
2 e FAvelAE, TUEY oA wE
by oAl 44 Azt Hx, WAy
A7 R iRl AL, o374 o
of ek oA ol AL, o §
Bel 3ol Agau ol Ak dFol A8
W oEA TUEYs ELRYE P 5
W, TAL FA} oS Abe Aol ARy
e AeAA "ok olziE A4A oA v
4 olyxlg Fe| rbeheh,

A4 % G iR A olgad 7
QErtd el M £l g 243 o] Ao,
o WAl 2ol Hgsto] Eoh o $isjel
Fig. 32 2¢, Ae AL (Aol Lol 7rte
A (Rol g & 798 FAw)ol de nag
o,

(1) ARl AR e T e AQu

of A%e we oux TEE FYHY ouA
s Ay oAt EARHL AR wel
WY oAl e Rk,

M= [ EL(w, 9%as

LKGA , \ .
+ l 25 (— w4V, s @i0)

9 A (10)% Aol 2/ 2452 FTY A9 o
Uz Uxg o] &3t ¥

Mas= [ £

KGA e B yz
+[ 5 (@—b)*+3-(b)*dS (1)

=—(&)%dS

oAl e} FA} AE A YA
&4 oA (T

o ek,
AUA (A s o)A A%



"9 Aol e HH FAue] 4Y fas 423

g ojiA)el Aol AdAE Qe R,
AQDIA B2 iR AYTFEL 00 sz
A4Pgarol @A Ak of FeelAE FEHY of
UAE ol AekA Wgenz g4 A44 o
Yol o} Qlelek @k zelub T4l o
@ 924 UAE JAE Fob Qo] whA A4A
AUAAY ASSA ek & AT, AdT4ol
dgal Rl Yt wAA AL A4A oy
Aol FFIA e Aeldh webd AL B
3} 2o Agek,

Mo [ EL a0+ KA Lyas 12)
webd 29A4e [KGAP/GED ] 43 39
A 9e ¢ 4 9

o] Yade]l AAR A4 By (V)L
TUARA wlesleg 23 e JAAL £
4 e

Vnumeric = EI ( 13)
Vineory EI ( 1+4gs }

oA 714 ge=KGA/[*/ (3EI)°|t}, .

FhAd 4ol o3 w98 2315 otoln ] 93}
A go) dg U Dude) del wshed BEH pe
2 22 = (error norm) & A &} ghel,

Es(V)=Log(gs)

=2Log(//d) +Const. (14)
«7}4 Const. = Log(—ﬁ%)ﬂ 2, A SE
‘_I:]-7}.Aé -‘,‘L./!-_.Q_ o u] 'Q}f»}

(2) Afdold w5 2oleE B
SR

o] A% F9 2aEdl g WY AL sich
3 ARE, el Wy oluAE o3 o

7he

fr

~¥+V,s)dS
L
+ [ S(wds (15)

A5 E 499 oz dEg o]Eild F#3}
=
Hor'—-/ @{(m

&o)? + bx 3dS

+ [ Sievas a6

of B3, o A% S AAA T ARAY o
W7 B2y oliAs} ez

Hor— KGA (lll—bo) 2dS+./(:L—2Q{(cl)2
+1{—%AL (b3S a7

3 7ol A2 + d=h AUNAAM (KGA/C)&
Agol dal 94¥ el W3,

oo (as d=>0) (18)
7 o] Hlnz ¥o| o] FAF4E (
BA4E) AT Eod o 2 EJ A F71
¢ 4 4 Ut 2y h(EA o3 A9
94 HYEP Y He, T ZEZ} 002z
(%, —¥.+0/R=00l22) A (5)24H bl—
=@/Rz FdHch weby ZF uirdo] mS
(R=> ) AAEME h=0022 A Y TS
o g vERFGFIY Zl9E A ", =
A A Aduel A9 6] EY ZE ol vl
wj ¢ Zovint 73 ZHlEsL EA3hd, A FA
T 4 e #oln AsbF TSl 3w ERR
Ao Frle= vl d Aol

gt o] gAabo] AAG AA BB Y AfFrltollA
M EYZ4 ()L vIEY EulEo] wHEnz A&
o] dl UY = Mol whde o3 F2 I
AL & 5 s

@numerz‘c = C

Doy  C(1+g6) (19)
A Qo g=SGALG)_BRE(B" )

AGTFEl P WS 24 Lohusl Ay

thg3 e 2 A& = (error norm) & A o] go},
Es(®)=Log(g) (20)
714 AAA Se Adt4TFEE on)d,
(3) FE WAl #TT FAR
of A+ AAAFAIAID+ A1), 22

Y 4 (9% Sl et 2o TR,
M=Ts+11.+1Ir )]
o 7] A
5= [1/2KGA( (@i b2+ (17/3) (8)dS (21)



424 A8e - HYF - A4

(23)

olef, 421 ~4(23)lA4 LEA FE2 2.2 Hol
A AEE uist Zbo] ATS o3 wA" A
A 2] F ol e},

ol 7% 2HA oviA A&A oixle A
< AHEEE, ®EHA AvA (M) 7HA iR+
A&A A (e el Frslz(94714 IIs
8 MY AE o1 f9 vl2 vrolA T4 IIr
o ¥RHctz sHA¥S aEE L+H=10
), AFA dvA g 7Y A EL 27 A

%4 ouxel iz ARHE webd A (21)
~4(23) & et o] BT 4 e,
= [ “1/2KGA (21— bo)?dS (24)

A @)t AOANN frush fork ASA ol
A8 IR Folu, gust gt DA ol
Azie GFA AdeliAzd 48 B TA
sol dated The3} Rk,

f - 12(01)2 (27)
P 3R (bi—a/R)
f — lz(bl)2 (28)
Pre 3R2(C1'+bo/R)
_ _KGAZE(bh)? _ 8Ka?l%(b)?
&= 3EI(bi—co/R)? 301+ 1) d*(bi— co/R)?
(29)

2 72 2 272 2

= 3C (e BT TR 0
a2a2 A (25)9 A(26)o24E =y oz
o ZHeiRE TR 9 vER RS FAl
FHAZIH, AEA MRS FHgvA F FY
M AE FRZ4AE 282 v EY IR
€ UERAAEE 47 F/AE o] e
=2 AN ~AB0)NA e vk} o), 33 &
49 aziet FE Aol et Y g
gat B2 FAdx oEdte Wb, feuS fors
A F@ddeh, weby FAsE ZFagel weky

g

A&4 Uz el d F4F7H 9
Ste fie b, 234 A9 AH4evRe] 9
¥ AL AT Aoz &,

azy FE e FAG 249 avlse @
2 A @)elA RE uis} o] WY ES Hehol A
A BAHEE FE e Fzol T w2 249
A% ABAA Al T@Ech, oz
£ =EAE 849 arish S AA7Y 34
Z7kol B Aol FEAAL,

24 HY 3 g485

FA o FHTFEol At 2xp7t LA oA
steim, ZHTEe] s d=g% wWAYsE
ZHA ok &}, ol & AMAMe YR WYl
23" W52, ¥ FHFel J7 E AT
LY A5 d@gAe] Hxs spgsleop ok
wetA] A 84l E,
A E dso,

Vs=ao+ art

Ts=by (31)
TG Foll 3},

Us=bot+ ut

®s=co (32)
v S Y ol Fo,

Or=cot+ 1t

Ur=bo (33)
9} zo] shA = ofof ek, AZA ¥, 0 Y Fre
NTEE AR A8 AFHeR Agde 9
AY4E £4¢ +4 wAPFolh,
HMARSFE A% 2ol AAT A%, ool el
YA+,
I/S, wB’ @TO‘] BH%}Oq,

M=(1-8)/2

No=(148)/2 (34)

st gl FolAw, U, 0, Frol ol 23
e YU 4 Y4948 200 "ok,
Ni=(e)s i=1,2 (35)

A71A 3AA v AA H3ola (&)
=

2z Vs, s 0:98 RSt T, Ds, Ure =
f2& golshmz, oF YAAA 77 Aae,
e ol Ha 5L o] 43 Y4

Aol



LCRL DIEER
48 744 94 $4olz ALt

Pe= " (Ni— N)%de
P _, for i=1,2 (36)
dlen):
9 A6 2z¥H g 47 Y4U4E dE
22
N=N=1/2 37

3. x| &8 % AHE

g

3.1 FMHo 7t JUE

E HolAdr &4 oz g A& oizel
238 TS 3 exte] AFE AR
ek, 2.3"eA AFT =5 (Fig 3)el =3l
HAFEel A AAFY LaASFEE A
A (A9 AFE AL F B4 Fohe
2.3"elA] Anig ule} 2ol 849 Zol(20)9 B
9] A (d)ol 9eduz ;AR 2y FAE d=
0.1m2 AL = 2o 2438 4(Neh)E
Z7}4)7) (Nel=1,2,3,4,5 or /=10, 5, 10/3, 2.5,
2.0, B¢ ;mol] BE 2559, EA L4FE
45 22 3AANZE o FAE WA (d=
0.01, 0.032, 0.1, 0.32, 1.0, =&l :m)el] u}-&
2AEEE AN T FAHY AFTE A
Edc}

1) AfealA Aty &

g8 TAR

o] 7%-9 2.349 (1)golA v EHEY oz
€ 0olgln AAFgemE oA F oA RE
o 23E sMATEo] 97 AAFY A=E A
EZ) olE H3lH,

@ 7HAdF4o] AY 2A8A ¥& A+ (MM)

@ 3 sHTFEute] 2% A% (MO

@ At A TEate] EAE A4 (CM)

@ T3 TS A TS0 EAlEe

734 (CC)

9} e 7 Afo dEted A APYE A3,
a ZA#E Fig. 49} Fig. boll =A%, ¢ 24 4
& 2 odvA oo 4 JATF = F54
PFAGEE g ALFdez A 54 Ao 753
A = § @ Zeo] At TEule] EAA
7] YslAE, Ak oluAldnt T4 FAJ

B, AR e

B 2AuY AY FYLL 425

1)
Moo s O

.
©
K - MM
a
H -©- MC
g
> = CM
s
a t— —= cC
=

o B Lo -
\
-

%3 04 05 06 07 08 09 1
Log(half length of olement)

Fig. 4 Error norms with respect to half-element-
length of the nearly-straight beam subjected to
shear force at the free end

-1)

2
5 - MM
g 0 - MC
; -6& CM
3

-8 Y S S SR SR
-2 -18 -8 -1.4 -12 -1 -08 -08 -04 -02 O
Log( thickness (d)]

Fig. 5 Error norms with respect to thickness of the
nearly-straight beam subjected to shear force
at the free end

4% AE oA U 2eol dsdE 4
A YAg4E Assd D,

98] Fig. 49 Fig. 5ol 4 2% wheh o], CC3
CM 7349 ea&ss A 23 MM, MC A%
o eAEESt AY e AL veld, wHA
oAiA (AR oliA)el 4D A4TE(RD
AQFE) A G LA}, NS4 A6l T
ATFE(F AT dE LR WA 2

o wetd o) A% B4 A4 F2 A
AYTEol S8l AMEE & 4 ek
29 CMe| 2AZxd 71871%, 4034

A& vhe o] a9 Aol @Dl ko] o 2
7} 9g, 2gn 1e $ADA B ok —27
3¢ %9 ¢ 4 9
(2) Afwold NEY RAES DE,
Ak A% FAN

2 A ¥o|



426

A8 FUF - AeA4 - 0S5

Table 1 Twisting angle at the free end when half-element-length of the curved beam varies, which is
subjected to twisting moment at the free end (unit : rad)

Nel / MMM MMC MCM CMM CCC

1 10.000 ~0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3

2 5.0000 -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3

3 3.3333 -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3

4 2.5000 -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3

5 2.0000 -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3 | -0.25222E-3

Table 2 Twisting angle at the free end when thickness of the curved beam varies, which is subjected to
twisting moment at the free end (unit : rad)

d Theory® MMM MMC MCM CMM CCC
0.010 | -0.25222E+1 | -0.25222E+1 | -0.25222E+1 | -0.25222E+1 | -0.25222E+1 | -0.25222E+1
0.032 | -0.24054E—1 { -0.24054E—1 | -0.24054E~1 | -0.24054E—1 | -0.24054E—1 | -0.24054E—1
0.100 | -0.25222E—3 | -0.25222E—3 | -0.25222E—3 | -0.25222E—3 | -0.25222E—3 | -0.25222E—3
0.320 | -0.24054E—5 | -0.24054E—5 | -0.24054E—5 | -0.24054E—5 | -0.24054E—5 | -0.24054E—5
1.000 | -0.25222E~7 | -0.25222E—7 | -0.25222E—7 | -0.25222E—7 | -0.25222E—7 | -0.25222E—7

of A% 2.389 %ol TYEAEE 0l
2 Asgenzs veix § olix 2E (A
g oluixsh MERAY U)ol ZYY YT
4ol o3 #437he HEE AR A,

@ H4FEo] AY EARA e ASMM)

@ ¥15d FHIFEL] ERY A MO)

® A HFE] EAE AF(CM)

@ WEY ATFET A ATl EARE

74$-(CO)
s e 7 Avel Bated [ Y g9 Wshel wE
2 AYE 445, 2 ZA7E Table 13 Table
200 AeAReh. A 7 A Sl FAL Y
Hez 44 F4Y4 Bb T44 Y4UFE o)
G AggozA 42 Age] usie,

o] 739, Table 13} Table 20jl4 2 nulg} 7
of HF4el & LAE A9 grkz ¥ 4 9
ohoole 238014 & vhst ol F& wrel
e AN AR SHIFEo] o FAFAE FA
¢ A=z W$ 27 WEelsh

32 ZE uZo| |EE TML
2.389 (DFF QoA HAY 2AEEE
2% U7 EAT AL (HAR) ] diste] A
satgl o), TARS o] 3% oURs} EAE

Aol odls 2AXEE YUY PAoz Ao
sd 2 elolsh YU 92 Bech shks,
AUz mre Aol DAl LAZEE 54
ATl % EAY F4Z7 AEE el
7 dgoleh, webd & AolHE FUT TF 2
Ae 7E AL o] FAFAEAL 24
7 $5ke Afdel WAL P o TAL
(Fig. 6)o] s 3.18el s ol : A U4 ¥
A(d=0.1m)ol Hato] 24£2% +(NehE %7}
A7 (Nel=1,2,3,4,56] =& 438 A%,
54 ¥ 2438 £Nel=4)2 vd3g T4
2ol FAE 9347 (d=0.01, 0.032, 0.1, 0.32,

Fig. 6 Cantilevered curved beam model with thick-
neess(d) and opening angle (§=x/2) ; E=
2.1X10"N/m? v=0.3, K=8/9



e Wye] 753 ¥4

1.0, Zim)ell =L FAHY AsS HAEI
ol HAY FAHE AFAMd HHE A8
k.,

7 oA meof TR M TSN A7 A4
F7H A=& AE] A8,

@ 7H4F4ol A8 EAA g€ %45 (MMM)

@ vIEd HTFELe] AT A$(MMC)

® ¥ HTFEE EAE A+ MCM)

@ A FHF4ate] EAF AS(CMM)

® ZE oA m=df H4TFEE] A

73+-(CCO)

st &L 7 Aol st #3 AYE AAF A,
2 3% Fig. 73 Fig. 8ol =A%k H9) 7 A
F= dAANA T ez £ FAYs
Ex 747 45T MY A8¥2E2H 43
Ayo] 7b53}eh

Z, A oA (A ARt SHgTF
o] EAEA FHeid (CMMe #$) T8y E

5
al
~ a} /
I.. & MMM
%2t A MMC
g ©- MCM
th 1+ ¢ CMM
§ —+ ccc
F o0
§
- ) L " . . \ L
%.4 06 068 07 08 089 1 11 12
Log(half length of element)
(a) Deflection (V)
4
_ 3 /
-
' -
7“_ 2r 8- Mum
H - MM
.5 1t -9 MCM
.‘:“ € CMM
‘: o . —+ oco
g
.0

D4 05 o6 o7 o8 09
Log(half length of element)
(b) Twisting angle(®)

Fig. 7 Error norms with respect to half-element-

length of the curved beam subjected to shear
force at the free end

TR AY Frtss 427

o 09 BIEYHYES) ol D) +H Y4
4% A8t Ueld WS dsAE 4
YAGSE Ao "o o] AL BAZAE
2.3%049 Ze wyoz HuE 4 A I,
CMMe) 24 wi@e ALE #A$e AA ouxA
Hass A1), 4@, 4O 2 AB)~4(33)9
44 W9A4E Aol

Mo [ (KGA/2){(ai—bo)*+(1%/3) (b)}dS

+ [ (E1/2) (b~ 20/ R)?dS
+ [((c/2) (t bo/R) %S (39)

z E8s9, $ 4699 YA A i
AQAIAE A4 oA (TYEY oA %
EQEY olyA)ol THEAA Hol AFHesw
g3 ol EHA o = (@38 VEA ¥
2ol A4oluAsl FHRY ol wEYRY

-1)

B MMM
2r A MMC
-©- MCM
i 3 CMM
—+ coe

Loa({ Vevoory/Vascoric
(=3

Ry o o o

-2 18 -18 -14 12 -1 -08 -08 -04 02 0
Log[thickness (d)]

(a) Deflection(V)

-1}

B MMM
&~ MMC
S McM
= CMMm
—+ cce

Lo3( Zeboory/Caucoric

S . i e e . i
-2 -18 18 -14 -12 -1 -08 0.6 -04 -02 O

-1

Log{thickness {(d)}
(b) Twisting angle (®)
fig. 8 Error norms with respect to thickness of the

curved beam subjected to shear force at the
free end



428 A& U5 - A4 - 0

Al 47 o 78] g2 proia gHAs
(@ +F7=Dx s,
Maw= | (KGA/2) (ai—b0)?dS
+ [[(E1/2) (6~ e/ R)*{1+ ZubdS
+ [1(C/2) (et BY/RH1+ 2addS  (39)

A7 gt Fev 27 hEFH Arh

o __KGA/(b)? _ 8K % (b))
&= 3EI (bi— Co/R)T 31+ ) d%(bi— Co/R)?
(40)
2 72 2 2
_ _ KGABP(b)®* _ 8KAE(b) (4)

827 3C (ot Bo/R)E 3d%(cit bo/R)®
u]-g-%lﬂ-/ﬂ

wetd §IRAL gadl g, 2Ex 3
2 FoMll WHE F7 }5]7 olol wet F7AA o
T AR v Al & vIERAL 43
A A}, =g 7‘]"—‘7"‘3 °1]L17‘]°ﬂ 7p3 ol EA 3
€ 245+ (MCM 9 MMCe| #A$)9 AA4F7E 3
<+ $Yez 4u¥ 4 9= F, MCM 3 MMC
9 84 widE ALY A5 A ARz
Mucu Mumce o3 2o,

Muae= [ (KGA/2) (ar— Bo)*dS

+ [“(E1/2) (b o/ R+ fesbdS

+ [(c/2) (e B/ RYasS (42)
M= [ (KGA/2) (a1~ B2)’dS

+ [*(E1/2) (6.~ 2o/ R)dS

+ [1(C/D) (et b/ R 1+ frdds  43)

A A% Aoy UWEA LEELe A% 2
YT B ER TSl 7 Addovix 2
A 29 A7} asld geky oliAs Apekal
e 44 oiAY A¥z Az &4
dizel A% AFSA "k webd Tl
UAE 2Y24E 37712 SRR
MEARAE FAAAS o A44 e 7}
HAUAETL 4 (@) 3 A @8)olA L& ups} 7ol
SAlole s},

2.38% £ A9 £} Fig. 79} Fig. 8¢) 45 4
99 A% va AEsd oo e ANEL
% + 9ok

€ e AR A4 AQEd
g o) Aol A

AA, H9 F{F
< 234y oy (dgt
of 3) wAgeh

4, AEA YA FHFAUA(FY 2 vl E
A AR ol A% FAFE FAE 5+ U
Ax g zth ol A&A dvizY FHAdfA 7}
B FA wge]| F-351r] wiFolet, o]o] wet
A4 oA MR a7 FAF7T F,
840 27 Wl @& AAF7e BAY 1
% x}(discretization error)el 23 23] =)o
7t
uebA A&
AZ7 A4S A9gshe o =%
£ AME 30 5 U

4 M7 s B oA Ade 4
a9 fxsjeh

4.4 B

Wl Wyl Ahsd TARY A4Y FRiol
B £ wE AEE Lok e e

(1) H4FEol A% £A] LAE AA
Astel 44 FAYFE ASYoEA 2ot ABT
FAHE 2& 4 Uk

2) 224 g A44 dUAY Ade 2437
Y AR AL g o FEE Bohiat
ARTEol S oA B4 AEE dZdev)
Azol W 4 s

(3) 7Sl A% WA LAE, ALH ol
YAel 283 A4F4 wohe F2 R4 oY
Aol 23R TSl el A7E I e
=,

augs

(1) Stolarski, H. and Belytschko, T. 1982, “Mem-
brane locking and reduced integration for curv-
ed elements,” Journal of Applied Mechanics,
ASME, Vol. 49, pp. 172~176.

(2) Jean Louis Batoz, Klaus-Jirgen and Lee-Wing
Ho, 1980, “A study of three-node triangular plate
bending elements,” Int.J.Num.Meth.Engng., Vol.
15, pp. 1771 ~1812.

(3) Dawe, D.J., 1974, “Numerical studies using
circular arch finite elements,” Computers &
Structures, Vol.4, pp. 559~580.



He Wye] shedt B FARY AY FesL 429

(4) Demetres Briassoulis, 1988, “The zero energy
modes problem of the nine-node Lagrangian
degenerated shell element,” Computer & Struc-
tures Vol.30, No.6, pp. 1389~1402.

(5) Prathap, G. and Babu, C.R., 1986, “An isopar-
ametric quadratic thick curved beam element,”
Int. J.Num.Meth.Engng, Vol.23, pp. 1583~1600.

(6) Min Oak Key and Kim Yong Woo, 1990, “A
consideration of energy modes in isoparametric
beam element,” Yonsei Nonchong, Yonsei Uni-
versity, Vol. 26, pp. 315~331.

(7) James Kirkhope, 1976, “Out-of-plane vibration
of thick circular ring,” Journal of the Engineer-
ing Mechanics Division, ASCE, Vol.102, No.
EM2.

(8) Jdlio, M., Montalvao, E., Silva and Antiénio P.
V.. Urgueira, 1988, “Out-of-plane dynamic
response of curved beams-An analytical model,”
International Journal of Solids and Structures,
Vol.24, No.3, pp. 271 ~284.

(9) Jerome, J. Connor, 1976, Analysis of Structural
Member Systems, The Ronald Press Company,
New York.

(10) Oak-Key Min and Yong-Woo Kim, 1991,
“The error due to spurious coefficients in isopar-
ametric quadratic finite element analysis of
curved beam subjected to out-of-plane loads,”
Yonsei Nonchong, Yonsei Univesity, Vol.17, pp.
231~253



